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PREFACE. 


The  "Mechanics  of  the  Girder"  is  presented  to  the 
public  in  an  unfinished  condition,  just  as  it  was  left  at 
the  author's  death,  in  October,  1884.  All  that  then  re- 
mained to  be  done  was  to  carry  out  an  example  in  each 
of  the  twelve  classes  of  girders  in  a  manner  similar  to 
that  of  the  Brunei  Girder  in  Class  I.  (Sections  2  and  3, 
Chapter  X.),  and  the  Double  Parabolic  Bow  and  Post  Truss 
in  Class  II.  (Chapter  XL).  Of  all  these,  the  Post  Truss 
promised  to  yield  the  most  prolific  results ;  and  it  may  be 
possible,  before  another  edition  is  published,  to  complete 
this  calculation  at  least,  if  not  to  introduce  other  examples 
from  the  later  classes.  However,  the  a  priori  method  of 
the  author  is  fully  set  forth  previous  to  the  tenth  chapter ; 
and  it  is  believed  that  no  one  else  has  as  yet  published 
any  so  satisfactory  results  from  this  method,  if,  indeed,  the 
method  has  been  hitherto  attempted  with  any  degree  of 
success. 

The  author's  family  feel  deeply  grateful  to  Professor 
John  N.  Stockwell  for  his  kindness  in  devoting  much  of 
his  valuable  time  to  the  supervision  of  the  proof-reading, 
for  the   many   suggestions   he   has   given   during    the  publi- 
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cation,  and  particularly  for  his  offer  to  conduct  the  work 
of  completing  the  remaining  examples.  At  his  own  sug- 
gestion, however,  it  has  been  thought  expedient  to  delay 
no  longer  the  publication  of  the  completed  portion  of  the 
book,  and  to  leave  any  additional  matter  to  be  inserted 
later. 

WILLIAM    W.   CREHORE. 

July  29,  1886. 
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CHAPTER   I. 


PRESSURES    IN    ONE    PLANE. 


i.  Force  is  a  cause  which  changes,  or  tends  to  change,  the 
condition  of  matter  as  to  rest  or  motion.  Whether  there  is  or 
is  not,  in  fact,  any  difference  between  force  and  pressure,  it  is. 
sufficient  for  the  purposes  of  this  volume  to  treat  them  as- 
identical,  since  it  is  with  their  measurable  effects  alone  that, 
we  are  here  concerned. 

A  force  is  said  to  be  given  when  its  point  of  application,  its 
direction,  its  line  of  action,  and  its  intensity  are  known.  Two 
pressures  are  equal  which,  acting  on  the  same  point,  along  the 
same  line,  and  in  opposite  directions,  neutralize  each  other ;; 
and,  if  two  equal  pressures  act  at  the  same  point  in  the  same 
direction,  the  result  of  their  combined  action  is  twice  that  of 
each  separate  pressure. 

Pressures,  therefore,  may  be  compared  by  means  of  numbers 
expressing  their  intensities.  Since  the  intensity  of  any  one  of 
the  pressures  to  be  compared  may  be  taken  as  the  standard,  it 
follows  that  the  unit  pressure  is  entirely  arbitrary,  and  may  be 
a  finite  or  an  infinitesimal  pressure. 

When  pressures  are  expressed  by  symbols,  such  as  P,  Q,  R,. 
etc.,  it  is  to  be  understood  that  these  letters  stand  for  num- 
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bers  denoting  the  number  of  times  the  concrete  unit  is  taken. 
Otherwise,  such  an  expression  as  P*,  being  the  square  of  a 
concrete  pressure,  would  be  unintelligible. 

A  force  or  pressure  may  be  conveniently  represented  by 
.-a  geometrical  straight  line ;  one  end  of  the  line  denoting  the 
point  of  application  of  the  force,  the  direction  of  the  line  being 
•coincident  with  the  direction  of  the  force,  and  the  number  of 
linear  units  in  the  line  being  equal  to  the  number  of  force  units 
7to  be  represented. 

2.  When  many  pressures  act  at  the  same  time  on  a  mate- 
rial particle,  the  result  of  their  combined  action  is  generally 
a  definite  pressure  in  a  definite  direction.  This  definite  press- 
ure is  called  the  resultant  of  the  acting  or  impressed  pressures ; 
and  these  latter,  with  reference  to  the  resultant,  are  styled  com- 
ponents. When  the  resultant  is  zero,  the  pressures  are  said  to 
be  in  equilibrium ;  when  the  resultant  of  the  given  pressures 
is  not  zero,  equilibrium  may  evidently  be  produced  by  intro- 
ducing a  new  force  which  shall  neutralize  this  resultant. 

3.  Parallelogram  of  Forces It  is  shown  in  elementary 

'works  on  mechanics,  that  if  two  forces  act  upon  a  single  point, 

and  their  intensities  and  direc- 
tions be  represented  by  two  ad- 
jacent sides  of  a  parallelogram, 
then  the  diagonal  of  the  paral- 
lelogram drawn  to  the  intersec- 
tion of  those  two  sides  will 
represent,  both  in  magnitude  and  direction,  the  resultant  of  the 
two  given  forces. 

If  Pz  and  P„  Fig.  1,  are  two  forces  acting  at  the  point.  0, 
represented  in  magnitude  and  direction  by  the  lines  OA  and 
OB,  then,  completing  the  parallelogram,  AOBC,  the  resultant 
will  be  represented,  in  magnitude  and  direction,  by  the  diagonal 
OC  =  R.  When,  therefore,  a  force  is  applied  at  O  equal  in 
intensity  to  R,  and  acting  in  the  same  line  but  in  the  opposite 


PRESSURES  IN  ONE  PLANE. 


direction,  it  will  balance  the  given  forces  P„  P2,  and  the  three 
forces  will  be  in  equilibrium. 

4.  Triangle  of  Forces.  —  Since,  in  Fig.  i,AO  =  BC  =  Pt, 
the  three  sides  of  the  triangle  BOC  (or  A  OC)  represent,  in  mag- 
nitude and  direction,  three  forces,  P„  P2,  and  R,  which,  acting 
in  one  plane  on  a  given  point,  are  in  equilibrium  ;  the  direction 
of  the  forces  being  that  of  a  point  traversing  the  perimeter  of 
the  triangle.  In  this  manner  the  value  of  the  resultant  may  be 
constructed. 

A  formula  for  the  value  of  R  is  found  by  solving  the  tri- 
angle of  forces,  where  two  sides  and  the  angle  included 
between  them  are  given.  Thus,  if  c  =  AOB  =  the  angle 
between  the  given  lines  of  action  of  P,  and  P2,  we  have,  from 
the  geometry  of  the  figure,  putting  BOC  =  6  (thetd), 

R*  =  P*  +  i>22  +  2PtP2  cose.  (1) 

Sin0  =  5sin<T.  (2) 

Example.  —  Let  Pt  =  8,  P2  =  12,  c  =  75". 
Then 

R2  =  82  +  122  +  2  x  8  X  12  cos  750  =  208  +  192  X  0.25882 

=  257-6933. 
R  =  16.053. 

g 

Sin0  = X  0.96593  =  0.48471. 

16.053 

6  =  28°  59'  40". 

If  the  lines  of  action  of  the  two  forces,  Pa  P„  are  at  right 
angles  to  each  other,  cose  becomes  zero,  and  equation  (1)  re- 
duces to  R2  =  Pz2  +  P22,  where  R  is  the  hypothenuse,  and  P, 
and  Pa  are  the  other  sides  of  a  right-angled  triangle. 
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Example.  — When  P1  =  8,  and  Pt  =  12, 

R2  =  82  +  122  =  208.        .ff  =  14.422. 
In  this  case,  Fig.,  2,  we  have 


Pz  =  R       sin  0  =  P2  tan  0. 

P2  =  R       cos  (9  =  P,  cot  0. 

^  =  /i  -5-  sin  6  =  P,  cosec  0. 

R  =  P2  -7-  cos  6  =  P2  sec  0. 


(3) 


Fig.  2. 

5.  Resolution  of  a  Force.  —  Conversely,  any  force,  R, 
acting  at  a  .given  point  with  known  intensity  and  direction, 
may  be  resolved  into  two  component  forces  acting  at  the  same 
point,  having  definite  intensities  and  directions.  Manifestly 
also  may  each  one  of  the  two  components  be  resolved  into 
two  components,  and  so  on  without  limit. 

Example.  —  Resolve  the  force  R  =  100  tons,  acting  at  the 
point  O,  Fig.  2,  in  the  direction  OC,  into  its  horizontal  and 
vertical  components ;  6  being  equal  to  280  59'  40". 
From  (3), 

It  =  R  sin  0  =  100  x  0.48471  =  48.471  tons. 
P2  =  R  cos0  =  100  x  0.87467  =  87.467  tons. 

6.  Resolution  of  Many  Forces  acting  in  One  Plane  at  a 

Given   Point Let  there  be  any  number  of  forces,  Pa  P„ 

Pv  etc.,  Fig.  3,  acting  in  the  plane  of  the  axes  XX',  YY',  at 
their  point  of  intersection,  0 ;  and  let  a  {alpha)  symbolize  the 
angle  between  the  line  of  action  of  any  force  and  the  axis  of  x. 
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Resolving  each  force  into  its  horizontal  and  vertical  com- 
ponents, and  calling  the  sum  of  the  horizontal  components  X, 
and  the  sum  of  the  vertical  components  Y,  these  results  : 

X  =  Pj  cos  a,  +  P2  cos  a2  +  Picosai  +  .  .  .  =  %P  cos  a,      (4) 
Y  =  Pi  sin  «!  +  P%  sin  «a  +  'jP3  sin  a3  +  .  .  .  =  S-Psin  a ;     (5) 

the  symbol  2  (sigma)  denoting  the  sum  of  the  terms  having  the 
form  P  cos  a  or  P  sin  a. 

Y 


Fig.  3. 


7.  Thus,  for  all  the  given  forces  acting  in  their  various 
directions  on  the  point  0  have  been  substituted  two  other 
forces,  X  and  Y,  acting  at  the  same  point ;  the  one  horizon- 
tally, the  other  vertically,  and  in  the  plane  of  the  original 
forces.  Now,  if  R  is  the  resultant  of  the  two  forces  X  and  Y, 
it  must  also  be  the  resultant  of  the  forces  Pt,  Pz,  Pv  etc. ;  and, 
6  being  the  angle  between  the  resultant  and  the  axis  of  x,  we 

shall  have 

Rcosd     =X=SPcos«,  (6) 

R  sin  6     =  Y=  S-Psin  «,  (7) 

.-.    R*  =X*  +  Y*,  (8) 

(9) 


y 
tan0  =  ~. 
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When  the  given  forces  are  in  equilibrium,  the  resultant 
vanishes,  and 

X  =  SPcosa  =  o.  (10) 

Y  =  XPsin  «  =  o.  (n) 

Example.  —  Let  P1  =  10  tons,  «,  =    400. 

Px  =  20  tons,  a2  =  1500. 

Pi  =  30  tons,  a3  =  250°  =  —  1  io°. 

P4  =  40  tons,  a4  =  3000  =    — 6o°. 

i 
Required  the  intensity,  R,  and  the  direction,  0,  of  the  re- 
sultant. 

X  =  10  cos  40°  +  20  cos  1500  +  30  cos  2500  +  40  cos  300°  =  10  cos  400 
—  20  cos  300  —  30  cos  70°  +  40  cos  6o°  =  10  X  0.76604  —  20 
X  0.86603  —  3°  X  0.34202  +  40  x  0.5  =  0.0792  tons. 

Y  =  10  sin  40°  +  20  sin  1500  +  30  sin  2500  +  40  sin  3000  =  10  sin  400 
+  20sin30°  —  30SU1700  —  40sin6o°  =  10  x  0.64279  +  20 
X  0.5  —  30  x  0.93969  —  40  x  0.86603  =  —46.404  tons. 

tane  =  =46404  =  -585.909,        6  =  -89°  S4'  8". 
0.0792 

R  =[(o.0792)2  +  (— 46.404)2]*  =  F-5-  sin0  =  46.404065  tons. 

The  resultant  is  therefore  in  the  fourth  quadrant,  and  makes  an 
angle  of  5'  52"  with  the  axis  of  y. 

This  substitution  of  one  force  for  many  others  is  called  the 
composition  of  forces. 

8.  Polygon  of  Forces.  —  Let  SI}  S2,  Sv  etc.,  in  Fig.  4,  be 
the  five  sides  of  a  closed  polygon.  Measure  the  inclination  of 
each  side  to  the  horizon,  as  indicated  in  the  figure,  for  cu  c2, 
etc. ;   then  the  sum  of  the  horizontal  projections  of  all  the 
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sides  is,  in  accordance  with  the  trigonometrical  signs  of  the 
cosine,  found  to  be 

%S  cos  c  =  St  cos  c x  +  Sz  cos  c2  +  S3  cos  c3  +  S^  cos  *r4 

+  55  cosfs  =  o.     (12) 
Since 

Si  cosCj  =  +BC,  S2  cos*r2  =  -DE, 

Ss  cos  ci  =  +AB,  S3  cos  tf3  =  —FG, 

S4  cos<r4  =  —  .#7. 


G 
( 

^v^r  F 

WH 
/                                    E 

^\c2  A, 

/Si 

D 

V 

-^^~~~~"~~-----Se 

Fig.  4. 


Equation  (12)  is  true  whatever  be  the  number  of  sides  of 
the  polygon ;  and  from  its  analogy  to  equation  (10),  viz., 

2-Pcos'a  =  o, 

we  may  enunciate  the  proposition,  that  when  any  number  of 
forces  acting  at  the  same  point,  with  their  lines  of  action  in 
the  same  plane,  are  in  equilibrium,  then  the  given  forces  may 
be  represented,  in  magnitude  and  direction,  by  the  sides  of  a 
closed  polygon ;  the  direction  being,  for  each  side,  that  of  a 
point  traversing  the  perimeter. 

This  proposition  enables  us  to  construct  the  resultant  of 
many  forces  acting  on  a  point  in  the  common  plane  of  their 
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lines  of  action,  by  regarding  the  unknown  resultant,  with  its 
direction  changed,  as  the  side  required  to  complete  or  close  the 
polygonal  figure  due  to  the  given  forces. 


Example.  —  Let  us  apply  this  proposition  to  the  example 

of  Art.  7. 

This  solution  consists 
simply  in  drawing  (Fig.  5) 
a  continuous  figure  made 
up  of  lines  proportional  to 
the  given  forces  and  re- 
•  spectively  parallel  to  their 
given  lines  of  action,  and 
each  force  having  the  di- 
rection a  point  would  take 
in  traversing  the  broken 
line  from  end  to  end.  The 
straight  line  joining  the 
two  ends  of  this  broken 
line  will  be  the  resultant 
sought,  with  its  direction 
reversed. 

It  will  be  seen  that  the 
values  of  Y  and  R  in  this 
example  are  very  nearly 
equal,  and  that  the  solution 
by  construction  can  show 
an  appreciable   difference 

in  them,  only  when  a  large  scale  is  used.     In  practice,  however, 

either  solution  is  accurate  enough ;  and  one  serves  to  check  the 

other. 

The  triangle  of  forces  is  a  particular  case  of  the  closed 
polygon. 
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g.  The  moment  of  a  force  is  the  effect  of  the  force's  effort 
to  turn  the  body  on  which  it  acts  about  a  given  point,  and  is 
measured  by  the  number  expressing  the  force,  multiplied  by 
the  number  denoting  the  perpendicular  distance  from  the  given 
point  to  the  line  of  action  of  the  force. 

Moments,  therefore,  may  be  added  and  subtracted,  and 
represented  by  lines,  like  other  numbers. 

Since  the  unit  of  the  force  and  the  unit  of  the  perpendicular 
distance  are  arbitrary,  it  is  usual  to  express  the  moment  as  a 
denominate  number,  designating  both  the  units.  Thus,  20 
foot-tons,  or  ton-feet,  means  that  the  moment  20  is  equivalent 
to  the  effect  of  a  force  or  pressure  of  20  tons  acting  at  the  per- 
pendicular distance,  or  lever  arm,  of  1  foot  from  the  axis  of 
rotation,  or  to  a  force  of  1  ton  acting  at  the  distance  of  20  feet 
from  the  same  axis. 

It  is  plain  that  the  moment  of  a  given  force  acting  at  a 
given  perpendicular  distance  from  the  axis  of  rotation  may 
be  replaced  by  any  one  of  an  infinite  number  of  equivalent 
moments. 

10.  In  former  articles  forces  have  been  considered  as  acting 
in  straight  lines  in  one  plane  and  on  a  single  point ;  tending 
in  their  united  action,  when  the  resultant  does  not  vanish,  to 
move  that  point  or  material  particle  in  the  direction  of  the 
resultant.     Hence  such  forces  are  termed  forces  of  translation. 


IO 
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But,  in  the  case  now  under  consideration,  we  have  two  forces 
in  one  plane  acting  at  two  points  in  a  rigid  body,  the  one  force 
at  one  point  tending  to  turn  the  body  about  the  other  point. 

I  say  two  forces,  for  it  is  manifest,  that,  at  the  point  which 
is  taken  as  the  centre  of  rotation,  there  must  be  a  resistance  to 
motion  equal  and  opposite  to  the  rotatory  or  tangential  force 
acting  at  the  other  point.  Such  a  system  of  two  parallel  forces 
acting  in  opposite  directions  is  called  a  couple,  and  the  perpen- 
dicular drawn  to  the  lines  of  action  of  the  forces  is  called  the 
arm  of  the  couple. 

AW, 


Fig.  6. 


In  Fig.  6,  let  AOB  be  a  rigid  body,  beam,  or  bent  lever, 
whose  weight  is  not  now  to  be  taken  into  account ;  and  let 
AObe  perpendicular  to  OB,  O  being  a  fixed  point  about  which 
the  applied  forces,  Wt  and  //"„  acting  at  right  angles  to  their 
respective  lever  arms,  tend  to  turn  the  beam.  Take  OB  =  I, 
and  OA  =  h,  where  /  and  h  represent  each  a  number  of  linear 
units.  Then  the  moment  of  the  force  WT  is  —  WJ,  and  the 
moment  resulting  from  the  action  of  Ht  is  HJi ;  giving  them 
different  signs  because  they  tend  to  turn  the  beam  in  opposite 
directions  about  the  point  O. 

If  these  two  moments  are  equal,  we  have 


HJi  -  WJ  =  o, 


(13) 
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which  shows  that  there  is  no  rotation  about  the  point  O,  and 
that  the  three  forces  WT,  Hv  and  the  resistance  to  translation 
offered  at  O,  are  in  equilibrium. 

At  the  fixed  point  O  are  developed  two  forces :  the  one, 
W2,  equal  to  Wx,  but  acting  in  the  opposite  direction,  OA ; 
the  other,  H2,  equal  to  H„  acting  at  0  in  the  direction  OB 
Now,  these  two  forces,  acting  at  the  same  point,  O,  must,  by 
Art.  3,  have  a  resultant  equal  to  the  diagonal  of  the  rect- 
angle of  which  W2  and  H2  are  the  adjacent  sides.  Therefore 
the  resultant  R  =  V  W2*  +  Hf,  and  the  tangent  of  the  angle 

between  the  line  of  R  and  the  line  OB  is  tan  6  =  — f  =  -, 

H2       I 

in  the  case  of  equilibrium,  or  when  the  two  forces  are  inversely 

proportional  to  their  lever  arms,  as  shown  in  equation  (13). 

This  resultant,  R,  is  a  force  of  translation,  and  may  be 
graphically  found  by  producing  the  lines  of  action  of  W^  and 
Hi  till  they  intersect  at  C;  then,  if  AC  represent  the  intensity 
of  Ha  and  BC  the  intensity  of  W„  we  have,  from  Art.  4,  R  = 
OC,  the  diagonal  of  the  rectangle. 

Otherwise,  graphically,  draw  BD  perpendicular  to  OC;  then, 
if  W±  and  Hl  be  resolved,  each  into  one  component  along  OC 
and  one  at  right  angles  to  OC,  we  have 

Components  of  Ht  =  DO  and  BD, 
Components  of  WI  =  CD  and  DB. 
.-.    DO  +  CD  =  R  =  pressure  at  O, 
BD  —  DB  =    o  =  rotatory  effect. 

If  we  suppose  the  rigid  body  extended  so  as  to  fill  the  space 
AOBC,  then  the  resultant  may  be  conceived  as  acting  at  any 
point  in  .the  line  OC  without  altering  its  effect  of  translation 
on  the  whdle  mass.  The  effect  within  the  body  will,  of  course, 
be  different  for  every  new  point  of  application.  With  this  we 
are  not  now  concerned. 
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We  conclude,  then,  that  if  two  forces  whose  lines  of  action 
are  in  the  same  plane  act  on  a  rigid  body,  and  if  from  any 
point  in  the  line  of  action  of  their  resultant,  perpendiculars  be 
drawn  to  the  lines  of  action  of  the  forces,  then  the  resistance 
at  the  point  chosen,  and  the  two  given  forces,  will  be  in  equi- 
librium, when  the  intensity  and  direction  of  the  resistance  are 
respectively  equal  and  opposite  to  those  of  the  resultant. 

This  conclusion  may  also  be  drawn  from  the  figure,  since 
two  lines  drawn  from  any  point  in  OC,  respectively  perpen- 
dicular to  the  lines  of  action  of  WI  and  i/„  must  be  propor- 
tional to  /and  h,  and  therefore  equation  (13)  would  be  satisfied, 
whatever  be  the  angle  AOB. 

If  the  two  moments,  WJ  and  HJt,  are  not  equal,  let  us 
suppose  that  WJ  is  the  greater  by  reason  of  an  increment 
given  to  W„  so  that  /,  h,  and  HI  remain  unaltered.  Then  the 
resultant  of  the  forces  ffl  and  Wz  will  not  pass  through  the 
point  O,  but  will  lie  somewhere  between  it  and  the  line  of 
action  of  the  augmented  force  Wz. 

Suppose  CE  to  be  the  line  of  action  of  the  new  resultant 
Rlt  and  draw  OE  perpendicular  to  CE;  then  will  Rz  X  OE 
represent  the  total  rotatory  effect  of  the  given  pressures 
W1  and  Hx  with  respect  to  the  point  O,  and  we  shall  have, 
if  r  =  EO, 

-  WJ  +  HJi  =  -Rxr,  (14) 

where  —  Rzr  is  the  moment  of  a  couple,  equivalent  to  the  dif- 
ference or  algebraic  sum  of  the  moments  of  the  couples  whose 
arms  are  h  and  /. 

We  see,  then,  that  the  effect  of  one  couple  may  be  neutral- 
ized by  the  moment  of  another  couple  having  the  same  axis 
of  rotation  and  an  opposite  direction,  and  that  the  combined 
effort  of  two  couples  may  be  balanced  by  the  moment  of  a 
single  couple  having  the  same  centre  of  rotation. 

11.  The  law  may  clearly  be  extended  to  any  number  of 
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forces,  Plt  P2,  Pv  etc.,  acting  in  one  plane  to  turn  a  rigid  body- 
about  a  fixed  point  in  that  plane,  or  about  a  fixed  axis  perpen- 
dicular to  that  plane.  Let  Pu  P2)  P3,  etc.,  be  the  lengths  of 
the  perpendiculars  drawn  from  the  fixed  centre  of  rotation  to 
the  respective  lines  of  action  of  P„  P2,  Pv  etc.  Let  R  be  the 
resultant  of  translation  of  all  the  forces,  and  r  the  length  of 
the  perpendicular  drawn  from  the  same  centre  to  the  line  of 
action  of  R  ;  then 

Rr  =  Pjt  +  P2p*  +  P3&  +  etc.  =  S,Pp.  (iS) 

The  algebraic  signs  of  the  terms  in  this  equation  will  depend 
upon  the  directions  in  which  the  forces  tend  to  turn  the  rigid 
body ;  and  it  will  be  convenient  to  distinguish  moments  as 
positive  which  tend  to  turn  the  body  in  the  direction  taken 
by  the  hands  of  a  watch,  and  to  Call  moments  having  the  oppo- 
site tendency  negative. 

For  equilibrium  we  must  have 

%Pp  =  Rr  =  O.  (16) 

Equation  (16)  is  satisfied  either  when  R,  the  resultant  of  the 
given  forces, ,  becomes  zero,  or  when  r,  the  arm  of  the  resultant 
couple,  vanishes.  In  the  former  case  the  given  impressed  forces 
are  in  equilibrium  among  themselves ;  in  the  latter  case,  if  R 
does  not  also  vanish,  it  is  equal  and  opposite  to  the  re'sistance 
offered  at  the  fixed  point. 

As  in  the  case  of  two  forces,  each  acting  tangentially  at 
one  extremity  of  its  lever  arm  to  cause  rotation  about  the 
fixed  point  common  to  the  other  extremities,  so  in  the  case 
of  many  forces  acting  in  one  plane  on  a  rigid  body,  and  tend- 
ing to  turn  it  about  a  fixed  point,  the  resistance  developed  at 
the  fixed  point  by  each  of  the  given  forces  will  be  equal  and 
opposite  to  the  given  force,  and  will  have  its  line  of  action 
parallel  to  that  of  the  given  force. 
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Hence  the  intensity  and  direction  of  the  resultant,  R,  may 
be  found  from  equations  (4),  (5),  (8),  and  (9),  as  in  the  case  of 
many  forces  acting  in  one  plane  at  a  common  point. 

12.  And,  having  found  R,  equation  (1 5)  gives 


r  =  %Pp  -=-  R. 


(17) 


If,  then,  through  the  fixed  point  a  line  be  drawn  parallel  to 
the  line  of  action  of  R,  and  through  the  same  point  another 
line  be  drawn  at  right  angles  to  this  line  of  action,  and  if  on 
this  second  line  the  distance,  r,  be  laid  off  from  the  fixed  point, 
and  R,  both  in  magnitude  and  direction,  be  applied  at  the  outer 
extremity  of  r,  we  shall  have  a  graphical  representation  of  the 
resultant  couple  whose  moment  is  equivalent  to  the  combined 
action  of  all  the  given  forces. 

13.  The  direction  of  R  and  the  sign  of  Rr  will  show  on 
which  side  of  the  fixed  point  r  must  be  laid  off. 


Fig.  7. 

Example.  —  Let  ABCO  be  a  rigid  body  acted  on  by  five 
forces,  whose  lines  of  action  are  in  one  plane,  and  which  tend 
to  turn  the  body  about  the  fixed  point  0,  Fig.  7. 


ax 

= 

270° 

or 

-900. 

a2 

= 

290° 

or 

-70°. 

«s 

= 

I20° 

a4 

= 

315° 

or 

-45*- 

«s 

= 

l80° 
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Let  the  directions  of  the  forces  P„  P2,  Pv  etc.,  and  their 
points  of  application,  be  as  indicated  in  the  figure ;  and  desig- 
nate the  angle  between  the  line  of  action  of  any  force  and  the 
axis  of  x  by  a,  and  the  distance  of  O  from  any  point  of  appli- 
cation by/.     Take 

P1  =     10  tons,  pt  =  4  feet, 

P2  ■=  100  tons,  p2  =  12  feet, 

P3  =    20  tons,  /3  =  8  feet, 

P4  =    30  tons,  /4  =  10  feet, 

Pj  =  200  tons,  p%  =  6  feet, 

To  find  7?,  let  these  forces  be  considered  as  acting  at  the 
point  O  in  direct  opposition  to  the  resistances  there  developed ; 
then,  by  equations  (4),  (5),  (8),  and  (9),  we  have 

X  =  10  cos  2700  +  100  cos  290°  +  20  cos  1200  +  30  cos  31 50 

+  200  cos  180°  =  —10  cos  90°  +  ioocos(— 700)—  2ocos6o° 
+  30cos(  —45°)  —  200  coso0  =  10  x  o  +  100  x  0.34202 
—  20  x  0.5  +  30  X  0.70711  —  200  x  1  =  o  +  34.202  —  10 
+  21.2133  —  200  =  —154.5847. 

Y  =  10SU12700  +  100  sin  290°  +  20sini20°  +  30sin3i5°4-  20osini8o° 
=  10  X  -1  +  100X  — 0.93969+20x0.86603  +  30  X  — 0.70711 
+  200  X  o  =  — 10  —  93.969  +  17.3206  —  21.2133  +  ° 
=  —107.8617. 


R=  V(— 154.5847)2  +  (  — 107.8617)2  =  188.496  tons. 

tanfl=  -107-8617  =  0,697753, 
-154.5847 

0  —  340  54'  20" ;  or,  since  X  and  Y  are  both  negative,  we 

must  have 

0  =  2140  54'  20", 

and  the  resultant  is  therefore  in  the  third  quadrant. 
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From  equation  (15),    • 

Rr  =  %Pp  =  +10  X  4  +  100  x  12  —  20  x  8  +  30  X  10  —  200  x  6 
=  40  +  1200  —  160  +  300  —  1200  =  +180  foot-tons, 

•"•    T  =  188^6  =  °-95493  fo0t 

Since  the  product  Rr  is  positive,  and  the  direction  of  the 
line  of  R,  when  drawn  through  the  fixed  point,  is  into  the  third 
quadrant,  it  follows  that  r  must  be  laid  off  below  the  fixed  point 
on  the  perpendicular  to  the  line  of  R,  as  shown  by  OE  in 
the  figure ;  E  being  supposed  rigidly  connected  with  the,  solid 
AOCB. 
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CHAPTER  III. 

MOMENTS    OF    THE    EXTERNAL    FORCES    APPLIED    TO    A    BEAM   OR 

GIRDER. 

Section  i. 

The  Semi-Beam,  or  Girder  fixed  at  One  End  and  free  at  the 

Other. 

14.  We  can  now  find  expressions  for  the  moments  devel- 
oped in  any  section  of  a  beam  or  girder,  by  the  action  of  any 
forces  in  the  plane  of  the  beam,  in  whatsoever  manner 
applied 

Let  us  first  take  a  beam  fixed  at  one  end  and  free  at  the 
other,  or  a  semi-beam  as  it  is  called.  Let  EOAB,  Fig.  8, 
represent  a  beam  fixed  to  a  wall  along  the  line  AB  =  h.  Sup- 
pose the  weight  of  the  beam  to  be  w  pounds  for  every  unit  of 
its  length  I  =  AO.  Assume,  also,  that  the  length  b  =  DC  has 
an  additional  uniform  load  of  is/  pounds  per  linear  unit,  both 
w  and  11/  being  continuously  distributed  throughout  their  re- 
spective lengths.  Also  let  W  be  a  concentrated  weight  or 
pressure  at  the  distance  a'  =  BJ  from  the  fixed  end  of  the 
beam.  Let  BC  =  a  =  the  distance  from  the  wall  to  the  nearer 
end  of  the  uniform  load  iJt/b.  Let  P  be  any  pressure  acting  at 
any  point,  G,  with  any  inclination,  a,  to  the  arm  FG ;  and  call 
the  horizontal  distance  of  the  point  G  from  the  wall  a"  =  AK. 
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Suppose  the  beam  horizontal,  and  all  the  applied  pressures, 
except  P,  vertical.  Let  VS  be  any  vertical  section  of  the 
beam  at  the  distance  x  from  the  fixed  end  AB.  It  is  required 
to  find  the  moment  of  the  applied  forces  which  must  be  resisted 
by  the  internal  forces  of  the  beam  at  the  section  VS. 


Manifestly  only  the  pressures  at  the  left  of  VS  affect  that 
section.  Taking  the  moments  of  these  sinister  pressures  about 
any  point,  F,  in  the  vertical  section  VS,  and  remembering  that 
downward  pressures  on  the  left  of  VS  give  negative  moments, 
we  have  the  following  equations  for  the  required  moment 
M:  — 
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Semi-Girder.    Length  =  I. 

(See  Fig.  8.) 

Load. 

Conditions. 

Force  left  of 
VS. 

Ann. 

Moments  about  F. 

w 

x<a! 

W 

a'  —  x 

M=  —  Wlfl'  —  x). 

(18) 

w 

x  =  or  >  a' 

0 

M-0. 

(19) 

w 

x  =  0 

W 

,     a' 

M=  —Wa'. 

(20) 

w 

a'  -I 

W 

1  —  X 

M-  —W(l^x). 

(21) 

w 

x  —  0,  a'  =  I 

W 

I 

M=—Wl  (max.). 

(22) 

wl 

x<l 

w[l  —  x) 

*(/_*) 

M=  —^w{l  —  xf. 

(23) 

wl 

X  =  1 

0 

M=o. 

(24) 

wl 

x  =  0 

wl 

\l 

M  =  —  W  (max.). 

(25) 

w'b 

x>aa.nd<[a+b) 

w'(a-\fb  —  x) 

\(a+b  —  x) 

M  =  —W  (a  +  b  — 

xf.  (26) 

w'b 

a  =  0 

w'(b  —  x) 

Ub  -  x) 

M  =  —W  {b  —  x)2. 

(27) 

w'b 

a  =  0,  b  =  / 

w'{l  —  x) 

W  -  x) 

M  =  -WV  -  *)* 

(28) 

w'b 

x  =  or  <  a 

w'b 

\b  +  a  —  x 

M  =  —  w'b  (\b  +  a  — 

x).  (29) 

w'b 

x=zO,a  =  o,b  =  l 

w'l 

V 

M  =  —iwT  (max.). 

(3°) 

P 

x<a" 

Psiiia 

* 

M  =  Psiaap. 

(31) 

15.  In  applying  these  formulae  for  W  to  the  case  of  many 
equal  weights  placed  at  equal  intervals  along  the  beam,  we  may 
simplify  the  numerical  computations  by  first  summing  the  series 
resulting  from  assigning  to  a'  and  x  their  proper  values. 

Suppose  we  have  n  weights,  each  equal  to  W,  at  intervals 

of  -  feet  along  the  beam ;  then 
n 

The  moment  at  the  fixed  end  of  the  beam,  or  when  x  =  o, 

due  to  all  of  the  equal  weights  is,  hy  summing  (20),. 


M=  -W%d  =  -Wl(-  +- 
\n       n 


+  2  +  . 


(32) 
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The  moment  at  the  fixed  end  due  to  i,  2,  3,  ...  r,  of  these 
equal  weights,  first  in  order  is 


M 


=  -  W%a'  =  -  WlU  +  ?■  +  3  +  .  .  .  f) 
\n       n       n  nj 


2« 


(33) 


The  moment  at  the  fixed  end  due  to  the  remaining  (n  —  r) 
of  these  equal  weights  is 


\    n  n  n  n) 

\       2  2«  / 


(34) 


The  moment  at  the  interval  r  due  to  these  remaining  (n  —  r) 
squal  weights  is 


M=  -W%d 


'=~m{l 


£+3_+.  .  ,n  - 


Wl 


n      n      n  n 

(n  —  r  +  i)(n  —  r) 
211 


") 


(35) 


Example  i.  — A  semi-girder  projects  50  feet,  and  is  loaded 
at  intervals  of  10  feet  with  a  weight  of  10  tons ;  required  the 
moment  at  the  fixed  end  due  to  the  5  equal  weights. 

From  (32), 

M=  —Wln  +  T  =  -10  x  50  x  -  =  —1500  foot-tons. 
2  2 


Example  2. — The  same  conditions  continuing,  required  the 
moment  at  the  fixed  end  due  to  the  first  3  of  the  weights. 
From  (33), 

M  =  -  Wlr^L±jl  =  _I0  x  so  x  3(3  +  1)  =  _6oo  foot.tons. 

2tl  J  2    X    S 
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Example  3.  —  With  same  conditions  of  beam  and  load,  re- 
quired the  moment  due,  at  the  fixed  end,  from  the  remaining 
2  weights. 

From  (34), 


M 


=  _  tf///S_±J  _  3(3  +  i)\  _  _        foot-tons. 
\    2  2x5/ 


Example  4.  —  At  10  feet  from  the  fixed  end  of  the  beam, 
what  is  the  moment  due  to  the  4  weights  beyond  ? 
From  (35), 

M=  -^7^  ~  I  +  T)(5  -  0  =  _  1000  foot-tons. 
2x5 

Example  5.  —  If  the  given  semi-beam  weighs  0.8  ton  to 
the  linear  foot,  what  is  the  moment  at  its  centre  and  at  its 
fixed  end  ? 

From  (23),  if  x  —  \l, 

M=  ^-\w(\iy  =  \  x  0.8  x  50*  =  —250  foot-tons. 
From  (25), 

M  =  —\  x  0.8  x  502  =  — 1000  foot-tons. 

Example  6.  —  Suppose  the  same  beam  to  be  covered  with 
the  uniform  load  0.6  ton  for  the  space  of  15  feet,  beginning  25 
feet  from  the  fixed  end ;  required  the  moment  due  to  this  load 
at  30  feet  from  the  fixed  end. 

Here 

■uf  =  0.6,        b  =  15,        a  =  25,        x  —  30. 
From  (26), 

M  =  —  %  X  0.6(25  +  15  —  30)2  =  —30  foot-tons. 
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Example  7.  —'If  the  load  0.6  ton  per  foot  covers  the  first 
35  feet  of.  the  beam,  and  the  moment  at  10  feet  is  required,  we 
have  3  =  35,  «  =  o,  x  =  10;  and,  from  (27), 

M  =  —  \  X  0.6(35  —  IO)2  =  —  l87-S  foot-tons. 

Example  8.  —  If  the  load  0.6  ton  per  foot  covers  the  entire 
beam,  the  moment  at  the  centre  is,  from  (28), 

M  =  —\  x  0.6  X  (50  —  25)2  =  —187.5  foot-tons, 
and  at  the  fixed  end 

M  =  —  \  x  0.6  x  502  =  —  750  foot-tons. 

Example  9.  —  If  the  uniform  load  0.6  ton  covers  40  feet 
of  the  beam,  beginning  at  the  free  end,  then  the  moment  at  5 
feet  from  the  fixed  end  is,  from  (29), 

M  =  —0.6  X  40(1  x  40  +  10  —  5)  =  —600  foot-tons. 

Example  10.  —  If  the  force  P,  Fig.  8,  is  4  tons,  and  its  line 
of  action  makes  an  angle  of  300  with  the  line  GF  =  P  =  20 
feet,  then  the  moment  due  to  P  at  the  point  F  is,  from  (3 1), 

¥=4  X0.5  x  20  =  40  foot-tons. 

16.  If  there  are  several  concentrated  weights,  W„  W2,  W3, 
etc.,  or  pressures,  P„  P„  Pv  etc.,  or  detached  uniform  loads, 
hw/,  &2w2',  63w3',  etc.,  at  different  points  on  the  left  of  the 
section  VS,  we  must  evidently  sum  the  moments  due  to  the 
separate  pressures  for  the  total  moment. 
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Thus  we  may  write 
Mx=  -^W(a'  -x)  — 


\w(l  —  x)2  —  ill/ (a  +  b  —  x)2 
%iif{\b  +  a  —  x)b  +  Si* sin  a/,     (36) 


where  Mx  is  the  moment,  with  reference  to  any  point  of  any 
vertical  section  of  a  semi-beam,  due  to  all  the  forces  applied  to 
the  beam  between  its  free  end  and  the  given  vertical  section. 

It  should  be  observed,  that,  for  all  pressures  whose  lines  of 
action  are  vertical,  the  moments  will  be  the  same,  whatever 
point  of  reference  is  taken  in  the  vertical  section  VS ;  for  such 
pressures  have  no  horizontal  component. 


Section  2. 


17.  We  next  take  a  beam  or  girder,  horizontal,  supported  at 
its  ends,  and  loaded  in  any  manner  whatsoever.  Such  a  girder 
is  also  said  to  have  its  ends  free;  since  they  simply  rest  upon 
two  level  supports,  and  are  fixed  in  no  other  manner. 


Fig.  9.  r 

Let  the  beam  O ABE,  Fig.  9,  be  supported  at  the  two  points 
0  and  A,  and  be  subjected,  to  the  following  pressures  :  — 
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w   =  weight  of  beam  per  linear  unit. 

■vJ  =  uniform  load  per  linear  unit  of  the  length  b  =  CD. 

W  =  a   concentrated  weight   or  vertical  pressure   at  any 

point,  K. 
P   =  any  force  at  distance  a"  =  OF  from  O. 
Vt  =  vertical  re-action  of  the  left  support. 
Vz  =  vertical  re-action  of  the  right  support. 
/     =  length  of  girder. 
h    =  height  of  girder. 
■a    =  OD  =  the  horizontal  distance  from  the  origin  0  to 

the  nearer  end  of  the  uniform  load  buf. 
a'   =  the  horizontal  distance  from  0  to  the  weight  W. 
x    —  the  horizontal  distance  of  any  vertical  section,    VS, 

from  0,  the  origin  of  co-ordinates. 
y    —  the  vertical  distance  of  any  point  in  the  section  VS 

from  the  horizontal  line  A  O. 


The  vertical  section  VS  is  made  by  any  j>lane  cutting  the 
beam  perpendicular  to  the  line  AO. 

It  is  required  to  find  the  moment  generated  at  any  vertical 
section,  VS,  by  the  action  of  each  of  the  given  pressures. 

Since  at  any  given  cross-section,  there  can  be  but  one  mo- 
ment due  to  the  given  simultaneous  pressures,  it  follows  that 
we  may  determine  this  moment,  either  by  using  the  pressures 
applied  upon  the  left  side  of  the  given  section,  or  by  using  the 
applied  pressures  on  the  right  side  of  the  same  section. 

In  the  following  table  we  use  the  pressures  that  act  on  the 
left  of  the  section  VS ;  and  consequently  downward  pressures 
give  negative  moments,  and  upward  pressures  give  positive 
moments,  in  accordance  with  our  previous  notation. 

18.  The  sum  of  the  re-actions  Vx  and  V2  for  the  simple 
girder  with  free  ends  is  equal  to  the  total  weight  of  the 
girder  and  its  load. 
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The  resistances  V1  and  V2  due  to  any  concentrated  weight, 
W,  are,  since  there  can  be  but  one  moment  for  the  vertical 
section  through  W,  inversely  proportional  to  the  horizontal 
distances  of  W  from  the  points  of  support ;  and  we  have,  from 
equation  (13), 

M     =  JV=  V,(l-  a'), 


•■• 

K 

=  vJ-^-=  W-  V„ 

a 

(37) 

•'• 

v2 

=  wa-r 

(38) 

proportio 

n, 

-  wl~  ^ 
I 

V,:V2::l-a':d, 

(39) 

K  +  r, 

:  Vt 

::  I  :  /  -  «',     .'.     V,  =  W— 

a' 

K  +  K  :  V2  ::  /:  «',  -'.      F2=   ^. 

Similarly,  for  the  uniform  load  ^zc/,  the  re-actions  V1  and  F2 
will  be  inversely  proportional  to  the  distances  of  the  centre  of 
gravity  of  the  uniform  load  from  the  points  of  support. 

19.  In  the  following  table  we  have, — 

First  column,  load  whose  moment  is  sought. 

Second  column,  re-action  at  left  support,  giving  +M. 

Third  column,  conditions  of  load  and  plane  VS. 

Fourth  column,  part  of  load  on  left  of   VS,  giving  —M. 

Fifth  column,  arm  of   Vv 

Sixth  column,  arm  of  load  on  left  of   VS. 
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20.  Moments  due  Uniform  Discontinuous  Load  on  any 
Part  of  the  Beam.  —  Let  rT  —  r2  denote  the  number  of  equal 
weights,  W,  at  equal  intervals,  c,  between  any  two  consecutive 
weights  on  the  whole  or  any  part  of  the  girder.  We  may 
shorten  the  numerical  computation  of  moments,  as  in  case  of 
the  semi-girder,  by  first  summing  the  series  that  arises  in  the 
expression  for  M. 

For  this  purpose  let  r  —  r2  =  the  number  of  equal  weights, 
W,  on  the  length  x ;  (r2  +  i)c  =  the  distance  from  the  left  end 
of  the  beam  to  the  nearest  weight.  If  this  distance  is  less  than 
c,  that  is,  not  a  full  interval,  it  follows  that  r2  will  be  a  negative 
proper  fraction.  Now  (rt  —  r2)  —  (r  —  r2)  =  r,  —  r  =  the  num- 
ber of  equal  weights  between  the  point  x  and  the  right  end  of 
the  beam.  The  three  differences,  r1  —  r2,  r  —  r2,  and  r,  —  r, 
must  be  integers,  since  each  denotes  a  number  of  equal  weights. 
If  one  of  the  three  quantities  r,  ra  rz>  is  not  an  integer,  neither 
of  the  other  two  is  an  integer,  and  the  decimal  part  of  each  is 
the  same,  except  that,  when  r2  is  negative,  its  value  is  less  by 
unity  than  the  common  decimal  part  of  r  and  rx. 

Let  us  first  find  the  moment  due  r—  r2  equal  weights,  W, 
at  any  point,  x,  between  the  last  weight  and  right-hand  end  of 
the  girder.  We  use  equation  (43),  giving  to  d  the  successive 
values  c(r2  +  1),  c(r2  +  2),  c(r2  +  3),  .  .  .  cr,  and  taking  the 
sum ;  thus, 

Sa'  =  c[(r,  +  1)  +  (r,  +  2)  +  (r,  +  3)  +  •  •  •  r] 

=  \c(r  -  r2)(r  +  r2  +  1), 

.-.    Mx  =  ^(r  -  r2)  (r  +  r2±  1)  (/  -  *),  (60) 

2/ 

where  x  cannot  be  less  than  cr. 

Example  i. — Length  of  beam  =  /  =  ioo  feet  =  10c,  r  =  6\, 
r2  =  2%;  what  is  the  moment  at  the  fourth  weight,  W=  8  tons, 
due  the  4  weights  =  32  tons  ? 
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Here  x  =  re  =  65, 

.-.    Mr  =  8  X    IO  X  4  X  10  X  35  =  16  X  35  =  560  foot-tons. 
2  x  100 

If  x  =  (r  -f-  i)<r  =  75, 

.-.    iJ^  +  I  =  16  X  25  =  400  foot-tons. 

If  x  =  (r  +  2)c  =  85, 

.•.    J^.  +  2  =  16  X  15  =  240  foot-tons. 
If  *  =  (r  +  3)c  =  95, 

.•.    Mr  +  3  =  16  X    5  =    80  foot-tons. 

This  shows  a  uniform  decrease  of  moment  for  each  interval 
beyond  the  given  load. 

Equation  (40)  gives  for  a  single  weight,  W,  applied  at  any 
point,  a',  the  moment  at  any  distance,  x,  between  the  weight 
and  the  left  end  of  the  beam.  By  giving  to  a'  the  successive 
values  c(r  +  1),  c(r  -(-  2),  c(r  -f-  3),  .  .  .  cr„  and  summing  for 
a'    and  a',  we  find 

■%a'°  =  r1  —  r, 

Iff    =  f[(r+i)  +  (r+a)  +  (r+3)+  . . .  rj  =%c{r1-r)(r1  +r+i). 

-flf,  =  -^  [«(»•«  -  »")/  -  ^(r,  -  r)  (rt  +  r  +  i)>,        (61) 

which  is  the  moment  at  any  point,  x,  between  the  left  end  of 
the  girder  and  the  nearest  weight,  which  is  at  the  (r  -\-  i)01 
point  of  division ;  the  number  of  weights  being  rx  —  r,  and  x 
not  being  greater  than  c(r  +  1). 
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Example  2.  —  Let  /=  100  feet  =  \oc,  W=  8  tons,  rz  =  6J, 
r  =  2\ ;  what  is  the  moment  at  the  first  weight  due  the  rt  —  r 
=  4  equal  weights  ? 

Here  x  =  (r  -j-  i)c  =  35, 

Q 

.■.     Mr+1  =  (2  X  4  X  100—  10  X  4  X  10)35  =  560 foot-to 

2  X  100 

x  =  re  =  25, 

-•.  Mr  =  16  X  25  =  400  foot-tons. 
x  =  (r  —  i)c  =  15, 

.•.  Mr_i  =  16  X  15  =  240  foot-tons, 
x  =  (r  —  2)c  =    5, 

.'.    Mr_2  =  16  X     S  =    80  foot-tons. 

This  shows  a  uniform  decrease  of  moment  for  each  interval 
before  the  given  load.  These  moments  are  the  same  as  those 
»f  example  1,  as  they  should  be,  since  the  same  load  is  symmet- 
rically placed  on  the  beam  in  both  cases. 

If  we  add  equations  (60)  and  (61),  calling  the  sum  Mx  still, 
we  shall  have 


M, 


—  —A  [2(r-  —  r)1  —  c(r*  —  r*)0"i  +  r*  +  0]* 

+  d{r  -  r2)(r  +  r2  +  i)J,    (62) 

which  is  the  moment  at  any  point,  x,  of  the  beam  due  rT  —  r2 
equal  weights,  W,  placed  at  equal  and  consecutive  intervals,  c, 
over  the  whole  or  any  part  of  its  length. 


30  MECHANICS  OF  THE   GIRDER. 

Here  r  cannot  be  less  than  r2  nor  greater  than  rIt  and  x  lies 
between  re  and  (r  -f-  i)c  for  the  loaded  part  of  the  beam,  but 
may  have  any  value  between  o  and  r2c  where  r  =  r2,  and  any 
value  between  rzc  and  /  where  r  =  rx. 

Example  3.  —  Let  /  =  100  feet  =  10  c,  W  =  8  tons,  r2  = 
2\,  rt  =  6\ ;  what  is  the  moment  at  the  fourth  weight  ?  Here 
x  =  r,c  —  65  feet,  and  (62)  gives, 

If  r  =  r„ 

J^.  =  — i  (o  —  10 x 4 X  10)65  +  10 x  100x4X10 1  =  560  foot-tons. 
200  (  J 

Or,  if  r  =  rt  —  r,  ^ 

-*£.,  =  — I  (2x1X100  —  10x4X10)65  +  10x100x3X9} 
200  (  ) 

=  560  foot-tons. 

What  is  the  moment  one  interval  beyond  the  last  weight  ? 
Here  x  =  (r1  +  i)c  =  75,  and  r  =  r1  =  6J,  in  (62) ; 


.-.     ^i  +  i  =  — \  (o  —  10x4X10)75  +  10x100x4x10}. 
200  (  ) 

=  400  foot-toris. 

If  n  —  the  whole  number  of  intervals  in  the  girder's  length, 

we  have  c  =  -,  and  (62)  becomes 
n 

Mx  =  -^j  [a»(r,  -  r)  -  (r,  -  r.)  (r,  +  r,  +  1)]  *? 

+  (r-r,)(y  +  r,+  i)J,      (63) 

from  which  we  may  find  the  simultaneous  moments  at  all  points 
throughout  the  girder  due  to  any  uniform  discontinuous  par- 
tial or  full  load. 
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Example  4.  —  Let  a  uniform  load  of  4  weights,  each  =  W 
=  8  tons,  spaced  c  —  10  feet  from  weight  to  weight,  come  upon 
a  girder  100  feet  long,  and  move  forward  to  the  centre  ;  required 
the  simultaneous  moments  throughout  the  girder  as  the  fore- 
most end  of  the  load  passes  the  points  x  =  5,  15,  25,  35,  etc., 
n  =  10. 

Owing  to  the  important  applications  of  this  formula  which 
are  to  follow,  we  add  the  complete  solution  of  this  problem, 
and  may  remark  that  by  giving  to  x  the  values  10,  20,  30,  40, 
etc.,  we  can  find  the  simultaneous  moments  at  the  full  intervals 
as  the  foremost  end  of  the  load  passes  the  successive  points  of 
division.  Or  we  may  give  x  any  value  we  please  between  o  and 
/,  and  so  suit  the  equal  or  unequal  panel  lengths  of  any  girder. 
As  the  load,  now  central,  passes  off  to  the  right,  it  is  evident 
these  moments  will  be  reversed. 
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In  the  above  table  all  moments  included  by  the  same  brace 
are  simultaneous,  and  due,  at  their  respective  points,  to  all  the 
weights  on  the  girder,  as  indicated  by  the  first  column,  r1  —  r2. 

Only  the  first  moment  in  any  horizontal  line  is  computed 
by  the  formula  in  that  line ;  the  remaining  moments  in  any  line 
being  found  by  the  simple  variation  of  x,  using  only  the  term 
containing  x.  In  this  example  the  constant  difference  to  be 
added  to  the  first  moment  in  any  horizontal  line  of  moments  is 
four  times  the  quantity  in  the  parenthesis  for  the  given  line. 

21.  Let  the  length,  /,  of  the  girder  be  divided  into  n  equal 

intervals,  c,  so  that  there  are  n  —  1  points  of  division ;  then,  if 

a  weight,  W,  be  applied  at  each  point  of  division  beginning  at 

the  left,  we  may  find  the  moment  at  the  foremost  end  of  this. 

rl 
advancing  load,  from  equation  (60),  by  putting  r2  =  o,  x  =  re  =  —.. 

n 

Thus, 

Mr  =   —  r(r  +  i)(7  -  cr)  =  —r(r  +  i)(«  -  r),      (64) 

2»  2«2 

which  is  the  moment  at  the  foremost  end  of  a  uniform  discon- 
tinuous load  when  that  end  passes  the  rtb  point  of  division,  andi 
r  equal  weights  have  come  on. 

Example.  —  Let  /  =  100  feet,  n  =  10,  W  =  8  tons  ;  what 
is  the  moment  at  each  point  of  division  as  the  foremost,  endi 
of  this  load  passes  it  ?     Using  (64), 

If  r  =  1,  Jf,  =  1  X  2X9X4=    72  foot-tons. 

2,  M2  =  2  X  3x8x4=  192  foot-tons. 

3,  M%  =  3  X  4  X  7  X  4  =  336  foot-tons. 

4,  J^4  =  4  X  5x6x4  =  480  foot-tons. 
5,^  =  5  X  6x5x4  =  600  foot-tons. 

6,  M6  =  6  X  7  X  4  X  4  =  672  foot-tons. 

7,  M7  =  7  X  8  X  3  X  4  =  672  foot-tons. 

8,  Ms  =  8  X  9  X  2  x  4  =  576  foot-tons. 

9,  M9  =  9  X  10  x  1  X  4  =  360  foot-tons. 
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22.  From  equation  (63),  by  putting  r2  =  o,  r,  =  n  —  1,  and 

rl 

x  =  re  ■=.  —,  we  derive 

n 


Mr  =  ^-{n  -  r)r,  (65) 

2ft 


which  is  the  moment  at  the  r^  weight  due  n  —  1  equal  weights, 

W,  placed  at  equal  intervals,  -,  throughout  the  girder. 

n 


Example.  —  Uniform   discontinuous   load  ;     W  =  8  tons, 
./  =  100  feet,  n  —  10. 

If  r  =  1,  Mx  =  40  x  9  X  1  =    360  foot-tons. 

2,  M2  =  40  x  8  X  2  =    640  foot-tons. 

3,  Mi  =  40  X  7X3=    840  foot-tons. 

4,  .#£,  =  40  x  6  X  4  =    960  foot-tons. 

5,  Ms  =  40  x  5  X  5  =  j  000  foot-tons. 

.And  these  moments  are  to  be  reversed  for  the  other  half- 
span. 

23.  Suppose  that  the  first  and  last  intervals  into  which  the 

beam  is  divided  are  each  =  ic  =  — ,  while  every  other  is  =  c, 

2n 

and  that  we  wish  to  find  the  moment  at  the  foremost  end  of  a 
uniform  load  of  equal  intervals,  c,  as  that  end  passes  each  point 
of  division  of  the  beam. 

For  this  object  we  employ  equation  (60),  making  #  =  re  = 
— ,  and  r2  =  —\,  and  have 


Mr  =  E(T  +  i)2(/  "  rc)  =  B(r  +  iY{n  ~  r)'   (66) 
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Example.  —  Let  /  =  100  feet,  W  =  8  tons,  n  =  10. 

For  r  =  0.5,  Mx  =  4  x  1X9^=    38  foot-tons. 

1.5,  M2  =  4  x  4X8j=  136  foot-tons. 

2.5,  Mz  =  4  x  9x7}=  270  foot-tons. 

3.5,  ^  =  4  X  16  X  6|  =  416  foot-tons.  " 

4.5, ,M5  =  4  X  25  X  Si  =  550  foot-tons. 

5.5,  M6  =  4  X  36  X  4^  =  648  fopt-tons. 

6.5,  M7  —  4  X  49  X  3j  =  686  foot-tons. 

7.5,  -#/"8  =  4  X  64  X  i\  =  640  foot-tons. 

8.5, 1,  =4X  81  X  i\  =  486  foot- tons.        ) 

9.5,  MIO  =  4  x  100  X    i  =  200  foot-tons. 

""  24.  From  equation  (63),  by  making  r2  =  —J,  r,  =  n  —  £, 

and  x  =  —  ,  we  also  obtain 
n 


Mr=  Tn{^n~r)  +  I}'  (67) 


which  is  the  moment  at  any  weight  due  %  equal  weights,  If, 

applied,  at  equal  intervals,  -,  except  the  interval  at  each  end, 

n 

which  is  =  — .     Here  r  takes  the  values  A,  f ,  f ,  J,  .  .  .  -, ' 

2n  .....  2 

and  «!  denotes  the  whole  number  of  full  intervals  in  the  length, 
/,  which  in  this. case  is  also  the  whole  number  of  weights. 

Example.  —  Let,  as  before,  /=  100. feet,  n  =  10,  W=  8 
tons;  then 

Forr  =  0.5,  Mt  =  10(1  x  19  +  1)  =     200  foot-tons. 

1.5,  M2  =  10(3  X  17  +  1)  =    S20  foot-tons. 

2.5,  M3  =  10(5  X  15  +  1)  =     76°  foot-tons. 

3.5,  M4  =  10(7  X  13  +  1)  =    920  foot-tons. 

4.5,  Ms  =  10(9  X  11  +  1)  =  1000  foot-tons. 

The  same  to  be  reversed  for  the  other  half. 
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25.  Difference  of  Simultaneous  Moments  at  Consecu- 
tive Points  of  Division.  —  By  making  r2  =  o,  and  x  = 
(r  +  iy,  in  equation  (6o),  we  have 

Mr^  =^r(r+  i)[/_  (r  +  1)^] 
zn 

=  E?r(r+i)(n-r-i),      (68) 

which  is  the  moment  one  interval,  c,  beyond  the  foremost  end 
of  a  uniform  load  consisting  of  r  equal  weights,  W,  at  the  dis- 
tances c,  2c,  2>c>  •  •  ■  rc>  respectively,  from  the  left  end  of  the 
beam. 

Subtracting  (64)  from  (68),  we  have 

AM=  Mr  +  l  -Mr=  -^-r(r  +  1),  (69) 
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which  is  the  difference  between  the  simultaneous  moments  at 
any  two  consecutive  points  of  division  on  the  unloaded  end  of 
a  beam,  which  has  r  equal  weights  at  full  intervals  on  the  other 
end. 

For  finding  the  difference  of  simultaneous  moments  at  con- 
secutive points  of  division  on  the  loaded  part  of  the  beam,  we 
use  (62),  making  r2  =  o,  and  x  =  re,  (r  -f-  i)c,  (r  -f-  2)c,  etc.,  in 
succession.     Thus, 

Mr       =  ^|[2(rI-r)/-^I(rI+i)><r+<r/?-(r+i)|, 

Mr+1  =  ^}\[2(r*-ry  ~  cr*(ri+IWr+I)c 

+  rfr(r  +  i)J, 

&M=Mr  +  I-Mr      =^L(rI-r)n-rI(rI  +  i)\,        (70) 

which  is  the  first  order  of  differences  for  the  loaded  part  or 
end  of  the  beam :  and  AM  is  an  increasing  function  of  rz  for 
a  given  value  of  r,  and  will  be  greatest  when  rz  is  greatest ; 
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that  is,  when  r,  =  n  —  i,  its  limit.  But  at  this  limit  of  r1  the 
girder  is  loaded,  and  the  positive  differences  on  the  left  half 
will  equal  the  negative  differences  for  the  corresponding  inter- 
vals on  the  right  half  of  the  girder.  Putting  n  —  i  for  rI  in 
(70),  we  have 

&Mr  =  —  \n  -  1  -  2rl,  (71) 

which  gives  the  difference  of  simultaneous  moments  for  each 
interval,  c,  of  the  beam  fully  loaded  with  n  —  1  weights,  IV, 
applied  at  equal  and  all  full  intervals,  c,  or  with  n  weights,  W, 
when  each  end  interval  =  \c. 

Subtract  (69),  which  is  negative,  from  (71),  whose  positive 
values  in  one  half-span  are  equal  to  its  corresponding  negative 
values  in  the  other  half-span,  and  the  remainder  is 


zn  (  ) 


which  is  positive,  since  n  >  r,  and  both  n  and  r  are  integers. 

Therefore  the  greatest  negative  difference  computed  by 
(71)  for  any  interval  is  numerically  less  than  the  difference 
computed  by  (69)  for  the  same  interval  in  the  second  half- 
span;  that  is,  both  half-spans,  if  the  uniform  load  is  to  travel 
either  way.  Consequently  we  use  (69)  in  finding  the  greatest 
difference  of  simultaneous  moments  for  any  interval  due  a  uni- 
form discontinuous  moving  load. 

It  may  be  observed  here  that  (69),  for  the  unloaded  end  of 
the  beam,  gives  a  constant  first  difference,  while  (70),  for  the 
loaded  end,  gives  a  first  difference  which  is  not  constant.  By 
putting  r  -f-  1  for  r  in  (70),  and  subtracting  (70)  from  the  re- 
sulting equation,  we  find  the  second  difference, 

A(AJT)  =  -Wc,  (72) 

which  is  constant  and  negative,  and  may  be  conveniently  em- 
ployed in  some  computations. 
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Example  i.  —  Let  a  girder  of  10  panels,  each  10  feet,  be 
laden  with  a  permanent  load  of  4  tons  at  each  panel  point,  and 
a  discontinuous  uniform  rolling  load  of  8  tons  to  be  applied  at 
the  same  points  as  the  load  advances ;  required  the  greatest 
moments  at  these  panel  points,  and  the  greatest  difference  of 
simultaneous  moments  at  any  two  consecutive  panel  points,  due 
to  both  these  loads. 

The  greatest  moments  will  occur  when  both  loads  cover  the 
beam.     We  have,  then,  in  equation  (65),  W=  12,  /=  100,  n  = 

10,  —  =  60,  and  r  =  i,  2,  3,  etc.,  in  succession,  for  the  greatest 

moments. 

The  difference  of  moments  at  consecutive  panel  points  due 

dead  load  is  to  be  computed  by  (71),  making  W=  4,  c  =  10, 

Wc 
n=  10,  —  =  20,  and  r  =  o,  1,  2,  3,  4,  etc.,  in  succession. 

And  the  greatest  difference  of  simultaneous  moments  for 
each  interval  due  live  load  is  found  by  using  equation  (69), 

when  W  =  8,  c  =  10,  n  =  10,  — -  =  4,  and  r  =  1,  2,  3,  4,  etc., 

in  succession. 


Computation  for  Greatest  Moments  and  Differences. 


No.  of  the  Panel  Point,  r. 

0 

1 

2 

8 

1 

5 

6 

7 

8 

9 

Greatest  moments 

=  60(10  —  r)r 
Differences,  dead  load 

0 

54o 

960 

1260 

1440 

1500 

1440 

1260 

960 

54° 

=  20(9  —  2r) 
Greatest  differences,  live 

180 

140 

100 

60 

20 

— zo 

—60 

— 100 

— 140 

—180 

load         =— 4?,(y  +  i) 
Total  differences  for  both 

0 

—8 

—24 

-48 

—80 

— 120 

—168 

— 224 

—288 

—360 

Differences,  load  moving  ( 
either  way                     | 

180 
54° 

132 

428 

76 
324 

12 

228 

—60 

—60 
140 

— 140 
— 140 

60 

— 228 
—228 

—324 
—324 

—428 
—428 

— 54° 
—54o 
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If  in  equation  (€6),  instead  of  the  factor  (/  —  re),  we  write 
[/ — (**  +  i)c],  and  then  subtract  (66)  from  the  resulting  equa- 
tion, we  shall  have 

AM=-r^£(r  +  iy,  (73) 

2ft 

which  gives  the  greatest  difference  of  simultaneous  moments 
at  any  two  consecutive  points  of  division,  due  live  load  advan- 
cing by  equal  panel  weights,  when  the  two  extreme  panels  have 
each  but  half  the  length  of  every  intervening  panel.  Here  ob- 
serve that  r  takes  the  successive  values  — \,  \,  § ,  f , .  . - 

and  that  c  =  —  for  the  two  extreme  panels,  but  c  =  -  for  all 

others. 

« 
Example  2.  —  Given  the  same  loads  and  length  of  girder 

as  in  example  1,  but  the  panel  points  being  now  at  the  distances 
S»  I5>  2S>  35»  etc->  fr°m  either  end  ;  required  the  greatest  mo- 
ment at  each  of  these  points,  and  the  greatest  difference  of 
simultaneous  moments  at  any  two  consecutive  panel  points,  for 
both  live  and  dead  loads. 

Equation  (67)  gives  the  greatest  moments  if  we  make  /  = 

100,  n  =  10,  W  =  12,  —  =  IS,  and  r  =  |,  f,  J,  J,  etc.,  in  suc- 
on 

cession. 

The  differences  for  dead  load  are  computed  from  (71)  by 

putting  W  =  4,  c  =  5  in  two-end  panels,  c  =  10  in  all  others, 

n  =  10,  and  r  =  —J,  J,  f,  f,  etc.,  — -  =  10  or  20. 

The  greatest  differences  for  live  load  are  found  from  (73), 
where  W.  =  8,  c  =  5  or  10,  n  =  10,  and  r  =  —\,  \,  f,  f,  etc., 

El=2  or  4. 
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Computation  for  Greatest  Mome!nts  and  Greatest  Simultaneous 
Differences  for  each  Interval. 


r. 

-i 

i 

I 

f 

i 

t 

.¥■ 

¥ 

¥ 

2 

¥ 

Greatest  moments, 

£H—H 

,300 

780 

1140 

1380 

I500 

1500 

1380 

1140 

780 

300 

Differences,  dead  load, 

IOO 

160 

120 

80 

40 

O 

—40 

—80 

— 120 

— 160 

— ipo 

Differences,  live  load, 

-^(r  +  xY 

2«    \                  / 

u 

—4 

—16 

-36 

-64 

— IOO 

—144 

— ig6 

— 256 

—324 

— 200 

Total  differences  .    . 

IOO 

156 

104 

44 

—24 

IOO 

—184 

— 276 

— 376 

-484 

— 300 

Differences  to  be  used) 

300 

484 

376 

276 

—24 
184 

— IOO 
IOO 

—184 
24 

— 276 

—376 

-484 

— 300 

26.  To  determine  the  Point  in  any  Qirder  simply  sup- 
ported at  its  Two  Ends,  and  carrying  any  Partial  or  Com- 
plete Uniform  Discontinuous  Load,  where  the  Moment  due 
that  Load  is  Greatest.  —  The  required  greatest  moment  will 
occur  at  a  point  within  the  loaded  part  of  the  girder,  since  for 
any  partial  load  the  simultaneous  moments  decrease  from  either 
end  of  the  load  to  the  corresponding  end  of  the  girder. 

If,  therefore,  we  put  x  =  -  in  (63),  and  call  the  result  Mr, 

n 

then  in  Mr  thus  found   put  (r  +  1)  for  r,  giving  Mr  +  „  and 

equate  &M,  =  Mr  +  I  -  Mrto  zero,  we  shall  find      • 


_  r    .    (r,  -  r2)(r-t  +  r2  +  1) 


2« 


(74) 


and  the  panel  point  of  greatest  moment  lies  between  re  and 
(r  +  i)c,  except  when  re  and  (r  +  i)c  are  panel  points. 

Let  us  verify  this  statement  by  referring  to  example  4, 
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article  20.     Taking  r„  r2,  r,  and  the  greatest  moment,  from 
that  example,  we  compute  r  by  (74),  and  write  as  below  :  — 


Ti. 

r2. 

r. 

Mmax. 

r  by  (74). 

6-5 

2-5 

4-5  or  5-5 

640 

4-5 

5-5 

i-5 

4-5 

624 

3-9 

4-5 

°-5 

3-5 

544 

3-3 

3-5 

-0.5 

3-5 

416 

2.7 

2-5 

-o-S 

2-S 

270 

2.05 

i-5 

-0.5 

1 -5 

136 

i-3 

°-5 

-o-S 

°-5 

38 

.0.45 

27.  If  in  equation  (63)  we  make  r  =  r„  x 


rj 


,  r2  =  rt 


e, 


e  being  the  number  of  equal  weights  on  the  beam,  we  shall  find, 
after  putting  HMfi  =  Mri  +  i  —  Mfi  =  o, 

+  2n  +-^-  (75) 


Tz  = 


But  when  the  advancing  load  reaches  back  to  the  left  end 
of  the  girder,  we  may  not  know  how  many  weights  will  give  a 
maximum  moment  at  the  foremost  weight.  In  that  case  we 
deduce  AMr  =  Mr  +  I  —  Mr  =  o  from  (64),  and  find 


n  =  \{n  -  1) 


(76) 


for  a  girder  of  equal  panels  to  receive  an  advancing  load  of 
equal  weights  applied  at  successive  panel  points. 

And  for  a  girder  each  of  whose  two  extreme  panels  is  one- 
half  of  any  other,  the  advancing  load  to  be  applied  at  panel 
points,  we  derive  AMr  =  Mr  +  1  —  Mr  =  o,  from  (66),  and  get 

(77) 


r  =  r. 


\{2ti  —  5  ±  V4«2  +  4»  —  2). 

In  all  these  cases  the  panel  point  at  foremost  end,  having 
the  greatest  moment  as  the  load  advances,  lies  between  r,c  and 
{r1  -f-  i)c,  except  when  rtc  and  (r,  -f-  1)^  are  panel  points. 
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We  now  give  an  example  of  an  equal-panelled  girder  trav- 
ersed by  an  odd  number  of  equal  apex  weights,  and  will  then 
illustrate  the  application  of  equations  (75),  (76),  and  (77). 

Example.  —  Girder  of  10  pan'els  10  feet  each;  3  weights, 
of  8  tons  each,  at  intervals  of  10  feet  between  consecutive 
weights.  What  are  the  simultaneous  moments  at  all  the 
panel  points,  as  the  foremost  weight  of  this  load  passes  each 
panel  point  in  succession  ?  Use  equation  (63),  where,  now, 
W  =  8,  /  =  100,  n  =  10,  r2  —  o,  1,  2,  3,  etc.,  in  succession. 

Moments  within  the  same  brace,  simultaneous.     (See  table, 

P.  42.) 

Formula  gives  only  the  first  moment  in  any  horizontal  line 
of  moments.  For  other  moments  in  same  line,  add  four  times 
the  parenthetic  quantity  to  the  moment  immediately  before 
the  required  moment. 

For  the  greatest  moment  at  foremost  end  of  this  moving 
load,  we  have  from  (75),  where,  now,  e  =  3, 

20  +  3  —  3 


r,  = 


4 
r,  +  1  =  6, 


which  agrees  with  the  above  table;   the  moment  being  480 
when  the  foremost  end  of  load  passes  either  of  these  points. 
Also,  if  e  =  4,  as  in  example  4,  article  20,  we  have,  from  (75), 

rt  =  — ^—^ =  5.25  ;  and  5.50,  which  gives  the  greatest 

moment  576,  at  foremost  end  of  load,  lies  between  5.25  and 
6.25. 

For  a  full  load  coming  upon  the  panel  points  of  a  girder 
having  10  equal  panels,  (76)  gives  rt  =  f  (10  —  1)  =  6,  r,  +  1 
=  7,  a  result  in  accord  with  the  solution  in  article  21,  where 
the  moment  at  foremost  end  is  greatest,  and  equals  672  at  these 
two  points. 
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Also,  when  n  =  10,  (jf)  gives  rx  =  5.98,  r,  +  1  =  6.98 ;  and 
'  6.5,  giving  686  foot-tons  (example  of  article  23),  lies  between 
5.98  and  6.98. 

28.  To  find  the  general  expression  for  the  point  of  greatest 

moment,  on  the  loaded  part  of  the  beam,  due  to  a  uniform  dead 

load,  a  weight,  W,  being  applied  at  each  of  the  (n  —  1)  or  n 

panel  points,  and  to  a  uniform  live  load  consisting  of  rt  —  r2 

equal  weights,  L,  applied  at  consecutive  panel  points  as  the 

load  advances,  we  employ  equation  (63),  putting  L  for  W,  and 

rl 
x  =.  —  =  re,  and  so  have  Mr.    Then,  substituting  r  +  1  f or  r, 

we  get  Mr  +  „ 

.-.    AMr  =  Mr  +  I  —  Mr 

=  —  j  2n(r1  —  r)  —  (rx  —  rz){rx  +  r2  +  1)  1 

for  the  loaded  part  of  ,the  beam. 

This  expression  added  to  (71),  and  the  sum  made  equal  to  o, 
gives 

r  -     1  t  _i_  mrs  \  n("  —  ^-r  ~  (ri  —  r')(r*  +  *■«  +  !)  +  aw,  [     (78) 

2n(L  +  W)  (  L  ) 

to  be  used  when  the  value  of  r  lies  between  r2  and  rz ;  and  the 
panel  point  under  the  live  load,  having  the  greatest  moment, 
lies  between  re  and  (r  +  i)e  when  re  and  (r  -\-  i)c  are  not  panel 
points. 

In  a  similar  manner,  putting  r  =  rz,  and  x  =  r2c,  (r2  —  \)c, 
in  succession,  in  (63),  finding  ^Mf2  and  adding  it  to  A M  in  (71), 
we  derive 

r  =  \{n  -  1)  +  -~{r,  -  rz)[2n  -(r,  +  r2  +  1)]         (79) 

where  ?•  is  not  greater  than  r2,  that  is,  at  the  left  of  a  partial 
live  load.     Also,  when  the  point  of  greatest  moment,  consider- 
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ing  dead  and  live  loads,  lies  beyond  the  live  load,  we  derive, 
from  (63), 

r  =  \{n-  1) £-  (r,  -  r.)  (r,  +  r2  +  1),  (80) 

2«  W 


where  r  is  not  less  than  r„  that  is,  beyond  the  live  load. 

29.  We  next  assume  that  the  uniform  load,  vJ  units  of  weight 
per  linear  unit  of  beam,  advances  by  continuous  increments, 
and  not  by  leaps,  or  entire  panel  weights  added  at  once ;  and 
require  the  moment  at  the  foremost  end  of  a  load  which  is  thus 
uniformly  distributed  continuously  from  its  foremost  end  to  the 
left  end  of  the  girder. 

Equation  (56)  applies  here  if  we  make  x  =  b  =  length  of 
uniform  load  measured  from  the  left  support ;  and  we  have 


M^,  =  ^{l  -  *).  (81) 


And,  if  w  is  the  unit  weight  of  the  dead  load,  we  have  from 
(49),  by  putting  x  —  b, 

Mbw  =  \wb{l  -  b),  (82) 

where  Mbw  is  the  moment  of  a  beam,  at  the  distance  b  from 
one  extremity,  due  to  the  unit  weight,  w,  covering  the  entire 
beam. 

For  the  total  moment  due  to  live  and  dead  loads  at  the 
foremost  end  of  bixf,  we  take  the  sum  of  (81)  and  (82),  and 
have 

MM  +  ia  =  **(/~*V*  +  *")•  (83) 
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Example.  —  Let  /  =  ioo,  w  =  0.4  ton,  v/  =  0,8  ton ;  and 
find  the  moments  at  the  foremost  end  of  the  moving  load,  bin/., 
at  intervals  of  10  feet  as  it  advances.     From  (83),  —     ' 


b. 

16      i    . 

w'b  +  Iw. 

Miv/  +  iw- 

0 

0 

40 

0 

10 

4-5 

48 

216 

20 

8.0 

56 

448 

30 

10.5 

64 

672 

40 

12.0 

72 

864 

5° 

12.5 

80 

1000 

60 

12.0  , 

88 

1056 

70 

10.5 

96 

1008 

80 

8.0 

104 

832 

90 

4-5 

112 

S°4 

IOO 

0 

120 
» 

0 

Each  of  these  moments  is,  as  it  should  be,  less  than  that 
found  for  apex  loads  by  just  the  moment  due  \iif  at  the  point 
taken,  since  the  point  at  the  end  of  the  continuously  distributed 
live  load  sustains  but  half  a  panel  weight  of  the  live  load. 

30.  If  it  be  required  to  find  the  moment  due  to  both  dead 
load,  Iw,  and  live  load,  but/,  at  any  point  ahead  of  the  latter,  we 
use  for  the  live  load  (57)  by  making  a  —  o,  and  for  the  dead 
load  (49),  and  have 

Mx  =  ?Lp(l  -  x)  +  \w(l  -  x)x,  (84) 

Or,  for  (c+i)  intervals,  each  equal  to  -,  we  find,  if  b  =  -, 

n  n 

(r  +  i)l 


a.ndx  = 

n 

2«3       V 


r~  x)  +^r  +  I^n-r~1)-  (8s) 
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Example.  —  Let  /  =  100,  ixJ  =  0.8,  w  =  0.4,  n  =  10 ;  and 
find  the  total  moment  at  the  distance  x  —  b  -+•  10,  or  at  the 

end  of  the  (r  +  i),h  interval,  -. 


First  computation,  using  (84),  — 


i. 

1 

*. 

11/ 
2l' 

i\ 

l  —  x. 

First 
Term; 

%w. 

l—x. 

X. 

Second 
Term. 

Mx. 

0 

10 

0.004 

0 

90 

O 

0.2 

90 

IO 

180 

180 

10 

20 

0.004 

100 

80 

32 

0.2 

80 

20 

320 

3S2 

20 

3° 

0.004 

400 

70 

112 

0.2 

70 

30 

420 

532 

3° 

40 

0.004 

900 

60 

2l6 

0.2 

60 

40 

480 

696 

40 

50 

0.004 

1600 

S° 

320 

0.2 

So 

So 

500 

820 

So 

60 

0.004 

2500 

40 

400 

0.2 

40 

60 

480 

880 

60 

70 

0.004 

3600 

30 

432 

0.2 

30 

70 

420 

852 

70 

80 

0.004 

4900 

20 

392 

0.2 

20 

80 

320 

712 

80 

90 

0.004 

6400 

10 

256 

0.2 

10 

90 

180 

436 

90 

100 

0.004 

8100 

0 

0 

0.2 

0 

100 

0 

0 

Second  computation, 

using 

ft),- 

■u/P 

First 

wP 

Second 

Mr  +  1. 

r. 

2tt^ 

r2. 

«— r— j. 

Term. 

2«2' 

r  +  .. 

«— r— 1. 

Term. 

0 

4 

0 

9 

0 

20 

I 

9 

180 

180 

1 

4 

I 

8 

32 

20 

2 

8 

320 

352 

2 

4 

4 

7 

112 

20 

3 

7 

420 

S32 

3 

4 

9 

6 

2l6 

20 

4 

6 

480 

696 

4 

4 

16 

S 

320 

20 

S 

S 

500 

820 

S 

4 

25 

4 

400 

20 

6 

4 

480 

880 

6 

4 

36 

3 

432 

20 

7 

3 

420 

852 

7 

4 

49 

2 

392 

20 

8 

2 

320 

712 

8 

4 

64 

1 

256 

20 

9 

1 

180 

43° 

9 

4 

81 

0 

0 

20 

10 

0 

0 

0 

This  second  computation  will,  in  general,  be  found  more 
convenient  than  the  first,  since  n  and  r  are  usually  integers, 
and  not  very  large. 
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31.  When  a  uniform  continuous  load  is  coming  upon  one 

end  of  a  girder,  we  may  find  the  position  of  the  foremost  end 

of  the  load  at  the  instant  the  moment  at  that  end  reaches  its 

maximum  value,  by  differentiating  (81)  with  respect  to  b,  and 

...      dM     '        —, 
putting  — —  =  o.     Thus, 
do 

dM      it/ ,   „         ,,N 
-—  =  —(23  -  $fa)  =  o, 
do        21 

.-.    b  =  \l.  (86) 

32.  The  position  of  the  foremost  end  of  the  live  load  when 
the  moment  is  a  maximum  there  for  combined  dead  and  live 

loads,  is  determined  by  differentiating  (83),  and  making — -  =0. 

do 

Thus,  dM  =  w{2db  _  ^  +  l2_  z3)  = 

do        2/ 

.-.    6  =  Me-  1  ±  (*4-e+  i)»J,  (87) 

where  e  =  — ,  and  b  =  length  of  live  load  on  one  end  of  the  girder. 

w 

Equation  (87)  is  illustrated   by  the  example  in  article  29, 

where  e  —  —  =  2 ;  and  (87)  gives  b  =  60.76,  while  (83)  gives 
0.4 

the  corresponding  moment  1056.31,  a  maximum. 

33.  Equation  (55)  expresses  the  moment  due  any  uniform 
partial  or  complete  continuous  load,  is/b,  at  any  loaded  point,  x. 

By  differentiating  (55),  and  putting-—  =  o,  we  may  find  the 

dx 

value  of  x,  which  gives  the  maximum  moment.     Thus, 
—  =  — (/  -  a  -  \b)  —  \w  (2x  -  2d)  =  o, 

-'.    x  =  a  +  b  -b-{a  4-  \b),  (88) 

which  is  the  point  of  greatest  moment  due  ixfb. 
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34.  Also,  from  (49),  we  may  make 

—  =  \W{1  -  2X)   =  o, 

and  find 

x  =  \l,  (89) 

which  is  the  point  of  greatest  moment  due  full  continuous  uni- 
form load,  as  in  equation  (52). 

35-  If  we  add  2^  from  (55)  to  ^from  (49),  and  equate  the 
ax  "  ax 

sum  to  zero,  we  shall  find 

x  = i—  j  {a  +  S)vf  _(«  +  #)»£*  +  %»/],      (90) 

w  +  w  (  I  ) 

which  is  the  point  of  greatest  moment  due  both  loads,  -vJB 
and  wl. 

36.  We  will  now  consider  the  case  of  a  girder  having  n 

panels,  each  =  c  =  - ;  and  we  will  suppose  the  live  load  to 
n 

consist  "of  weights  not  all  equal,  nor  spaced  so  as  to  conform 

to  the  panel  points.     Such  a  case  is  presented  by  a  locomotive 

and  train  of  cars. 

Making  use  of  equations  (40)  and  (43),  let  us  arrange  for- 
mulae convenient  for  this  case. 

If  in  these  equations  we  put  nc  for  /,  and  for  a1  and  x  write 
the  proper  multiple  of  c,  we  have  the  simultaneous  moments 
due  each  weight,  W,  in  its  position  at  a  panel  point,  as  indi- 
cated in  the  following  tabular  arrangement :  — 


So 
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Now,  in  this  equation,  (91),  for  the  sum  of  the  moments  due 
all  the  weights,  we  may  evidently  put  any  weight  in  the  place 
of  any  other,  and  suppose  any  number  of  the  weights  equal  to 
zero. 

Hence  we  may,  by  means  of  (91),  find  the  momental  effects 
of  any  load  traversing  the  girder,  at  each  of  the  equal  intervals, 
c,  in  its  progress. 

Example.  —  Let  the  span  =  /  =  100  feet ;  n  =  10  =  num- 
ber of  panels,  each  =  c  =  10  feet.  Dead  load  =  w  =  0.5 
ton  per  linear  foot  =  cw  =  5  tons  at  each  panel  point  or  apex, 
and  2\  tons  on  each  abutment.  Live  load  consists  of  two  loco- 
motives, each  of  the  following  lengths  and  weights  :  — 

Between  bearings  of  truck  wheels,  5.75  feet. 
Between  bearings  of  second  truck  wheels  and  first  driver,  8.50  feet  =  S,. 

Between  bearings  of  drivers,  7.75  feet  =  S. 

Between  bearings  of  second  drivers  and  first  tender,  7.25  feet  =  S2. 

Between  bearings  of  first  and  second  tenders,  4.00  feet. 

Between  bearings  of  second  and  third  tenders,  7.25  feet. 

Between  bearings  of  third  and  fourth  tenders,  4.00  feet. 

Total  wheel  base,  44-50  feet. 

Between  bearings  of  first  tender  and  truck  of  second  engine,  8  feet. 
Total  weight  of  tender,  4-2,000  pounds  =  21.00  tons. 

Total  weight  of  engine,  65,000  pounds  =  32.50  tons. 

Total  weight  on  2  pairs  drivers,  42,000  pounds  =  21.00  tons. 
Total  weight  on  2  pairs  truck,  23,000  pounds  =  11.50  tons. 
Weight  on  each  pair  truck  wheels,  5.75  tons  =  k. 

Weight  on  each  pair  drivers,  10.50  tons  =  D. 

Weight  on  each  pair  tender  wheels,  5.25  tons  ==  t. 

Suppose  one  girder  carries  these  two  locomotives. 
We  first  find  the  greatest  weight  that  can  come  upon  a 
panel  point  or  joint  from  the  weights  in  adjacent  panels. 
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Let  D1  =  Z>2,  Fig.  10,  be  the  equal  weights  on  each  pair  of 
drivers,  and  take  A,  B,  C,  any  three  consecutive  joints  at  the 
given  interval,  c  feet ;  let  x  =  AE,  S  =  space  between,  bases  of 
drivers,  it  being  less  than  c. 

D2  D, 

.O.O 

A  E  B  F  C 


Fig.  10. 


Then  the  weight  at  B,  from  drivers,  is 


XDZ  +  2C  ~  x  ~  ^A  =  *LnJlD  (q2) 


which  is  a  constant,  while  the  point  B  is  anywhere  in  the 
space  S. 

If  both  drivers  are  between  two  consecutive  joints,  as  AB, 
we  have 


*E>2  +  ^-i-^Dx  =  2X  +  SD, 


which  is  not  a  constant,  but  reaches  its  greatest  value  within 
the  prescribed  limits  when  x  =  c  —  S\  that  is,  when 


Therefore  D  is  the  greatest  pressure  that  can  come 

upon  any  joint  from  the  drivers  of  one  engine. 

Now,  when  the  foremost  driver,  DIt  is  at  B,  the  second  truck 
wheel  is  between  B  and  C\  and  when  the  second  driver  is  at 
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B,  the  first  tender  wheel  is  between  A  and  B.     In  the  former 

case  the  increment  of  weight  at  B  from  the  truck  would  be 

c  —  S 

-& :  in  the  latter  case  the  increment  at  B  from  the  tender 

c       ' 

would  be -t.     Therefore  the  first  or  second  driver  at  B 

c 

c  —  .Si 

gives  the  greatest  pressure  at  that  point  according  as  k 

c  —  Sz 

is  greater  or  less  than 1. 

In  the  present  example, 

c  —  S.        10  —  8.5 

-y-k  =  — - —     x  5.75  =  0.86250, 

c  —  S2        10  ^-  7.25 

— —  *  = ^ X  5-25  -  M4375- 

We  will,  therefore,  find  the  pressures  at  points  whose  intervals 
are  equal  to  c,  when  the  second  driver  of  the  foremost  engine 
is  at  one  of  these  points.  Let  this  point  be  the  third,  counting 
from  the  right-hand  pier. 

Then  Fig.  1 1  shows  the  positions  of  all  the  wheels  with  ref- 
erence to  the  joints  at  the  equal  intervals ;  and  a  simple  calcu- 


B    o  -- 


fc       fc  t    t,  it  A2        r\  k       h 


^  ct  n    »     o*r>   '■«■   0*0  ™   I J  J-n  l  )   «*«   n  ^"O 

6.76+.60    I  7."60.*2.B0         I     1.60-f:7..ZGAU2B  |  2.76+7(26 f  7*76*2*2*5'      1         6.26*3.76 I 

a-  a*  aA  a,  fli  Oi 


A 

B.7.6.+.B.76+.60    |  7."60.-+2.B0         |     1.B0+:7..2B*li.2B  |  2.76+7(25  j  rffB-^Kdja'      J         6.26A3.76  |  K^o  ] 

C . o  *  o   T.«   f-tn^n  r»    O    B 

'I!  I  I  B-+4J-.1  6.!5i3.76         |     :2B*7.2B*«.6B    |        G.  26*4.76  | 

1  *  am  a,s,  «»  «.  <& 

Fig.  ii. 

lation  according  to  the  principle  involved  in  (38)  and  (39)  gives 
the  total  pressure  at  each  joint,  which  pressure  is  to  be  substi- 
tuted for  W  in  the  equation  (91). 
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In  this  position  of  the  locomotives  the  pressures  at  the 
equal  intervals  due  to  the  weights  on1  the  adjacent  panels  are  — 

i.  At  A,  o.20o£                      =  1. 15000  tons. 

2.  At  a„  1.425^                      =  8.19375  tons. 

3.  At  az,  0.375-5    +  0.7752?  =  10.29375  tons. 

4.  At  a},  1.225/)  +  °-27S^    =  I4-3°625  tons. 

5.  At  a4,  1.750*                      ==  9.18750  tons. 

6.  At  as,  1.725*                      =  9.05625  tons. 

7.  At  ab,  0.250*    +1.325^    =  8.93125  tons. 

8.  Ata7,  0.675-5    +0.525/)='  9.39375  tons. 

9.  At  as>  1.2252?  +  0.025*    =  12.99375  tons- 

10.  At  a9,   0.250/)+  1.600*    =  11.02500  tons. 

11.  At  a10,  1.775*  =    9-31875  tons. 

12.  At  aIZ,  0.600*  =    3.15000  tons. 

Total,  107.00000  tons. 

Stopping  with  the  second  driver  at  av  we  see  that  the  hind- 
most tender  truck  has  not  yet  come  upon  the  girder.  We  com- 
pute, however,  the  moments  due  this  load  as  it  advances  panel 
by  panel,  till  the  twelfth  weight  is  upon  the  girder,  and  the 
first,  second,  and  third  have  passed  off;  using  indices  Ma 
Mt_2,  .  .  .  7Jf3_I1,  M4_l2,  to  denote,  inclusively,  what  panel 
weights  produce  the  simultaneous  moments  opposite  M. 
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The  moments  for  dead  load,  given  opposite  Mw,  have  been 
computed  by  (65),  whilst  (91)  has  been  used  in  finding  the 
moments  due  the  advancing  load. 

The  differences  are  taken  directly  from  the  computed  mo- 
ments ;  and  we  must  evidently  use  for  each  half-span  the 
greatest  difference  due  any  interval,  the  load  being  supposed 
to  travel  either  way. 

37.  Let  us  now  suppose  that  this  same  live  load  of  107  tons 
is  distributed  uniformly  over  the  10  panels,  so  that  W  =  panel 
weight  ==  10.7  tons.  We  then  find  by  means  of  (65)  the  great- 
est moments  due  live  load,  and  by  means  of  (69)  the  greatest 
differences  of  moment  due  live  load.  Taking  the  moments  due 
dead  load  as  found  above,  we  write  :  — 

Weight  of  Two  Locomotives  Uniformly  Distributed. 


Distance  from  Pier. 

10 

20 

30 

10 

50 

r. 

- 

I 

2 

3 

4 

X 
2 

3 
4 
5 
6 
7 
8 

£f(r  +  .)r 

2« 

Full  live  load,  difference  .... 

Maximum  difference  +    .    .    .    . 
Maximum  difference  —    .    .    .    . 

481.50 
225.00 
706.50 

481.50 
225.00 
706.50 

—10.70 

374.5o 
175.00 
549.5o 

856.00 
400.00 
1256.00 

—32.10 
267.50 

125.00 
392.50 

1123.50 
525.00 
1648.50 

—64.20 

160.50 

75-°° 

235-5° 

1284.00 
600.00 
1884.00 

—107.00 

53-5o 
25.00 
78.50 
—82.00 
1337.50 
625.00 
1962.50 

Distance  From  Pier. 

60 

70 

80 

90 

100 

•  r. 

5 

6 

7 

8 

9 

1 

2 
3 
4 
5 
6 

.    7 

,.8 

_E£(r  +  i)r 

2» 

Full  live  load,  difference  .... 

Dead  load,  difference 

Maximum  difference  +     .     .     .     . 
Maximum  difference  —    .    .    .    . 

Live  load,  M 

Dead  load,  M 

Total  M  maximum 

—160.50 

-  53.5o 

—  25.00 

-185.50 
1284.00 
600.00 
1884.00 

—224.70 

—160.50 
-  75.00 

—299.70 
1123.50 
525.00 
1648.50 

—299.60 

-267.50 
—125.00 

—424.60 
856.00 
400.00 

1256.00 

—385.20 

-374-5o 
—175.00 

—560.20 
481.50 
225.00 
706.50 

—481.50 

—481.50 
—225.00 

—706.50 
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A  comparison  of  these  maxima  moments  and  differences 
with  those  just  found  for  the  natural  distribution  of  the  weights 
of  these  two  locomotives,  shows  but  one  moment  and  one  differ- 
ence to  be  less  for  uniform  load  than  for  naturally  distributed 
load.  The  extreme  length  of  wheel  base  of  these  two  united 
locomotives  is  2  X  44.5  +  8  =  97  feet. 

It  will  be  observed,  that,  when  the  second  driver  of  the  sec- 
ond engine  is  at  a  joint,  the  weight  at  that  joint  is  greater  than 
the  weight  we  have  used  in  the  calculation  of  moments.  But, 
when  the  second  driver  of  the  second  engine  is  at  a  joint,  the 
second  driver  of  the  first  engine  is  2.5  feet  (see  Fig.  11)  from 
a  joint ;  so  that,  assuming  the  coupled  locomotives  to  travel 
either  way,  our  calculation  is  correct. 

We  will  close  this  section  with  an  example  including  every 
kind  of  loading  contemplated  herein. 

Example.  —  Let  W  =  20.0  tons,  a!  =    50  ft. 

w   =    0.4  tons,  /    =  106  ft. 

isJ  =    0.8  tons,  b    =    20  ft.,  a  =  40  ft. 

P   =  10.0  tons,  d'  =    50  ft.,  a  =  300. 
Find  the  moments  and  differences  of  moment  for  every  ten  feet 
throughout  the  girder. 

In  this  calculation  we  use  equations  (40),  (43),  (49),  (53), 
(55),  (57),  (47),  and  (48),  with  the  following  result :  — 


Distance. 

10 

20 

30 

10 

50 

60 

JO 

80 

90 

100 

YoxW,M 

100 

200 

300 

400 

500 

400 

300 

200 

100 

0 

Forw,  M 

180 

320 

420 

480 

500 

480 

420 

320 

180 

0 

For  11/,  M 

80 

160 

240 

320 

360 

320 

240 

160 

80 

0 

ForP,  M 

-25 

-50 

-75 

— 100 

-1=5 

—100 

-75 

-50 

-»S 

0 

Total     M 

335 

630 

S85 

1 100 

1=35 

1100 

885 

630 

335 

0 

Total  dif. . 

335 

295 

255 

215 

135 

-135 

-215 

-=55 

-295 

-335 
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Section  3. 

Horizontal  Girder  of  One  Span,  with  Fixed  Ends.     Effects  of  End 

Moments. 


38.  If  we  suppose  the  simple  girder,  Fig.  9,  not  only  sup- 
ported at  its  ends,  but  also  fixed  by  being  built  into  the  walls, 
or  by  means  of  forces  applied  to  the  sections  AB  and  OE,  to 
keep  them  from  changing  place  as  the  beam  inclines  to  yield  to 
the  other  applied  pressures,  we  then  have  a  moment  developed 
at  each  extremity  of  the  girder,  which  will  manifestly  affect  the 
normal  moment  due  all  other  applied  pressures  at  every  cross- 
section. 

Let  us  now  find  expressions  for  the  momental  effects  at  any 
point  of  the  girder  due  to  the  given  end  moments,  without 
attempting  at  present  to  formulate  the  value  of  these  end  mo- 
ments, nor  to  determine  whether  they  are  simply  sufficient  to 
"  fix  "  the  ends  of  the  girder. 

Let  AB,  Fig.  12,  represent  a  beam  whose  end  moments  are 
Mr  and  Mz. 


Fig.  12. 


Call  the  length  of  clear  span  /,  and  take  VS  any  vertical 
section  at  the  horizontal  distance  x  from  the  left  abutment. 
Let  vs  =  the  vertical  re-action,  positive  or  negative,  at  B,  due 
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to  the  moment  MT  at  A ;  and  let  v2  =  the  vertical  re-action, 
positive  or  negative,  at  A,  due  to  the  moment  M2  at  B. 
Then,  taking  moments  about  A  and  B,  we  have 

MI  =  lv„        .:    v1  =  M±  -7-  /, 
M2  =  /z»2,        .-.    v2  =  M2-*- 1. 

Call  the  moment  at  F5, 

For  v1}  —v.il  —  x)  =  —-^—-Mr, 

For  ^,      ViX  =      -^. 

Hence  the  moment  at  VS  due  to  the  two  end  moments  acting 
in  opposite  directions  is 

Mx  =  L=^MI  +  XM2  =  M*  ~  M*x  +  M„      (93) 

where  both  end  moments  tend  to  diminish  the  normal  moment 
at  the  section  VS,  and  are  negative. 

If,  therefore,  we  apply  the  correction  (93)  to  the  moment 
found  at  any  cross-section  of  a  girder  with  free  ends,  which  we 
have  called  the  normal  moment,  we  shall  have  the  total  mo- 
ment, including  the  influence  of  the  end  or  pier  moments. 

39.  When  c  =  /  -4-  n  =  one  of  the  equal  panel  lengths  of 
the  girder  whose  end  moments  are  MT  and  M2,  we  may  find  the 
momental  difference  for  any  interval,  c,  due  to  M1  and  M2)  by 
putting  x  -\-  c  for  x  in  equation  (93),  and  subtracting.     Thus, 

MM+€  =  M*  ~  M\x  +  e)  +  M„ 

.-.    LMt    =  Mx+e  -  Mx  =  {M2  -  Mtf-.        (94) 

By  means  of  (94)  we  may  correct  the  normal  difference  of 
moments  for  the  influence  of  the  given  pier  moments. 
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The  pier  moments  M\  and  M2  are  here  supposed  to  be  con- 
stant. The  cases  of  their  variation  will  be  considered  here- 
after, when  we  come  to  formulate  their  values. 

Example  i.  —  Let  us  suppose  that  the  girder  for  which  we 
have  computed  the  maxima  moments  and  differences  of  mo- 
ment, in  article  25,  example  1,  had,  in  addition  to  the  pressures 
there  given,  been  subjected  to  these  end  moments ;  viz., 

Mr  =  —400  foot-tons, 
M2  =  —  500  foot- tons. 

From  (93)  we  find  decrements  of  moment : 

400  —  500 

x  —  400  =  —410  when  x  =     10 

100  ^  ^ 

=  —420  when  x  =  20 

=  —430  when  x  =  30 

=  —440  when  x  =  40 

=  —450  when  x  =  50 

=  —460  when  x  =  60 

=  —470  when  x  =  70 

=  —480  when  x  =  80 

=  —490  when  x  =  90 

=  —500  when  x  =  100 

From  (94),  or  from  the  decrements  just  found,  we  have  the 
constant  decrement  of  difference, 

400  —  goo 

■-    -         *    ■  X  10  =  -10. 
100 

Applying  these  corrections  to  the  tabulated  maxima  mo- 
ments and  differences  in  article  25,  example  1,  there  results :  — 
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X. 

0 

10 

20 

30 

40 

50 

60 

10 

SO 

90 

100 

M.    .    . 

—400 

130 

54° 

830 

1000 

1050 

98a 

790 

480 

5° 

—500 

( 

53° 

418 

314 

218 

+130 

+5° 

-70 

-150 

—238 

-334 

-438 

-550 

Example  2.  —  Let  us  suppose  that  the  girder  of  example  in 
article  37  has  its  right  end  extended  20  feet  beyond  the  point 
of  support,  and  has  a  weight,  W,  =  10  tons  applied  at  that 
extremity.  What  is  the  pier  moment  developed  by  the  10  tons 
and  by  the  girder's  own  uniform  weight,  w  =  0.4  ton  per  linear 
foot  ?  And  what  is  the  effect  of  this  pier  moment  on  the 
normal  moments  and  differences  already  found  for  the  given 
pressures  ? 


0.4  X  202 


From  (22),  moment  due  W  is  —  Wl  = 
From  (25),  moment  due  w  is  — -wl*  = 

Moment  at  right  pier  =  M2 

Moment  at  left  pier  =  Mz 

Whence,  by  (93),  we  have  corrections  of  moment, 


10  X  20   =  —200. 
-  80. 

—280. 
o. 


o  —  280 
100 


■X  +  o  =   — 


28  when  x  = 

10 

56  when  x  = 

20 

84  when  x  = 

30 

112  when  x  = 

40 

140  when  x  = 

S° 

168  when  x  — 

60 

196  when  x  = 

70 

224  when  x  = 

80 

252  when  x  = 

90 

=  —  280  when  x  =  100 


MOMENTS  OF  FORCES  APPLIED    TO  BEAM  OR   GIRDER.    63 

From  (94),  correction  for  differences, 

(o  -  280)  x  ^  =  -28. 

Applying  these  corrections  to  the  computed  normal  mo- 
ments and  differences,  we  find  :  — 


X. 

0 

10 

20 

30 

10 

50 

60 

70 

80 

90 

100 

M  .    . 

0 

307 

574 

801 

988 

1093 

932 

689 

406 

83 

—280 

Dif.  +  .    . 

3°7 

267 

227 

187 

107 

Dit-. 

—163 

-243 

-283 

-323 

-363 
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CHAPTER    IV. 

STRAINS  IN  FRAMED  OR  BUILT  GIRDERS,  DEDUCED  FROM  THE 
MOMENTS  OF  THE  EXTERNAL  FORCES  AND  FROM  THE  SHEAR- 
ING-FORCES,   AND    FROM   THESE    COMBINED. 

40.  By  the  definition  of  statical  moment,  as  given  in  article  9, 
it  is  the  product  of  two  numbers,  —  one  representing  the  length 
of  a  straight  line,  the  other  the  amount  of  force  conceived  to  be 
applied  at  either  end  of  the  given  straight  line  or  lever  arm, 
and  to  act  in  a  line  at  right  angles  to  that  arm.  If,  therefore, 
H  is  the  force  or  strain,  and  h  the  lever  arm,  the  moment  is 


M  =  Hh, 
and  the  strain 

H  =  M+h, 


(95) 


whose  line  of  action  is  perpendicular  to  the  arm  h. 

It  hence  appears  that  strains  are  deducible  from  moments ; 
and,  in  order  to  apply  this  method  to  the  determination  of 
strains  in  girders  of  the  most  general  description,  let  Fig.  13 
represent  one  end  of  a  framed  girder,  consisting  of  triangular 
panels,  as  ABD,  CDF,  EFH,  etc.,  or  of  quadrilateral  panels, 
ABDC,  CDFE,  EFHG,  etc.,  whichever  we  choose  to  conceive 
them.  Let  the  horizontal  projection  of  each  panel  length,  AC, 
CE,  EG,  etc.,  BD,  DF,  FH,  etc.,  of  both  top  and  bottom  chords, 
be  equal  to  2c ;  and  let  the  apices,  A,  C,  E,  G,  etc.,  be  horizon- 
tally projected  at  the  centres  of  the  horizontal  projections  of 
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BD,  DF,  FH,  etc.,  respectively.  Let  the  inclinations  of  the 
segments  of  the  top  chord,  AC,  CE,  EG,  etc.,  to  the  horizon  be 
a„  a2,  «3,  etc. ;  those  of  the  segments  of  the  bottom  chord,  BD, 
DF,  FH,  etc.,  to  the  horizon  be  /?„  P„  P3,  etc. ;  the  inclination 
to  the  horizon  of  a  Y  web  member,  as  BA,  DC,  FE,  etc.,  be  <£„, 
<t>2,  <j>3,  etc. ;  and  the  inclination  to  the  horizon  of  a  Z  web  mem- 
ber, as  AD,  CF,  EH,  etc.,  be  6„  62,  63,  etc. :  each  angle  of  incli- 
nation of  chord,  a,  /?,  to  be  measured  from  the  horizontal  drawm 
through  the  left  end  of  the  chord  segment,  and  each  angle,  <f>,. 
6,  to  be  measured  from  the  horizontal  through  the  lower  extrem- 
ity of  the  web  member,  as  in  trigonometrical  notation. 


Fig.  13. 


Assume,  further,  that  each  member  of  the  structure  is  capa- 
ble of  resisting  the  strain  that  may  come  upon  it,  either  of 
tension  or  compression ;  and,  for  distinction,  call  strains  in 
compression  positive,  and  tensile  strains  negative. 

Also,  the  simultaneous  forces  acting  at  each  apex  are  sup- 
posed to  be  in  equilibrium,  and  the  structure  at  rest.  All  the 
dimensions  of  the  skeleton  girder,  as  Fig.  13,  are  given,  and 
may  be  varied  so  as  to  represent  all  the  usual  forms  of  girder, 
as  illustrated  below. 

Let  P  symbolize  the  strain  along  any  segment  of  the  top 
chord ;  U  the  strain  along  any  segment  of  the  bottom  chord ;  Y 
the  strain  along  a  Y  web  member  whose  slope  is  <f>,  as  defined 
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above,  and  length  v ;  and  Z  the  strain  along  a  Z  web  member 
whose  slope  is  6,  and  length  z.  Therefore  /  =  — v  sin  ($  —  /3), 
.and  q  =  #sin  (180  —  6  -\-  a)  =z  ^sin  (6  —  a),  where  p  is  nega- 
tive, and  represents  the  line  drawn  from  any  upper  apex  per- 
pendicular to  the  chord  opposite  it,  and  q  is  positive,  and 
denotes  the  length  of  the  perpendicular  drawn  from  any  lower 
apex  to  the  chord  opposite. 

Let  Hr  and  Hr+I  denote  the  two  simultaneous  horizontal 
strains  at  consecutive  apices,  whose  difference,  AH,  is  the  great- 
est of  all  differences  of  simultaneous  horizontal  strains  for  that 
interval ;  and  let  Mr,  Mr+  „  be  the  corresponding  moments,  and 
hr,  hr+l,  the  heights  or  vertical  distances  from  those  apices  to 
the  axis  of  each  chord  opposite.  Then  H  =  M  —  h,  and  AH 
is  the  horizontal  component  of  the  strain  developed  in  the  diag- 
onal or  web  member  for  the  interval  to  which  AH  belongs. 

41.  Suppose  that  the  greatest  moments  due  the  given  load- 
ing have  been  computed  for  the  vertical  section  at  right  angles 
to  the  plane  of  the  girder  through  each  point,  B,  A,  D,  C,  F, 
etc.,  Fig.  13  ;  that  is,  at  intervals  each  equal  to  c :  and  call  these 
moments  M„  M2,  Mv  etc.,  at  these  consecutive  intervals.  Also, 
if  the  simultaneous  moments  which  yield  the  greatest  difference 
of  horizontal  strains  at  any  two  consecutive  apices  are  different 
from  these  greatest  moments,  as  may  be  the.  case  for  rolling 
loads,  suppose  such  moments  known. 

We  then  have,  from  the  figure  and  from  the  principles  of 
.articles  10  and  3,  — 


.Strain  along  BD,  U1  =  M2  -r  /,;  along  AC,  Pt  =  M3 

DF,  Uz  =  Mt  -j-  p„\  CE,  Pt  =  Ms 

FH,U3-Mt  +  f3;  EG,P3  =  M, 

'Generally  U  -  Mr  -^  p;  P  =  Mr  + , 

•"Strain  along  AB,  Kt  =  AtH  -J-  cos  ^, ;  along  AD,  Z,  =  AZH 

CD,  Y2  =  A3H  -r  cos  tj>2;  CF,  Z*  =  AtH       ■ 

Generally  Y  =  ArH  -j-  cos£;  Z   =Ar  +  lH 


?■• 

1- 

COS  0j. 
COS  02. 

COS  $. 


.  (96) 


(97) 
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42.  Shearing  Forces  and  Strains If  through  any  mate- 
rial body  or  structure  we  conceive  a  plane  to  pass,  dividing  the 
body  into  any  two  parts  whatsoever,  and  assume  either  one  of 
the  two  parts  to  be  fixed  in  position,  while  the  other  part  slides 
or  tends  to  slide  in  any  direction  along  this  plane,  then  the 
force  acting  in  a  line  parallel  to  the  dividing-plane,  and  causing 
this  sliding  or  tendency  to  slide,  is  called  a  shearing-force,  and 
the  strain  on  the  particles  of  the  body  lying  in  this  plane, 
resisting  or  tending  to  resist  the  shearing-force,  is  called  the 
shearing-strain.  The  amount  of  shearing-strain  per  unit  of 
the  shearing-surface  is  its  intensity ;  and  the  intensity  at  the  in- 
stant of  rupture  (that  is,  at  the  beginning  of  actual  sliding  of 
one  part  of  the  body  over  the  other  along  the  shearing-plane)  is 
the  breaking  shearing-strain,  and  is,  in  general,  peculiar  to  each 
kind  of  material,  and  must  be  determined  by  experiment. 

The  published  results  of  trustworthy  experiments  for  deter- 
mining the  ultimate  resistance  of  materials  to  shearing,  are  very 
meagre ;  and  the  following  table,  compiled  from  the  works  of . 
two  of  the  best  authorities  I  know,  viz.,  Professor  Rankine  and 
Mr.  Bindon  B.  Stoney,  is  probably  as  worthy  of  confidence  as 
any  published  records  of  the  kind. 
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TABLE    I. 

Ultimate  Resistance  of  Materials  to   Shearing,  in   Pounds,  per 

Square  Inch. 


Material. 

Resistance  to 
Shearing. 

Remarks. 

Metals. 

. 

Cast-iron      .     . 

27700  R. 

Tensile  strength  ranges  from  13400  to  29000.  R. 

Cast-iron      .    . 

(  17920  to  ) 
1  20160  S.  ' 

"  Substantially  its  tensile  strength.''    S. 

• 

Wrought-iron  . 

SSOS9  s. 

Mean  of  5  tests  by  Mr.  Jones,  punching-plates. 

Wrought-iron  . 

50400  s. 

Mean  of  2  tests,  Mr.  Little,  hammered  scrap, 
inch  punch. 

Wrought-iron  . 

43456  s. 

Mean  of  4  tests,  Mr.  Little,  hammered  scrap, 
two-inch  punch. 

Wrought-iron  . 

50848  s. 

Bar,  0.5  x  3  inches,  punched  both  ways,  Mr. 
Little,  mean. 

Wrought-iron  . 

48160  s. 

2  bars,  1x3  inches,  punched  both  ways,  Mr. 
Little,  mean. 

Wrought-iron  . 

46144  s. 

Flanged  tire,  1.8  x  5  inches,  edgewise,  by  Mr. 

Little. 

Wrought-iron  . 

52192  s. 

Rivet,  \  inch,  Mr.  Clark.  Tensile  strength 
53760. 

Wrought-iron  . 

45696  s. 

Rivet,  |  inch,  2  plates,  Mr.  Clark. 

Wrought-iron  . 

49952  s. 

Rivet,  |  inch,  3  plates,  Mr.  Clark. 

Wrought-iron  . 

50000  R. 

~ 

Steel  .... 

63796  S. 

Kirkaldy,  rivet  steel,  tensile  strength  86450. 

Timber. 

Fir 

592  s. 

In  direction  of  grain,  Barlow. 

Fir,  red  pine    . 

(     500  to  1 
(     800  R.  5 

Fir,  spruce  .    . 

600  R. 

Fir,  larch     .    . 

(     970  to  ) 
1    1700  R.  J 

Oak     ...    . 

2300  R. 

Oak    .... 

4000  S. 

Across  grain,  Rankine's  deduction  from  Par- 
sons's  tests  of  English  oak  treenails. 

Ash  and  elm    . 

1400  R. 

Abbreviations :  R.,  Rankine ;  S.,  Stoney. 
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Instead  of  a  plane  cutting  the  body  into  two  parts,  we  may 
conceive  it  cut  into  two  separate  parts  by  any  cylindrical  sur- 
face, and  may  suppose  the  sliding,  or  tendency  to  slide,  to  be  in 
the  direction  of  the  generating  line  of  the  cylindrical  surface, 
as  in  the  case  of  a  cylindrical  punch. 

43.  From  the  definition  of  shearing-force,  it  follows,  that  if 
any  girder,  as  Fig.  13,  be  cut  by  a  vertical  plane  at  right  angles 
to  its  own  plane,  then  the  shearing  force  or  strain  at  this  ver- 
tical section  is  equal  to  the  algebraic  sum  of  the  vertical  com- 
ponents of  all  the  forces  impressed  upon  either  side  of  this 
vertical  plane.  And  these  two  algebraic  sums  of  the  vertical 
components  of  the  forces  impressed  upon  the  opposite  sides  of 
this  vertical  plane  will  have  contrary  signs,  and  be  numerically 
equal,  except  when  a  vertical  force  or  weight  is  applied  in  the 
vertical  plane  itself,  in  which  case  the  shearing-strains  on  oppo- 
site sides  of  the  shearing-plane  will  differ  by  the  value  of  this 
weight  applied  in  the  vertical  plane. 

Since  the  resultant  of  parallel  forces  is  simply  their  algebraic 
sum,  if  the  external  forces  applied  to  a  girder  are  all  vertical 
(that  is,  made  up  of  the  applied  weights  and  the  consequent 
vertical  resistances  of  the  piers),  the  shearing-force  on  either 
side  of  a  vertical  shearing-plane  is  merely  the  difference  be- 
tween the  sum  of  the  weights  and  the  re-action  of  the  pier  on 
that  side. 

If,  therefore,  5  denotes  the  shearing-force  on  either  side  of 
the  shearing-plane,  W  being  positive  and  denoting  any  weight, 
and  V  being  the  vertical  re-action  and  negative,  on  the  side 
chosen,  we  then  have 

S=V  +  roW,  (98) 

where  %*  W  is  the  sum  of  all  the  weights  between  the  shearing- 
plane  and  the  point  of  support  having  the  re-action  V;  that  is, 
of  all  the  weights  on  the  length  x. 
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In  case  of  the  semi-beam  for  the  free  end,  V  =  o,  and 


l-i 


Sum  of  weights  on  /  —  x,  S  =  S0      W, 


Sum  of  weights  on  /, 


S=X0     W;\ 


(99) 


x  being  measured  from  the  fixed  end. 

When  the  girder  is  supported  at  both  ends,  the  re-actions 
due  to  a  single  weight,  W,  applied  at  the  distance  d,  Fig.  9, 
from  the  left  support,  are,  by  equations  (38)  and  (39), 


I -a' 


At  left  support,     V1  =  —  W 


At  right  support,  V2  =  —  W— ; 


calling  them  negative. 

And  for  any  number  of  different  weights  applied  at  different 
points, 


.  -S(^). 


(100) 


Therefore  for  this  case  the  shearing-strain  at  a  vertical  section 
distant  x  from  the  left  support  is 


or 


(101) 


If  upon  the  girder  supported  at  both  ends  there  are  n  —  1 
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equal  weights,  W,  at  equal  intervals,  c  =  -,  and  J  W  upon  each 


n 


end  of  the  girder  on  a  pier,  we  have 


K  = 


■W  =  V„ 


S  =  --W  +  (r  +  \)W  =  \W{2r  -  n  +  1)  ; 
2 


(102) 


the  shearing-plane  being  at  the  rtb  point  of  division  counted 
from  the  left. 

For  a  uniform  continuous  load,  Iw,  upon  a  girder  supported 
at  its  extremities, 

V,  =  -\lw  =  V*.   ' 
At  any  point,  x,  (103) 

'  £  =  —  \lw  +  wx. . 


For  a  uniform  continuous  load,  lw,  upon  a  semi-girder  at 
any  point,  x,  measured  from  the  fixed  end,  the  shearing-strain 
is 

S  =  {I  -  x)w;  I 
and  when  ^r  =  o,  |  (i°4) 

S  =  lw.  J 


For  any  partial  uniform  continuous  load,  &zv',  Fig.  9,  on  a 
beam  simply  supported  at  its  two  ends,  the  re-actions  of  the 
piers  are 


V^-^l-a-lb-), 


V,  = 


bit/ 


(a  +  \b)  ; 


(i°5) 


which  re-actions  are  identical  with  the  shearing-strains  for  the 
unloaded  parts  of  the  beam. 
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But  for  the  loaded  part  b,  the  shearingTstrain  is 


or 


S  =  -b^-{J  -  a  -  \b)  +  vf \x  -  a), 

S  =  -bjj-(a  +  ¥)  +  v/(a  +  b-  x). 


(106) 


If  a  =  o,  and  ;r  =  #,  (106)  becomes 


S=  ±'- 


2/' 


(107) 


which  is  the  shearing-strain  at  the  foremost  end  of  a  uniform 
continuous  load  reaching  to  the  left  end  of  the  beam  supported 
at  both  ends.  And  equation  (107)  gives  the  greatest  positive 
and  the  greatest  negative  value  of  5  for  this  kind  of  load; 
since,  in  equations  (106),  x  cannot  be  greater  than  b,  and  in  the 
first  of  those  equations  5  is  an  increasing  function  of  x,  while 
in  the  second  5  is  a  decreasing  function  of  x. 

The  shearing-strain  at  any  point,  x,  of  the  partial  uniform 
continuous  load  on  a  semi-beam,  Fig.  8,  is 


S  =  is/ {a  +  b  —  x) ; 


(108) 


x  being  measured  from  the  fixed  end,  and  not  being  greater 
than  a  +  b,  nor  less  than  a. 

In  order  to  simplify  the  application  of  equations  (101)  for 
the  important  case  of  a  partial  or  complete  uniform  discontinu- 
ous moving-load,  L,  to  be  applied  at  equal  intervals,  c  —  -, 

n 

along  the  girder,  we  proceed  as  in  article  20,  where  we  found 
the  moments  due  such  a  load  on  a  beam  supported  at  both 
ends.     Let  rt  —  r2  =  the  number  of  weights,  L,  on  the  beam 
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at  any  instant.  Take  r  not  less  than  r2  nor  greater  than  r,. 
Then,  in  the  first  of  equations  (101),  we  have 

%a'°  =  r,  -  *•„ 
and 

2«'  =  *[(r,  +  1)  +  (r2  +  2)  +  (r,  +  3)  +  •  •  ■  r,J 

=  M»"i  —  ^K'"'  +  r*  +  *) 

for  the  first  term.     But  in  the  second  term,  2*Z,  we  must  take 

L  no  times  for  the  left  unloaded  end  of  the  beam,  r  —  r2  times 
for  the  loaded  part,  and  rI  —  r2  times  for  the  unloaded  part  on 
the  right  end.     Therefore 

S  =  -f[(r-  -  r»)*  ~  ic(r*  ~  r»)(r«  +  r*+  T)]      (109) 

for  the  shearing-strain  left  of  the  load. 

S  =  -far,  -  r,)/  -  ^(r,  -  r,)(r.  +  r2  +  1) 

-  (r  -  r2)/],     (no) 

which  is  the  shearing-strain  between  the  points  re  and  (r  -\-  i)c. 
S  =  —(r,  -  r2)(rt  +  r2  +  1)  =  —  r,(r,  +  1)       (in) 

2/  2« 

if  »-2  =  o,  and  c  =--;  and  this  is  the  shearing-strain  at  and 
n  • 

beyond  the  foremost  end  of  a  uniform  discontinuous  load  reach- 
ing back  to  the  left  end  of  the  beam. 

44.  The  influence  of  end  moments  on  the  normal  shearing- 
strains  may  be  regarded  as  operating  upon  that  term  only  of 
the  shearing-strain  which  expresses  the  re-action  of  the  pier. 

Now,  the  pier  moment  M2,  acting  at  the  right-hand  pier,  will 

affect  the  re-action  Vx  of  the  left  pier  by  the  amount  — -*;  and 
the  pier  moment  ML,  acting  at  the  left  pier,  will  affect  the 
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M 
reaction  V2  of  the  right  pier  by  the  amount —\     But,  by  the 

principles  of  article  io,  the  force -1,  acting  at  the  right  end 

M 
of  the  lever  arm,  /,  induces  a  re-action,  -| — ~,  at  the  left  end  of 

that  arm,  that  is,  in  this  case,  at  the  left  pier,  where,  conse- 
quently, 

AS  =  AF,  =  Ml  ~  M\ 

Similarly 

A5=Ar,  =  -y'-if-, 


(112) 


which  are  the  increments  of  the  shearing-strains  due  to  the 
end  moments,  and  are  to  be  added  algebraically  to  the  shear- 
ing-strains found  for  the  given  load  on  the  same  beam  simply 
supported  at  its  two  ends. 

The  values  of  M^  and  M2  are  here  arbitrary,  but  will  be 
determined  for  particular  cases  in  subsequent  chapters  of  this 
work. 

45.  To  find  the  Shearing-Strain  at  any  Vertical  Section 
of  a  Girder  (Fig.  13)  in  Terms  of  the  Vertical  Components 
of  the  Forces  which  are  impressed  upon  the  Shearing- 
Plane  through  the  Members  of  the  Girder  cut  by  that 
Plane.  —  Using  the  notation  already  given  in  article  40,  Fig.  13, 
and  equations  (3),  we  have,  as  the  vertical  component  resulting 
from  all  the  pressures  on  the  left  of  each  odd  vertical  plane, 
or  the  planes  through  the  lower  apices,  B,  D,  F,  etc., 

Left  of  B,  S0  =     Vt. 

Left  of  D,  S2   =  —Pt  sin  a,  +  Zx  sin  0t  -  U,  sin  ft ; 

Left  of  F,  S4  =  —  Px  sin  a2  +  Z2  sin  02  —  Uz  sin  ft ; 

Left  of  (2r  +  i^apex,  S2r  =  —  Frsmar  +  ZrsinOr  —  c^sin'ft;  (113) 
counting  r  on  F,  Z,  and  U. 
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And  on  the  left  of  each  even  vertical  plane,  or  those  through 
the  upper  apices,  A,  C,  E,  etc., 

Left  of  A,  S1  =  —Pa  sin  aa  —  Yx  sin  <£r  —  £7,  sin  /?, ; 
Left  of  C,  S3  =  — /"jsina,  —  F2,sin<£2  —  U2  sin  /?2; 
Left  of  E,  S5  =  —P2  sin  a2  —  Y3  sin  <j>3  —  U3  sin  /33  ; 


Left  of  (2r)'h  apex, 

S2r_!  =  — />r_iSin«r_I  —  lj.sin^>r  —  £^sin/?r;    (114) 

counting  r  on  Y  and  Z7. 

These  values  of  5  may  be  used  to  verify  solutions  by  equa- 
tions (96)  and  (97),  as  will  be  illustrated  in  some  of  the  exam- 
ples below. 

46.  Strains  in  all  Members  of  a  Girder  determined  from 
the  Given  Shearing-Forces Equilibrium  of  the  system  re- 
quires that  at  each  apex,  Fig.  13,  the  sum  of  the  horizontal 
forces,  as  well  as  the  sum  of  the  vertical  forces,  shall  vanish. 
Therefore  at  any  lower  apex  we  have 

Ur_1COiPr-i  —  Zr_1COs6r_1  —  YrCOS<t>,    —  UrCOsfir  =  O,     (115) 

and 
Pr_Tcosur_l  +  Zrcos0r  +  Yrcos<j>r  —  Prcosar  =  o     (116) 

at  any  upper  apex. 

The  four  equations,  (113),  (114),  (115),  (116),  enable  us  to 
determine  the  four  quantities,  UT>  P„  Yr>  Zr,  in  terms  of  Pr_„ 
and  the  given  shearing-strains,  S2r_1  and  S2„  if  we  use  the 
auxiliary  equation, 

— ^_,cos«r_j  =  £/,._!  cos /?,._!  —  Zr_Icos0r_I,     (117) 

expressing  the  equality  of  the  horizontal  strains  at  any  lower 
apex,  and  at  the  point  directly  above  it  in  the  top  chord. 
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Therefore,  after  solving  and  reducing, 

tt       S2r_1cos(f)r  —  Pr _ i sin  (<j>r  —  «y_,)  /TIo\ 

ur  = — - 3-? >       v115; 

sm(<f>r  —  pr) 

p    _  S2r  COS  0r  —  Ur  Sin  (0r  —  &)  /        x 

sm(8r  —  ar) 

y   — Pr—i  SlUCCr—t    —  cysinpy  —  &2r—i  (i20\ 

sin  cj}r 

(121) 


PT  sin  ar  +  Ur  sin  fir  +  S2, 
sin  6r 


Now,  if  we  begin  at  the  left  end  of  the  girder,  Fig.  1 3,  to  com- 
pute, Ur  becomes  U„  and  Pr-*  is  zero;  therefore  (118)  gives 
Uj :  and  with  this  value  of  Ur  =  Ux  we  at  once  find  Pr  =  P:, 
by  (119),  and  similarly  follow  Yr  and  Zr  from  (120)  and  (121). 
A  repetition  of  this  process,  putting  the  value  of  Pr  just  found, 
in  the  place  of  Pr_v  may  be  continued  through  the  girder. 

47.  We  will  now  give  examples  illustrating  the  determina- 
tion of  strains  in  open  girders,  first  by  the  method  of  moments, 
and  second  by  the  method  of  shearing-strains,  and  will  verify 
the  solutions  by  equations  (113)  and  (114). 

Example  i.  —  Let  B,  Fig.  13,  represent  the  unsupported  end 
of  a  semi-girder,  whose  fixed  end  coincides  with  the  vertical  plane 
passing  through  E,  and  at  right  angles  to  the  plane  of  the  girder. 
Let  the  horizontal  distance  between  consecutive  apices,  B,  A, 
D,  C,  etc.,  =  c  =  10  feet,  and  the  elevation  of  the  apices,  in  feet, 
above  the  point  B  be  as  shown  in  the  first  line  of  the  solution 
below.  These  elevations,  with  the  horizontal  distance  c  =  iofeet, 
furnish  all  the  angles  and  lines  required.  If  any  apex  is  below 
B,  its  elevation  is  negative ;  and  all  angles  and  trigonometric 
functions  follow  the  ordinary  trigonometrical  laws.  At  each 
apex,  top  and  bottom,  of  this  semi-beam,  let  a  weight,  W=  1  ton, 
be  applied.  Required  the  strains  due  this  load  in  every  member 
of  the  girder.  The  moment  M  is  given  by  (35),  where  n  =  5, 
/=  50,  W=  1,  and  stakes  the  values  4,  3,  2,  1,  o,  in  succession. 
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Logarithmic  Solution  by  Equations  (ii  8)  to  (121). 

Method  of  Shearing-Strains. 


<Pr 

Of-I 

<j)r^—  Or  - 1 

Pr 

0r  —  Pr 

1800  —  0r 

1800  —  {Br  —  Pr)  .  . 
l8o°  —  {Br  —  Or)      .     . 

Sir  - 1 

log  Sir -1 

log  cos  (pr 

log  Sir  - 1  COS  0r  .  .  . 
Szr  - 1  cos  t/>r     ...     . 

\ogRr-i 

log  sin  (<pr  —  ar-i)   .     . 
log/V-isin  [<j>r  —  «r-i) 
— Pr-i  sin  ((j>r  —  Or  - 1) 
Numerator  of  (118).    . 

log  num 

log  sin  (<pr  —  Pr)  ■    .     . 

log  Ur 

Ur 

Sir 

log-SW- ■ 

log  cos  Br 

log  .Szr  cos  0r     .... 

Sir  COS  Or 

log  sin  (Br  —  Pr)  •  .  . 
log  Ur  sin  (Br  —  Pr)  ■  . 
—  Ur  sin  {Or  —  Pr)  .  . 
Numerator  of  (119) .    . 

log  num 

log  sin  {Br  —  Or)   .     •     . 

\ogPr 

Pr 

logsinar-i 


60°  56' 43" 

o 
60°  56'  43" 

2°  51'  45" 

58°     4' 58" 
59032'     4" 

620  23'  49" 

65°  14' 45" 

1 
o. 

9.6863166 
9.6863166 
0.48564 


0.48564 
9.6863166 
9.92881 19 

9-7575°47 
0.5721 
2 
0.3010300 
97050252» 
0.006055272 

-1.01404 
9.9475214 
9.7050261 

-0.50702 

-1. 52106 
o.i82i464« 

9-9S8I397 
0.224006772 
-1.6749 


620  14'  30" 
50  42' 41" 

56°  31'  49" 
4°  17'  21" 

57°  57'  9" 
6o°  15'  18" 
64°  32'  39" 

3 
0.4771213 
9.6681466 
0.1452679 
1-3972 
0.2240067*2 
9.9212585 
0.1452652/2 
1-3972 
2.7944 
0.4462948 
9.9281953 
0.5180995 
3.2969 

4 
0.6020600 
9  695601872 
0.2976618/2 
-1.9845 
9.9556478 

0-4737473 
—2.9768 
—4.9613 

°-°955955» 

9-95°3336 

0.745261972 

-5-5625 
8.9978997 


6i°  36'  25" 

2°  51' 45" 

58°  44' 40" 

o 
61°  36' 25" 


0.6989700 
9.6771666 
0.3761366 

2-3776 
0.7452619/2 
9.9318958 
0.677 1 577« 

4-7551 
7.1327 
0.8532540 

9-9443377 
0.9089163 
8.1081 


8.6984422 
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Logarithmic  Solution  by  Equations  (118)  to  (121). —  Concluded. 


log  Pr  - 1  sin  ar  - 1 . 
Pr  -1  sin  or- 1  .  . 
log  sin  &r  ... 
log  Ur  sin  /3r  .  .  . 
Ur  sin  Pr  .  .  . 
Numerator  of  (120) 

lognum 

log  sin  (pr      ... 

log  Yr 

Yr 


From  Pr  - 1  sin  ar  - 1  comes  Pr  sin  ar, 

Numerator  of  (121) 

lognum 

log  sin  dr 

log  Zr 

Zr 


8.6984422 

84559469 
O.02857 

-1.02857 
O.OI22339K 
9.9415891 
O.07  064487* 

-1. 1766 

-O.16666 
1.8619 
O.2699587 
9-9354741 
0.3344846 
2.1601 


9.2219064B 
-0.16666 
8.8738446 

9-39T944i 
0.24657 

-3.0799 
0.4885380M 
9.9469040 
0.54 1 63402 

-3.4805 

-0.27777 
3.9688 
0.5986581 
9.9386408 
0.6600173 
4.5711 


94437°4i« 
-0.27777 

0.9089163 

o 
-4.7222 
o.674i464» 

9-9443377 
o.72g8o87» 

-5-3679 


N.B.  —  The  method  of  shearing-strains,  though  applicable,  is  not  conveniently 
used  for  live  loads,  since  every  change  of  load  requires  recomputation  from  the 
beginning. 


48.  Maxima  Strains  in  the  Web  Members  of  an  Open 
Girder,  deduced  from  the  Moments  and  Shearing- Forces 
combined,    for    Uniform    Discontinuous    Dead    and    Live 

Loads. 

.J 

Let  W    =  panel  weight  of  dead  load  at  (n  —  1)  equidistant 

points, 
L      =  panel  weight  of  live  load  to  be  applied  at  the 

same  points, 
Mw  =  moment  at  each  panel  point  due  dead  load,  by 

equation  (65), 
ML  —  moment  due  live  load  at  its  foremost  end,  by 

equation  (64), 
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Sw  =  shearing-force  at   each  panel  point   due  dead 

load,  by  (102), 
Sz.    =  shearing-force  at  foremost  end  of  live  load  due 

live  load,  by  (1 1 1) ; 

.'.     Sw  +  Sz.  =  greatest  shearing-force  simultaneous  with  Mjy+Mz., 

— ^-^— — -  =  H=  simultaneous  horizontal  chord  strain. 
h 

Now,  we  have  on  the  immediate  right  of  any  vertical  plane, 
through  an  upper  apex  (Fig.  13), 

Ccos/3  =  —  Hr  =  —Pcosa  +  ZcosB, 
—/"sin a  +  Zsin0  —  £7sin/3  =  Sr.  • 

Whence,  after  eliminating  U  and  P,  there  results, 
— H — ^- i-+  S  cos  a 

7        cos  ft ,        . 

Z.  =  7—75 r ,  (122) 

sm(0  —  «)  v       ' 

where  H  and  5  belong  to  the  vertical  section  through-  the  upper 
extremity  of  the  Z%  member,  which  joins  the  left  end  of  the  Pa 
chord  segment,  to  the  right  end  of  the  Up  chord  segment. 

Similarly,  on  the   immediate  right   of  the  vertical  plane 
through  the  consecutive  lower  apex, 

cos  a  , 

Y=  rin(+  -  /»,). >  <»3> 

where  H1  and  Sz  belong  to  the  given  vertical  plane  through 
the  lower  extremity  of  the  Y  member,  which  joins  the  left 
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end  of  the  Z7Jft  chord  segment,  to  the  right  end  of  the  Pa  chord 
segment  of  equation  (122). 

It  may  here  be  observed,  that  according  to  our  notation 
particle  40,  Fig.  1 3),  in  any  symmetrical  girder,  6  in  either  half- 
:span  is  the  supplement  of  <t>  in  the  corresponding  panel  of  the 
■other  half -span ;  also  a  and  fi  in  either  half-span  are  respec- 
tively equal  to  —a  and  —  p  of  the  corresponding  panel  of  the 
-other  half-span.  So  z  of  the  first  half-span  equals  the  corre- 
sponding v  of  the  second. 

Example.  —  Uniform  discontinuous  dead  and  live  loads. 
Let  all  that  part  of  Fig.  13  which  is  on  the  left  of  the  vertical 
line  through  E  represent  one  of  the  equal  half-spans  of  a  girder 
•supported  at  its  two  ends,  B,  and  L  not  shown  in  the  figure. 
Take  the  dimensions  for  each  half-span  the  same  as  those 
already  given  in  the  example  of  article  47. 

Let  the  dead  load,  WT  =  4  tons,  be  applied  at  each  apex,  top 
;and  bottom ;  and  the  live  load,  Lt  =  8  tons,  at  the  same  points 
progressively.  Each  extreme  apex  may  be  supposed  to  bear 
\{  W  +  L)  when  fully  loaded ;  but  this  will  only  affect  the 
resistances  V1  and  Vz,  so  far  as  the  present  method  of  com- 
;puting  strains  Is  concerned.  We  may  find  greatest  strains  as 
if ollows :  — 
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The  chord  strains,  U  and  P,  are  to  be  found  as  before ;  their 
values  being  greatest  when  the  two  uniform  loads  cover  the 
beam. 

In  the  second  line  of  this  last  solution,  Ml  is  the  moment 
due  live  load  at  its  foremost  end  as  that  end  passes  the  suc- 
cessive apices. 

In  the  third  line,  M+tL  is  the  moment  one  interval  beyond 
the  foremost  end,  and  simultaneous  with  ML. 

It  is  manifest,  from  what  precedes,  that  we  need  compute 
the  moments  Mw,  ML,  and  M+lL,  only  when  h  is  not  constant ; 
as,  when  h  does  not  vary,  we  may  find  AMW  and  AMl  by  (71) 
and  (69),  whence  AH  =  AM  —■  h. 

49.  We  now  proceed  to  classify  girders  according  to  the 
form  which  the  general  equations  assume  when  particular 
values  are  assigned  to  one  or  more  of  their  variables ;  first, 
recapitulating  the  general  equations  of  the  method  of  moments, 
and  of  the  method  of  moments  and  shearing-forces. 

From  equations  (95),  (96),  (97),  (122),  (123),  we  arrange 

General  Formula. 


Method  of 


Moments. 


Moments  and  Shearing-Forces. 


/      =  —  v  sin(0  —  /3)  z=  —  hr  cos  ft 
q      =  z  sin(0  —  a)  —  hr+i  cos  a. 
H    =  ±M  +  h. 
AH=  Hr+i  —  Hr,  or 

Mr+i  _Mr 

fir+i         hr 

Mr+j.  _Hr+i 
q  cos  a 


AHz 

P     -. 


U 
Y 


_  Mr  _  —Hr 
p        cos/3 
=  ArH  4-  cos  <t 


Z     =  Ar+iH+  cos9. 


p    =  —  v  sin(0  —  /3)  z=  —  hr  cos  /3. 
q    =  z  sin(0  —  a)  =  hr+i  cos  a. 
H=±(Mw+ML)±h. 
s  =  sw  +  SL. 

P  =  MiW+L)(r+^+q=H(W+L)(r+i)+<:osa. 
U  =  M{rv+L)r-i-p  =  H{w+L)r  4  cos/3. 
Hr+i  sin  (ft  —  a)  —Sr+i  cos  a  cos  ft 


y  = 


z  = 


cos  a  sin(0  —  ft) 

-Hr  sin  [0  —  a)  +  Sr  cos  a  cos  /? 
cos/3  sin(0  —  a) 
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v  =  length  of  the   Y  web  member  making  the  angle  <t> 

with  the  horizon,  Fig.  13. 
z  =  length  of  the  Z  web  member  making  the  angle  0  with 

the  horizon. 
p  ■=■  length  of  perpendicular  drawn  from  any  upper  vertex 

to  the  lower  chord. 
q  =  length  of  perpendicular  drawn  from  any  lower  vertex 

to  the  upper  chord. 
k  =  height  of  girder  at  any  apex. 

a  =  inclination  of  any  segment  of  the  upper  chord  to  the 

horizon,  as  angle  CAM. 
/3  =  inclination   of  any   segment  of  the  lower  chord  to 

the  horizon,  as  angle  FDN. 
<j>         ■  =  inclination  to  horizon  of  any  Y  web  member,  as  angle 

'  CDN. 
6  =  inclination  to  horizon  of  any  Z  web  member,  as  angle 

ADN. 
W        =  panel  weight  of  dead  load. 
L      '    =  panel  weight  of  live  load. 
Mw      =  moment  due  dead  load. 
Ml       =  moment  due  live  load  at  its  foremost  end. 
Mw+L  =  moment  due  dead  load  and  full  live  load ;   that   is, 

greatest  moment  for  uniform  loads. 
H         =  horizontal  component  of  chord  strain  at  a  joint  or  apex. 
AH      =  difference  of  simultaneous  horizontal  components  of 

chord  strains  at  consecutive  apices  when  this  dif- 
ference is  greatest. 
Sw      =  shearing-force  due  dead  load  on  the  immediate  right 

of  the  shearing-plane. 
SL        =  shearing-force  due  live  load  at  any  point  beyond  its 

foremost  end. 
P  =  strain  in  any  segment  of  top  chord. 

U        =  strain  in  any  segment  of  bottom  chord. 
Y        =  strain  in  any  Fweb  member. 
Z         =  strain  in  any  Z  web  member. 

Count  r  always  from  the  left,  as  indicated  in  the  figures. 
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Now,  although  we  have  thus  far  considered  each  upper  ver- 
tex to  be  horizontally  projected  midway  between  the  horizontal 
projections  of  the  lower  vertices,  this  restriction  is  by  no  means 
necessary  in  the  application  of  these  equations,  provided  we 
compute  the  moments  and  the  shearing-strains  in  accordance 
with  the  distribution  of  the  loads,  whatever  that  may  be. 

The  Twelve  Classes  of  Girders  of  Single  System. 


Length. 

u,. 

V. 

z. 

- 

Strain. 

p. 

y. 

z. 

u. 

Tension 

Compression 

Class. 

Top  Chord. 

a. 

Web 
Member. 

<f>. 

Web 
Member. 

B. 

Bottom  Chord. 

P. 

I.      .     . 

Inclined 

a 

Inclined  . 

<P 

Inclined  . 

e 

Inclined     . 

3 

II.    .     . 

Inclined     . 

a 

Inclined  . 

* 

Inclined  . 

e 

Horizontal, 

0 

III..     . 

Horizontal, 

0 

Inclined  . 

</• 

Inclined  . 

e 

Inclined     . 

0 

IV.  .    . 

Horizontal, 

0 

Inclined  . 

<t> 

Inclined  . 

e 

Horizontal, 

0 

V.    .    . 

Inclined     . 

a 

Inclined  . 

* 

Vertical  . 

90° 

Inclined     . 

0 

VI.  .    . 

Inclined 

a 

Vertical  . 

900 

Inclined  . 

e 

Inclined     . 

0 

VII.     . 

Inclined     . 

a 

Inclined  . 

* 

Vertical  . 

qo° 

Horizontal, 

0 

VIII.   . 

Horizontal, 

0 

Inclined  . 

0 

Vertical  . 

qo° 

Inclined     . 

0 

IX.  .    . 

Horizontal, 

0 

Inclined  . 

t 

Vertical  . 

qo° 

Horizontal, 

0 

X.    .    . 

Inclined     . 

a 

Vertical  . 

900 

Inclined  . 

e 

Horizontal, 

0 

XI.  .    . 

Horizontal, 

0 

Vertical  . 

90° 

Inclined  . 

e 

Inclined     . 

0 

XII.     . 

Horizontal, 

0 

Vertical  . 

900 

Inclined  . 

8 

Horizontal, 

0 

The  conditions  yielding  the  twelve  classes  maybe  briefly 
stated  thus :  — 

'  neither, 
With  regard  to  a  and  0  we  may  have 


the  one, 
the  other, 
I  both, 
neither, 
With  regard  to  0  and  <j>  we  may  haye    \  the  one, 

the  other, 


=  o ;    4  conditions. 


=  9°°  >    3  conditions. 


Combining  these  conditions  gives  twelve  classes  and  no 
more. 
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Class  I.  —  All  Members  but  One  inclined. 

Use  General  Formulas. 
Ps 


Fig.  15. — The  Truncated  Crescent. 
P3 


Fig.  16.  — The  Double  Bow,  or  Brunel  Girder. 


Fig.  17.  — Inverted  Truncated  Crescent. 
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Fig.  18.  —  Inverted  or  Suspended  Crescent. 


Fig.  19.  —  Roof  Principal. 


Fig.  20.— Roof  Principal. 


Fig.  21.  — Bent  Girder  of  Four  Systems. 
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Fig.  21a.  —  First  System. 


Fig.  21b.  —  Second  System. 


Fig.  2  u.  —  Third  System. 


Fig.  2nd. —  Fourth  System. 
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Fig.  22.  —  Double  Bow  of  Two  Systems. 


Fig.  22a.  —  First  System.    Fig.  i6  shows  the  Second  System. 


> 


Fig.  23.  — Segment  of  Roof  Principal.    (See  Fig.  71.) 


yB   % 


Fig.  230.  —  Diagonals  in  Compression. 
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Fig.  23*. — Diagonals  in  Tension. 


Fig.  24.  — Parallel  Chords.    Triangular. 


Fig,  25.  —  The  Braced  Arch.    St.  Louis  Bridge  System. 
(See  Article.) 
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Although  we  have  supposed  the  linear  dimensions  of  the 
girder  known,  we  will  now  give  a  mode  of  finding  them  from 
the  known  length  /,  and  central  height  h,  in  case  of  girders 
having  either  chord,  or  both  chords,  circular  or  parabolic. 


Fig.  26. 


1st,  Lower  chord  horizontal,  and  upper  chord  circular,  as 
ABCED,  Fig.  26.  Let  /  =  2DC  =  length  of  bottom  chord, 
h  =  AD  =  central  height  of  girder.     Then  the  radius 


R  _  f  +  4h* 

8/4 


(124) 


Take  D,  the  centre  of  the  chord  of  any  arc,  as  ABC  or 
A^B^C,  for  the  origin  of  rectangular  co-ordinates  ;  the  axis  of  x 
being  horizontal,  and  that  of  y  being  vertical.  Then  the  equa- 
tion to  the  curve  ABC  is 


and 


(y  +  R  -  h)*  =  R* 


BE  =  y  =  h-R±  V(iP  +  x)(R  -  x),       (125) 


which  is  the  height  of  the  bowstring  girder  at  any  point,  E, 
whose  distance  DE  from  the  origin  is  x. 
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Thus,  if  /  =  ioo,  and  h  =  io,  we  have  R  =»IO°2  +  4X  io' 

8  X  10 
=  130;  and  from  (125)  we  find, — 

When  x  =    o,  y  =  10  =  h. 

x  =  10,  y  =    9.6148. 

x  =  20,  j  =    8.4523. 

a:  =  30,  y  =     6.4912. 

tf  =  40,         J  =    3.6931. 

x  =  45>  7  =     i-963x- 

*  =  s°  =  ¥>  y  —   °- 

The  length  of  any  diagonal,  DB,  whose  inclination  to  the 
horizon  =  <£,  is  • 

BE        DE 

v  =  — =  ; 

sin  (ji       cos  <j> 

or,  in  general, 

z>  =  yr  -i-  sm<j>  =  Ax  -r-  cos<j},  (x26) 

Ax  being  one  panel  length. 

The  length  of  any  diagonal,  AE,  whose  inclination  to  the 
horizon  =  6,  not  acute,  is 

AD_  =       DE  . 
sin  0  cos  6 

or,  in  general, 

z  =  >_,  -4-  sin^  = x-.  (127) 

COS0 

The  length  of  any  chord,  AB,  whose  inclination  to  the  hori- 
zon =  «,  is 

DE       FB 


or,  in  general, 


cos  «       sin  a ' 


.    A#    _    Ay 


a  =  J^-=J^L.  (128) 

cos  a       sin  « 
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From  (126), 
From  (127), 
From  (128), 


— —  =     yr     -=-  Ax  =  tan  A.  (120I 

cos<j>  v     " 


=  — >_t  -s-  A#  =  tan0.  (130) 

COS0  \  •»  / 


sines  .  .  ,       . 

=      Ay    -s-  A#  =  tana.  {i,?i} 

cos  a  v  °  ' 


Whence  <f>,  0,  and  a,  and  their  sines  and  cosines,  may  be  taken 
from  a  table  of  natural  or  logarithmic  circular  functions. 

To  determine  the  length  of  any  part  oF  the  circular  arc 
ABC,  or  of  the  whole  arc,  find  the  angle  at  the  centre  corre- 
sponding to  the  given  chord  of  the  required  arc ;  then  the 
required  length  of  arc  is  to  the  whole  circumference  as  the 
angle  at  the  centre  is  to  four  right  angles.  Thus,  if  C  denotes 
the  angle  at  the  centre  whose  chord  is  the  span  /  =  100,  we 
have 

sin(JC)  =  |Z=  ^  =  sin  2a"  37'  1 1".5, 

;.     C    =  45°  14' 23"  =  450.239722. 

Circumference  =  360  degrees. 

Length  of  circumference  =  2irR  =  2  X  3.14159  X    130 

=  816.8134, 

41;.  230722 
.-.     Required  arc  2ABC  =         ~7  —  x  816.8134  ==  102.645. 

Or,  the  length  of  the  arc  subtended  by  a  given  chord  may  be 
taken  from  a  table  constructed  for  the  purpose. 

2d,  Both  chords  or  flanges  circular,  as  ABCB^A„  Fig.  26, 
where  the  chords  meet  at  the  ends  of  the  girder ;  or,  as  Figs. 
15  and  17,  where  the  chords  do  not  meet  at  the  ends. 


STRAINS  IN  FRAMED   OR  BUILT  GIRDERS.  97 

If  the  curves  meet,  as  in  Figs.  14,  16,  18,  and  26,  then  /  in 
equation  (124)  will  be  common  to  both  arcs,  ABC,  A^B^C;  but 
the  central  heights  of  the  two  arcs  will  be  h  =  AD,  and 
hx  =  AXD.     Hence,  for  the  upper  curve,  the  radius 

p   _  I*  +  4A,» 

If,  as  in  Fig.  15,  the  curves  do  not  intersect  at  the  ends,, 
then,  for  each  curve,  /  will  be  the  chord  subtended  by  the  arc, 
h  will  be  the  central  height  of  each  arc  above  its  chord,  and  the 
origin  of  co-ordinates  for  each  curve  will  be  at  the  centre  of  its 
own  chord. 

The  ordinates  y,  corresponding  to  the  same  values  of  x,  are 
to  be  found  for  each  curve  by  (125) ;  and  if  yI  =  an  ordinate  to 
the  upper  curve,  and  y  =  the  corresponding  ordinate  to  the 
lower  curve,  and  e  =  the  difference  in  height  of  the  two  ori- 
gins, then  yt  +  e  —  y  =  the  height  of  girder  at  any  point,  x. 
And  when  e  =  o,  as  in  Fig.  26,  the  height  of  the  girder 
ABCBlAl  at  any  point,  B,  is  BBZ  =  y1  —  y. 

'      FB    =  BE   —  AD    =  by,  in  general. 

FlBI  =  B^E  —  A+D  =  Ajc„  in  general. 

DE    =  AF  =  A,Ft  =  A*,  in  general. 

Ay  Ay, 

tan«  =  A^,     **«'  =  -&• 

AA,  +  BF  =  ylr    -  >+„ 

B,F  =  BB,  -FB=  ylr+i  -  >. 

jcv  -  >+*       ,    y>r+t  -  y* 


tan0= t- ,    tan<£  = 


Ax       '  v  Ax 
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From  these  tangents,  a,  a„  0,  <£,  and  their  sines  and  cosines, 
are  to  be  found  as  before.     We  then  have 


V    =  ABy     = 


sin<£ 

Z    =  AJi    =        sine        -  ~ 

a   =  AB     =  12- 
sin  a 

a,  =  AJI,  =  -^- 


Ax 

cos<£ 

03*) 

Ax 
cos#' 

(r33) 

A* 
cos« 

(134) 

A# 

(i3S) 

sin  c^  cos  a, 

3d,  When  the  curvature  of  one  or  both  chords  of  the  girder 
is  parabolic,  we  proceed  as  in  case  of  the  circular  chords  just 
discussed,  except  in  finding  the  ordinates  and  length  of  the 
■curve,  which  only,  therefore,  we  need  now  determine. 

Let  the  curves,  Fig.  26,  now  be  parabolas,  whose  vertices 
are  at  A  and  AI  respectively.  Take  the  origin  of  rectangular 
co-ordinates,  as  before,  at  D ;  the  axis  of  x  being  horizontal,  and 
that  of  y  vertical.     Then  the  equation  to  the  curve  ABC  is 

y  ={i-^y-,  *  (136) 

to  the  curve  A^B^C, 

*  =  (I_4f!)^  (I3?) 

For  the  same  value  of  x,  (136)  and  (137)  give 

hx  =  yi-  y  =  (i-  *^(A,  -  A),  (138) 

which  is  the  height  of  the  girder  at  any  point  whose  distance 
is  x  from  the  centre  or  origin. 
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Thus,  if  /  =  100,  and  h  =  10,  (136)  gives,  — 

When  x  =    o,  y  =  10  =  h. 

x  =  10,  y  =  9.6. 

*  =  20,  y  =  8.4. 
a:  =  30,  j  =  6.4. 

*  =  40,  y  =  3.6. 

*  =  45>  J  =  i-9- 

*  =  5°  =  ¥>  y  =  °- 

And  if  ^,  =  AtD  =  20,  A  =  y2Z>  =  10,  and  /  =  2DC  =  100, 
equation  (138)  gives  the  heights  of  girder  ACAZ  as  below  :  — 

When  x  —    o,  hQ   =  10  =  kt  —  h ; 

x  =  10,  hla  =    9.6 ; 

x  =  20,  h20  =     8.4  ; 

*  =  3°>         ^3°  =   6-4 ; 

*  =  40,  h^  =     3.6  ; 

x  =  4S>  ^45  =     *-9i 

x  =  50  =  14  ^50  =    o ; 

which  are  the  same  as  the  heights   of  the  girder  ADC  just 
found,  since  A,  =  2J1,  and,  from  (136)  and  (137), 

y-  -  I ;  (139) 

that  is,  the  ordinates  to  the  two  curves,  for  the  same  value  of  x, 
axe  proportional  to  their  central  heights. 

The  length  of  the  parabolic  arc,  in  terms  of  the  chord  / 
and  the  central  height  h,  is 

5  =  £(/* .+  i6A«)*  +  o.287823flog^  +  (/2/+lM2)\      (140) 
where  log  means  the  common  logarithm. 
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If  /  =  ioo  feet  =  span,  and  h  =  10  feet  =  central  height, 
of  parabolic  arc,  then  (140)  gives  5  =  102.606  feet. 

From  these  examples  it  appears,  that,  when  the  curvature  is 
small,  there  is  but  little  difference  between  the  ordinates  and 
arc  of  the  circular  and  the  ordinates  and  arc  of  the  parabolic 
girder  of  the  same  central  height  and  span. 

Instead  of  these  exact  determinations  of  the  linear  dimen- 
sions of  a  girder,  the  figure  may  be  drawn  to  a  scale,  and  the 
length  of  each  member  measured,  where  greater  accuracy  is  not 
required. 

It  is  proper  to  observe  here,  that,  in  all  cases  of  curved 
flange,  the  line  of  action  of  the  flange  strain,  P  or  U,  is  the 
chord  of  the  arc  between  adjacent  apices,  and  not  the  arc  itself. 
When,  therefore,  either  flange  of  a  girder  is  curved,  and  not, 
polygonal,  there  is  developed  midway  between  adjacent  apices 
in  the  same  flange  a  deflecting  force  tending  to  increase  the 
curvature  of  a  compressed  flange,  and  to  diminish  the  curvature 
of  a  flange  in  tension. 

For  the  amount  of  this  deflecting  force  F  we  have,  if  P  is 
the  strain  along  the  chord  -BIC,  Fig.  26, 

F  =  2Ptaa.HCI.  (141) 

Or,  if  C  is  the  angle  at  the  centre  of  the  circle  whose  chord  is 
BC,  then 

tar,  rrrr       ver-sinAC       1  —  cos  AC  ,  „  ,_,„ 

tznilLl  =  — .       3     = .    t  J     =  cosecAC  —  cot  AC, 

sm|C  sinfC  *  *  ' 

.'.    F  =  2JP(cosec|C  -  cot£C)  ;  (142) 

and  the  strain  along  the  chord  HC  of  each  half  of  the  arc  BC 
is 

P' =  P  -i-  cos  HCI.  (14^) 
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Similarly,  in  cases  like  Pv  Fig.  19,  there  is  a  deflecting  force 
generated  at  the  ridge  equal  to 

F  =  zP%  tana; 

and  the  strain  along  the  upper  segment  of  each  rafter  is,  as 
indicated,  P3  -f-  cos  a. 

The  bending-moment  due  to  this  deflecting  force  is  given 
by  equation  (46), 

M  =  \Fa,  (144) 

where  a  is  the  length  of  the  chord  BC. 

The  amount  of  material  required  to  neutralize  this  moment 
will  be  determined  in  the  sequel.  But  it  is  already  manifest 
that  the  least  amount  of  resisting  material  will  be  required 
when  the  line  of  pressure  coincides  with  the  axis  of  the  resist- 
ing member. 

Multiple  or  compound  web  systems,  as  those  represented  in 
Figs.  21  and  22,  may  be  separated  into  the  single  systems  of 
which  they  are  composed,  when  the  sum  of  all  the  strains  found 
for  the  same  member  will  be  the  strain  sought  for  that  member. 


Class  II. — Bottom  Chord  horizontal,  other  Members 
inclined,    /?  =  o. 


u,  u2  u3  u4 

Fig.  27. — The  Parabolic  or  Circular  Bowstring. 
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U, 


U2  U3 

Fig.  28.  —  The  Truncated  Bowstring. 


U, 


U, 


U2  Ua 

Fig.  29. —  Roof  Principal. 


U* 


U 


Ua  Ua  U4 

Fig.  30.  —  Roof  Principal. 


Fig.  31.  —  Tied  Rafters. 


5> 
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Fig.  32.  —  Roof  Principal. 


Fig.  33.  —  Roof  Principal  of  Two  Systems. 


Fig.  33^.  —  Second  System. 
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Fig.  34.  —  Roof  Main,  Compound  System.    (See  Fig.  70,  Class  VIII.) 


Fig.  35.  —  Bowstring  of  Two  Systems.     Triangular. 


U,  Ua  U3  U4  U„ 

Fig.  35a.  —  First  System.    Fig.  27  shows  TjfE  Second  System. 


Fig.  36.  —  The  Post  Truss  with  Curved  Top. 
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As  Counters.  As  Mains. 

Fig.  36a.  —  First  System. 


2  3 

As  Counters.  As  Mains. 

Fig.  36*.  —  Second  System. 


Fig.  37.  —  Double  Triangular  Truncated  Bowstring.    System  of 
Kansas-City  Bridge. 


Fig.  37a.  —  First  System. 
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U, 


u2  u3 

Fig.  37*.  —  Second  System. 


Formulae  for   Class   II.     /3  =  o. 

Method  of  Moments. 


H  = 

M  -*■  h. 

Mr  +  1 

J/r 

\fi  — 

for  + 1 

^r 

P  = 

fir  +  i 
cosa' 

U  = 

— jir. 

y= 

COS  <£" 

Z- 

Ar  +  Iiy 

COS0 

In  case  of#vertical  end  posts,  as  in  Fig.  37«,  where  Fand  Z 
become  indeterminate  by  the  above  equations,  we  have 

F,  =  Z,  sin  0,  +  Pt  sin  «„  Zs  =  F5  sin  <£5  +  i>4  sin  a4. 

Where  a  vertical  section  through  any  apex  cuts  a  web 
member,  as  in  Fig.  335  for  Z,  =  F3,  and  in  Figs.  36a  and  36* 
for  P4  and  the  counters  Y  and  Z,  we  do  not  have  H,  the  hori- 
zontal component  of  chord  strain,  equal  to  M  ~  h,  but  may 
proceed  as  follows  :  — 
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'  Find  the  moments  Mu  M2,  Mv  etc.,  at  vertical  planes 
through  consecutive  apices.  Call  the  heights  above  the  bottom 
chord  at  which  the  cut  diagonal  meets  these  vertical  planes  in 
each  panel,  a  and  b,  as  in  Fig.  38. 


Fig.  38. 

Then,  taking  moments  about  A  and  B,  we  have 
Mz  =  AzFt  cos  «z  +  a,  F,  cos  <£„ 
Mz  =  h^  cos  «r  +  (5,  F,  cos  <£„ 
M2at  —  Mtb, 


P  = 

F 


(aji-i  —  ^I^,)cosaI 
MX.  -  MJi, 


(I4S) 
(146) 

(147) 
(148) 


(aji3  —  ^A^cos^, 
Taking  moments  about  At  and  Bz,  there  results 

Jf,  =  —h&cosfr  —  (A,  —  ff^F.cos^,,       (149) 

J/2  =  -A,  £7,  cos  /?,  -  (^  -  bL)  F  cos  <£„       (150) 

f  \ 

...     #  =  ^(*-  ~  g-)  ~  ^'^  ~  *'>.  (151) 

(a^2  —  bji^)tx&$i 
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Similarly,  or  by  increasing  the  indices  of  a,  b,  a,  and  <£'by 
I,  and  those  of  M  and  h  by  2,  we  find 

p\_      Mta2  —  M^h 

(a2k4  —  ^3)cos«2' 


K  = 


(aJiA  —  62k3)coscj>2 


Vi  =  ^C(A,  -  a,)  -  M%(ht  -  Z>2)_ 
(aji^  —  bji%)  cos  (3X 

Then,  taking  moments  about  C  gives 

M3  '=  h^P^  cos  a,  +  F,  cos  <£t  +  Z,  cos  0,)  +  az  Y2  cos  fa, 

/.     Zx  =  ) — s  —  —  i^cos<£2  —  Y1  cos<4,  —  /^cosa,  I — - — .        (152) 
(  h3       h%  )  cos  6I 

Now,  in  case  of  the  Post  Truss,  we  need  only  the  counter- 
strains  Y,  since  Z,  P,  and  U  have  their  greatest  values  as  main 
strains. 

And  when  both  chords  are  horizontal,  the  horizontal  pro- 
jection of  the  Z  member,  or  strut,  is  one-third  of  the  horizontal 
projection  of  the  Y  member,  or  tie,  as  usually  built ;  hence 
a  —  \b  =  \h, 

...     y„3W-if,).M  (      / 

h  cos  <j>  cos  <f> 

which,  it  will  be  seen,  is  the  same  thing  as   Yt  = ,  pro- 
cos  <j> 

vided  AH  is  taken  for  the  interval   equal   to   the   horizontal 

projection  of  the  Y  member,  while  A,i7  belongs  to  one-third  of 

that  interval ;  since  the  foremost  end  of  the  live  load,  at  the 

instant  the  value  of   Y  is  here  sought,  is  at  the  foot  of  the  Y 

member,  being  applied  either  directly  at   the  lower  apex,  or 
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indirectly  at  the  upper  apex,  and  reaching  the  bottom  chord 
through  the  Z  member  terminating  there.  In  other  words, 
when  the  counter-strain  Y,  due  live  load,  is  greatest,  there  is 
no  part  of  the  live  load  applied  on  the  right  of  the  foot  of  the 
Y  member,  or  of  the  top  of  the  Z  member  above. 

In  multiple  systems,  where  the  chords  are  not  straight  lines, 
in  finding  total  chord  strains,  care  should  be  taken  to  reduce  all 
strains  that  are  to  be  added,  so  that  their  lines  of  action  will 
be  parallel ;  horizontal,  for  instance. 


Class  III. — Top  Chord  horizontal,  other  Members 
inclined,     a  =  o. 


£\.    \    /    ^-"\h 

Fig.  39.  —  Trussed  Beam. 


Fig.  40.  —  Trussed  Beam. 


Fig.  41. — Inverted  Bowstring. 
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Fig.  42.  —  Inverted  Truncated  Bowstring.- 
Formulae  for  Class  III.     «  =  o. 

Method  of  Moments. 
H  =  M  -=-  A. 

nr  +  1  Ar 

P  =  J7r  +  1. 
U  =  —Hr  -s-  cos/3. 
Y  =  t^JH  -=-  cos  <f>. 
Z  =  Ar  +  jH  -5-  cos  9. 


Class  IV.  —  Both  Chords  horizontal,  Web  Members 
inclined,     a  =  o,  j3  =  o. 

R B* P3_ 


u,  U2  u3  U4 

Fig.  43.  —  The  Triangular  Girder.    Erect,  or  "  Through.',' 


\ 
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U2  U3  U4 

Fig.  44.  —  Triangular  Girder.    Suspended,  or  "  Deck."     a  =  o,  /3  =  o. 


Fig.  45.  —  Double  Triangular  Girder.    Figs.  43  and  44  combined. 


Fig.  46.  —  Quadruple  Triangular  System.    Each  System  independent. 


Fig.  46a:.— First  System.      , 
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Fig.  46*.  —  Second  System. 


Fig.  461:.  —  Third  System. 


Fig.  46a?. — Fourth  System. 


Fig.  47. — The  Post  Truss.    Two  Systems. 
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As  Counters.  As  Mains. 

Fig.  47a.  — JTirst  System.    , 


U, 


U2  U3 

As  Counters.  As  Mains. 

Fig.  47&  —  Second  System. 


Fig.  47c.  —  Post  Truss.    Three  Systems. 

Formulae  for  Class  IV.     a  =  o,      =  o. 

Method  of  Moments. 

H  =  M  -=-  h. 
AH  =  AM  -=-  h. 
P  =  Sr  +  t. 
U  =  -Hr. 
Y  =  ArH  -h  cos  <f>. 
Z  =  Ar  +  XH  -5-  cos  6. 
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Class  V. — Alternate  Web  Members  vertical.   'Both 
Chords  inclined. 

Generally  \  Verticals  in  ^pressim,   )    Q  = 
[  Diagonals  in  tension.  ) 

Only  one  set  of  diagonals  shown  in  figures.    These  are  counters  in  first  half-span, 
mains  in  second  half-span. 


Us  U4  U6  U„ 

Fig.  48.  —  The  Crescent. 


U, 


U4  U6  u, 

Fig.  49.  —  Truncated  Crescent. 


Fig.  50. — Double  Bow,  or  Brunel  Girder. 
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Fig.  51.  —  Truncated  Crescent  inverted. 


Fig.  52.  —  Crescent  suspended. 


Fig.  53.  — Roof  Principal. 


Fig.  54. — Trussed  Rib.^ 
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Fig.  55.  —  Dome  Principal.    Primary  System.    Secondary  System 
same  as  in  Fig.  54. 


Fig.  56.  —  Bent  Truss.    Double  System. 

Formulae  for  Class  V.     6  =  90°. 

Method  of  Moments. 
H    =  M  -=-  h. 

KJJ  —        r  +  *  .r 

toy  _i_  i_  fZjn 

P      =  H  -f-  cos  a. 

C/_,  =  -H  -s-  cos/3. 

Y      =  Ar^T  -*-  cos<£. 

Z  =  jPr  +  Jsmur  +  J  —  Prsinar  —  Yrsin  <£r 

==  Hr  +  T  tan  «r  +  j  —  ..#,.  tan  Or  —  Ar-#tan<£r. 
(Load  applied  at  bottom.) 

Z  =  Ur  sin  /Sr  —  C£  + ,  sin  (Sr  +  x  —  yr  sin  4>r 

=  —Urta.n/3r  +  &r  +  Itaxifir  +  j  —  A»v#tan<£f 
(Load  applied  at  top.) 
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The  value  of  Z  in  equation 

Z  =  AH  -=-  cos  e, 

here  becomes  indeterminate,  since  All  =  o  for  the  horizontal 
projection  of  the  Z  member,  and  cos  900  =  o. 

Class  VI.  —  Both   Chords   inclined.     Alternate  Web 
Members  vertical. 


Generally 


Verticals  in  tension, 
Diagonals  in  compression, 


.        1   <£  =  9°°- 
ion.   J 


Only  one  set  of  diagonals  shown  in  figures.    These  are  counters  in  first  half-span, 
mains  in  second  half-span. 


p* 

^_fi__ 

\Xa 

v4  \^ 

Y6   \ 

uT~ 

U4 

uB 

u„ 

0, 


Fig.  57.  —  The  Crescent. 


Fig.  59.  —  The  Brunei.  Girder. 
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Fig.  60.  —  Truncated  Crescent  suspended. 


U4  U5 

Fig.  61.  —  Suspended  Crescent. 


Formulae  for  Class  VI.     <f>  =  90°. 

Method  of  Moments. 
H     =  M  -H  h. 

tlfip  _i_  1  fly 

P      —  H  -T-  cos  a. 

£/■_,  =  -H  ■+  cos/3. 

Y  =  Pr  + !  sin  ar  +  T  —  /^  sin  ar  —  Z,.  +  T  sin  ^r  +  x 

=  Hr  + !  tan  «r  + 1  —  .#,.  tan  ov  —  Ar  + t ZT  tan  ft.  +  s. 
(Load  applied  at  bottom.) 

y  =  6^.  sin  {ir  —  Ur +  z  sin /3r  +  I  —  Zr  sin  0r 

=  —Hrtenpr  +  ^r  +  Itan;8r  +  I  -  A^ZTtan^. 
(Load  applied  at  top.) 
Z  =  b.rH  -T-  cos  6. 


Multiple  systems  of  this  class  are  seldom  built,  since  long 
struts  are  not  economical. 
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Class  VII.  —  Bottom  Chord  horizontal.    f$  =  o.    Alternate 
Web  Members  vertical.     6  =  900. 


In  general,  i   Verticals  in  compression, 


Diagonals  in  tension. 


But  one  set  of  diagonals  shown  in  figures.    These  are  counters  in  first  half-span, 
mains  in  second  half-span. 


Fig.  62. — The  Bowstring. 


U4  UB      ,       U„  U7 

Fig.  63.  —  Truncated  Bowstring. 


U 


Fig.  64.  —  Rafters  and  Tie. 
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U2  U3  U4  U6  Ua  U,  Ua  U9 

Fig.  65.  —  Top  Chord  Uniformly  sloped,    <z,  =  a^  =  a3. 


U„  U4  UB  Ue 

Fig.  66.  —  Polygonal  Top  Chord. 


U7 


U2  U3  U4  UB  U„  U, 

Fig.  67.  —  Roof  Principal.    ut  =  aa  =  a3. 


U        U3         U, 


UB  U8  U7  U8 

Fig.  68.  —  Parallel  Bracing. 


Ue        U,„       U„ 
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I  \ 

A 
A     2 

A 
A  1 

A 

A      2 

A 
A  1 

A 
A    2 

A 
A  1 

/      1 

Fig.  6q.  —  Uniform  Slope.     Double  System. 


Fig.  70.  —  Curved  Top.    Double  System. 


Fig.  71.  —  Roof  Principal.    (See  Fig.  23.) 
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Fig.  71a.  —  The  Twin  Fishes,  Long  Span.    (See  Fig.  22.) 
Formula  for   Class  VII.     fi  =  o,  6  =  900. 

Method  of  Moments. 


H     =  M  -=-  h. 

fty  _i_  j                    fly 

P      =  Hr  h-  cos  a. 

£7      =  —J7r  +  I. 

Y      =  A^Zf  -;-  cos$r. 

I  simultaneous 

Foremost  end  of  live  load  at  Zr— 1  for  maximum  K  and  £r. 

When  it  is  desired  to  have  the  diagonals  in  each  half-span 
parallel  for  a  given  number  of  panels,  as  in  Fig.  68,  the  lengths 
of  the  panels  and  the  inclination  of  the  diagonals  may  be  found 
as  follows :  — 

Let  /    =  length  of  span. 
hQ  =  height  at  each  end. 
h  =  central  height. 

m  —  number  of  panels  in  each  half-span. 
<j!>  =  inclination  to  horizon  of  counters  in  first  half-span, 

and  of  mains  in  second  half-span. 
a  =  inclination  of  top  chord. 
A/  =  the  variable  panel  length. 
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Then 


a    7  •*■¥  J  a    7  7      tcLH  Ct 

A/  =  — — ,      and      A«  =  hr . 

tan  <j>  tan  <j> 

h  —  ha 


tana  = 


¥ 


tan  <f>         \        tan  <£/ 
7  »        /  tan  a\        7  /  tan  a\2 


tana 


.-.     tan<£  = £-  C^S) 

'-(It 

for  the  first  half-span. 

Similarly,  for  the  second  half-span 

h     =hh  +  ^r,  (is6) 

\         tan<£/ 

tana  .       . 

tan<£  = — — r  (i57) 

-    Generally, 

^  =  Ji  +  *E£V  (iS8) 

\        tan  (jSy 
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Class  VIII.  —  Top  Chord  horizontal,     a  =  o.     Struts 
vertical.     6  =  900. 


Fig.  72.  —  The  Fink  Truss. 


IV 


Fig.  72a.  —  Main  Suspenders. 

P  P 


Fig.  72<5.  —  Secondaries. 


Tertiaries. 


Fig.  73.  —  The  Bollman  Truss. 
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Fig.  74.  —  Trussed  Rafter  of  Fig.  34. 


Fig.  75.  —  Spandrel  filled. 


"^\         Pl 

p,      / 

Pa               ^-" 

4^\. 

25 

/\ 

z2 

^■tfT 

U2 
Fig.  76.  —  Trussed  Beam,  Three  Links. 


R 

p, 

Pa 

p4 

ps 

Pe 

P7 

Pa 

<K 

4^ 

2y/v, 

^- — rr  " 

Ze/Y. 

ZeX, 

z'/^ 

/^i» 

->6 

Fig.  77.  —  Catenarian  Links. 
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R 

.    P2 

P3 

P* 

p5 

p8 

p7 

P, 

4"" 

*•  / 

A 

z*  A 

Ze  A 

• 

^J 

/^* 

Vs 

l^c 

Fig.  78.  —  Trussed  Beam. 


Fig.  79.  —  The  Point  Suspension,  Stiffened  Catenary. 


Formula  for  Class  VIII.     a  =  o,  6  =  90°. 

Method  of  Moments. 
H     =  M  -*-  h. 

ftif  _i_  1  fly 

P       =  Ifr  +  i- 

U     =  -Hr  -=-  cos  /?. 
V      -  All  -=-  cos<£. 
Z      =  A.£/tan<£. 

When  the  vertical  member  has  no  diagonal  attached  at  its 
top,  then,  of  course,  the  strain  upon  the  vertical  is,  for  Class 
VIII.,  equal  to  the  load  applied  at  the  upper  apex. 
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Class  IX. — Both.  Chords  horizontal,  a  =  o. 

Verticals  in  compression.    /3  =  o. 
Diagonals  in  tension.     6  =  90°. 


Pi 

Pa 

Ps 

p* 

p6 

Pe 

p7 

Pa 

z 

A 

/  s 

z3  / 

y^ 

/ 

/     '8 

/ 

u, 


Us  U4  U6  Ua 

Fig.  80.  —  The  Pratt  Truss. 


U7 


A 

A. 

1  A 
A 

1  A 

/1 

1  A 
A 

2  / 
A 

1  A 
A 

2  A/ 

/  1 
/2 

Fig.  80a.  —  The  Linville,  or  Pratt  of  Two  Systems. 


Fig.  %ob.  —  Pratt  Truss  of  Three  Systems. 
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/ 

1 

2 

1 

2 

1     / 

V 
1\ 

A' 

A 

A 

/2 

A 

/2 

\ 

For  end  struts,  tan  6  =  2  tan  </>. 

Fig.  80c.  —  Linville,  with  Inclined  End-Posts. 


Fig.  8od.  —  Three  Systems,  Inclined  End  Posts. 


A 

A   1 

A 
A    2 

A 
A     3 

A 

A     4 

A 

A    1 

A 

/    • 

/      2 

A 

A     3 

A 

A 

A 

A 

A    4 

/ 


Fig.  80*.  —  Truss  Systems  of  Niagara  Bridge. 
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Fig.  80/.  —  Pratt  Truss  suspended. 

V 


Formula    for  Class  IX.     a  =  o,  p  =  o,  6  =  900. 


Method  of 


Moments. 

Moments  and  Shearing-Forces. 

H    =  M  -f-  h. 

H  =  (Mw  +  Ml)  --  h. 

M£  =  &M  -i-  h. 

S   =  Sw  +  Sl. 

P      =  Hr. 

P    =  Hw+l. 

U     =  —J7r  +  I. 

U  =  —H+tw+L- 

Y      =  MI  -T-  cos 

<f>. 

Y   =  —  S  -s-  sin<£. 

Z      =  &J7tan<j,. 

Z   =  S+  „  load  applied  at  top. 
Z  =  S,  load  applied  at  bottom. 
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Class  X.  —  Bottom  Chord  horizontal.    /3  =  o. 

Verticals  in  tension.     $  =  90°. 
Diagonals  in  compression. 


U2  U3  U4  U6  Ue  U7  Ua 

Fig.  81.  —  The  Polygonal  Bowstring. 


U2  U8  U*  U6  Ue  U7 

Fig.  82.  —  The  Howe  Truss,  with  Curved  Top. 


Fig.  83.  —  Howe  Truss,  Inclined  Top  Chord. 
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Fig.  84.  —  Rafters,  with  Vertical  Tie. 


Fig.  84a.  —  Systems  of  the  Schaffhausen  Truss. 


Formulae  for  Class  X.    fit  =  o,  <j>  =  90°. 

Method  of  Moments. 

H     =  M  -=-  h. 

A  77  —         +  *  —       r 

fly  j.  j  flf 

P       =  Jlr  +  T  -5-  COS  a. 

U     =  -Hr. 
Y      =  AJ?tzn6. 
Z      =  AH  -5-  cos0. 
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Class  XI.  —  Top  Chord  horizontal.     «  =  o.     Struts 
inclined.     Ties  vertical.     $  =  90° 


p,         p2 

Ps 

p* 

p6 

p8 

p7 

Ps 

Y4V 

-""57 

u4  uB 

Fig.  85.  —  Suspended  Bow. 


P*  PE 


tv 

Nt3 

*>K 

l\ 

Ut 

"  u. 

/*£ 

^ 

Fig.  86.  —  Filled  Spandrels. 


Formulae  for  Class  XI.     a  =  o,  <f>  =  900 

Method  of  Moments. 

H     =  M  -*-  h. 
AJ7  =  Mr  +  I  -  -Mr. 

Jr        =  Jzr  +  1B 

£7     =  -i7r  -v-  cos  fir. 
Y     =  kHtza.6. 
Z      =  LH  -f-  cos  0. 
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Class   XII.  —  Both   Chords  horizontal,     a  =  o,  @  =  o. 
Struts  inclined.    Ties  vertical.     <j>  =  go0. 


WW, 


R 


u, 


p*. 


u„         u4,         u6         u, 

Fig.  87.  —  The  Howe  Truss. 


U, 


U2  U8  U.«  UB  U„  U7 

Fig.  88.  —  Howe  Truss,  Inclined  End  Posts. 


Formulae  for  Class  XII.     a  =  o,  /3  =  o,  <j>  =  900. 


Method  of 


Moments. 

Moments  and  Shearing-Forces. 

H    =  M  -s-  a: 

H  =  (Mw  +  ML)  -t-  h. 

AH  =  AiJ/  -=-  h. 

S   =  Sir  +  Sl. 

P     =  Hr  +  I. 

P    =  H+rjp+Z. 

U     =  -Hr. 

U  =  —Hw+l, 

Y      =  AH  ten  0. 

Y   =  -S+I. 

Z      —  AH  -5-  cos  9. 

Z   =  S  ■*■  sin0. 
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CHAPTER  V. 

moments  of  resistance  of  the  internal  forces  of  a  beam 
or  girder  having  a  continuous  web. 

Section  i. 

General  Formula  found  and  applied  to  Particular  Cross-Sections  of 
Beams  with  Continuous  Web. 

50.   The  mode   of   estimating  the  moment  of  resistance 

offered  by  the  cohe- 
sion of  the  particles 
of  the  material  com- 
posing a  beam,  we 
now  proceed  to  illus- 
trate. 

Let  ABCD,  Fig. 
89,  be  the  vertical 
longitudinal  central 
section  of  a  beam 
of  any  cross-section 
whatever,  under  the 
influence  of  given 
applied  forces  or 
pressures. 

It  is  required  to 
.  find  the  moment  of 
resistance  offered  by 
the  material  of  the 
beam  at  any  normal  section,  OTQ. 
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Let  NS  be  the  intersection  of  the  neutral  surface  of  the 
beam  with  the  plane  of  the  paper.  The  neutral  surface  of  a 
beam  coincides  with  the  position  of  that  longitudinal  lamina 
which,  for  a  given  strain,  is  neither  compressed  nor  elongated. 

All  fibres  not  in  the  neutral  surface  are  assumed  to  be 
increased  or  diminished  in  length  by  a  quantity  in  direct  pro- 
portion to  their  distance  from  the  neutral  surface,  and  also  in 
direct  proportion  to  the  intensity  of  the  force  acting  on  the 
fibres. 

Let  f  =  the  force  acting  on  a  unit  of  area  of  any  given 
normal  section,  at  right  angles  to  the  section, 
and  at  the  unit's  distance  from  the  neutral  sur- 
face, either  above  or  below. 

dz  =  an  element  of  the  thickness  of  the  beam. 

dy  =  an  element  of  its  depth. 

y  =  the  distance  of  the  fibre  whose  area  is  dz  dy  from 
the  neutral  surface. 

Then  the  pressure  upon  the  area  dz  dy  is 

fydydz, 

and  the  elementary  moment  due  this  stress  is 

dM  =  ff  dy  dz ; 

whence  the  total  moment  for  the  cross-section  is 

R  =  M  =  ffff  dy  dz,  (159) 

which  expression  is  to  be  integrated  between  limits  depending 
on  the  form  of  the  given  cross-section  whose  centre  of  gravity 
may  be  taken  as  the  origin  of  co-ordinates. 
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51.  We  will  now  apply  (159)  to  the  determination  of  the 
moment  of  resistance,  R,  for  various  cross-sections  occurring  in 
practice. 

Let  the  beam  have  a  rectangular  cross-section  of  the  breadth 
b,  and  the  height  h,  as  in  Fig.  90. 


Fig.  90. 
Then  equation  (159)  becomes 

R  =  f\  I    fdydz  =  fi\    fdy, 

J-y,  J-ih    '  J-w 

■••    R  =  isflh*  =  i-BM*, 


(160) 


where  /  is  the  unit  strain  at  the  unit's  distance  from  the  neu- 
tral surface,  and  ~B  =  \hf  =  the  unit  strain  at  the  distance  \h 
from  the  neutral  surface,  or  at  the  upper  and  lower  surfaces  of 
the  beam,  since  the  neutral  surface  is  he;re  assumed  to  be  in  its 
centre.  The  quantity  B  is  the  unit  strain  which,  at  the  instant 
of  rupture,  would  be  developed  at  the  upper  and  lower  surfaces 
of  a  beam  having  its  neutral  surface  midway  between  those 
outer  surfaces.  B  is  called  the  modulus  of  rupture,  or  the  ulti- 
mate unit  resistance  of  the  material  to  cross-breaking. 
A  table  giving  values  of  B  is  inserted  in  article  60. 
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52.   Beam  of  Hollow  Rectangular  Section,  or  Beam  of 
Equal  Flanges,  Fig.  91. 

b  b 


i&, 


I 
mm 


Fig.  91. 

Let  h  =  height  of  beam. 

ht  =  height  of  cavity  or  web. 

b   =  breadth  of  beam  or  flange. 

b,  =  breadth  of  cavity. 
Then,  as  in  article  51,  we  shall  have,  for  the  whole  area 
b  X  h, 

and  for  the  area  of  the  cavity  bt  X  h„  or  2  X  \bt  X  h„ 

R*  =  A/Mi>. 
Whence,  for  net  area  of  cross-section, 

R  =  &f(bh?  -  W)  =  i^3  "  W  (l6i) 

where  B  =  \hf  =  unit  strain  at  the  upper  and  lower  surfaces 
of  the  beam. 

If  the  beam  is  square  and  hollow,  so  that  h  =  b,  and  hx  = 
bu  we  have,  from  equation  (161), 


R  -  %E— — . 


(162) 
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53.  Beam  composed  of  Two  Vertical  Plates  and  Two 
Horizontal  Channels. 


Fig.  92. 

Let  the  two  plates  and  the  two  channels,  Fig.  92,  have  equal 
cross-sections. 

b   —  entire  breadth  of  beam. 

h  =  entire  height  of  beam. 

bt  =  width  of  channel. 

b2  =  width  of  its  web. 

hx  =  distance  between  channels. 

h2  =!  depth  of  channel  cavity. 

The  neutral  axis  (that  is,  the  line  of  intersection  of  the 
neutral  surface  with  the  normal  section)  is  here  central. 

Whence,  as  in  article  51,  we  have,  for  the  area  (b  —  <52)  X  h, 

for  the  area  b2  X  (h  —  2&2), 

for  the  area  b1  X  K, 
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Whence  the  total  moment  of  resistance, 


R  =  g[(*  -  b,)»  +  W  -  2h2y  -  bjif\,     (163) 


where  B  =±  J^/"  =  unit  strain  in  extreme  top  and  bottom  fibres. 
54.    Beam    composed    of    Two    Vertical    I-Beams    and 
Two  Equal  Horizontal  Plates. 


Fig.  93. 

In  Fig.  93,  let  h  =  height  of  beam. 

/«,  =  height  of  I-beams. 

^2  =  height  of  their  webs. 

b    =  width  of  plates. 

£,  =  width  between  beams. 

bz  =  width  of  cavities  of  beams. 

Then,  proceeding  as  in  the  last  article,  we  find 


R  =  —{bh*  -  bji?  -  bji£). 
6h 


(164) 
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55.    Beam   composed    of    Two  Vertical    Channels   and 
Two  Horizontal  Plates. 

b 


Fig.  94. 

In 'Fig.  94,  let  h  =  height  of  beam. 

hx  =  height  of  channels. 

h2  =  height  of  their  webs. 

b   =  width  of  plates. 

3X  =  width  between  channels. 

bx  =  width  of  cavities. 
Then  we  have 

R=§-(bte  -bji?  -bjij). 
on 

56.  Beam  with  but  One  Flange. 


(165) 


Fig.  95. 
Let  the  cross-section,  Fig.  95,  have  the  form  of  the  letter  T. 
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b  =  width  of  flange. 

h  =  whole  height  of  beam. 

b  —  bI  =  thickness  of  web. 

hx  =  height  of  web. 

e  =  distance  of  neutral  axis  NA  from  any  line,  BC, 

parallel  to  NA,  in  the  plane  of  the  given  cross- 
section. 

1st,  To  find  s,  and  determine  the  position  of  the  neutral 
axis. 

Take  the  moment  of  the  area  of  the  section  about  BC  as  an 
axis,  and  divide  this  moment  by  the  area.  The  quotient  will 
be  the  value  of  e. 

Moment  of  flange  about  BC 

=  b(h  -  ht)  X  \{h  +  hz)  =  \b(h*  -  h*). 

Moment  of  web  about  BC  =  h%{b  —  b,)  X  \hx  =  \h?(b  —  b,). 

Total  moment  of  area  about  BC  is 

\b(h?  -  h?)  +  \h*{b  -  bx)  =  \(bh?  -  bji*). 

Total  area  =  bh  —  bJiT ;  therefore 

_    bh*  -  bji? 
t  2{bh  —  bji^)' 

2d,  By  means  of  (159)  we  find, — 
For  area  b  X  (h  —  «), 

Rt  =  fi£fdy  =  \fi{h  -  «)3; 

for  area  (b  —  b2)  X  e, 

R2  =  /(J,-  h)£fdy  =  \f(b  -  *,)8*J 
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for  area  bs  X  {h*  —  *), 

Whence  the  moment  of  resistance  due  to  the  net  cross-section 
is 

X  =  B.\b(h  _  ,)i  +  {b  -  b^  -  b,(h,  -  «)s],    (X66) 
3* 

where  B  =  if  =  unit  strain  at  the  extreme  edge  of  the  beam. 

In  a  similar  manner  may  all  other  beams  be  treated  whose 
cross-sections  are  composed  of  rectangles  having  two  sides  par- 
allel to  the  neutral  axis. 

57.  Solid  or  Hollow  Beam  of  Square  Cross-Section 
and  Diagonal  Vertical. 


Fig.  96. 

Let  b,  Fig.  96,  be  a  side  of  the  beam's  cross-section,  and  bz 
a  side  of  the  square  concavity  whose  centre  coincides  with  the 
beam's  centre.  Then  the  diagonals  are  b^2  and  btfz ;  and 
(159)  becomes,  since  0  =  \b*fz  —  y, — 

For  solid  beam, 

r  Wa      r 
R  =  2/I    2{\bS2  -  y)ydy, 

•••    X  =  &fl*  =  -Bb\  (167) 

12 

where  B  =  \fb^2  =  intensity  of  stress  at  extreme  upper  or 
lower  edge  of  the  beam  whose  diagonal  is  vertical. 
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If  in  (160)  we  make  k  =  b,  then 

R  =  &ft*  =  %Bb\ 

where  B  =  \fb  =  intensity  of  stress  at  upper  or  lower  surface 
of  a  square  beam  whose  side  is  vertical. 

Hence,  although  the  identity  of  the  middle  members  of 
equations  (160)  and  (167)  shows  that  the  total  moment  of  resist- 
ance, H,  is  the  same  for  a  given  solid  square  beam  whether 
its  side  or  its  diagonal  be  vertical,  yet  the  extreme  fibres  for 
these  two  positions  of  the  beam  are  strained  in  the  ratio  of 
their  distances  from  the  neutral  axes ;  that  is,  in,  the  ratio 
of  1  to  V2. 

If,  therefore,  B  expresses  the  ultimate  strength  of  the- 
material,  when  in  equation  (167)  it  is  equal  to  \fb^2,  we  may 
evidently  give  to  B  the  same  extreme  value  in  equation  (160), 
,and  thus  make  the  beam  V2  times  stronger  when  its  side  is 
vertical  than  when  its  diagonal  is  vertical. 

Again,  for  the  vacant  square  whose  side  is  bx,  since  z  = 
\by~2  —  y,  we  have 

^=2/1    2(i*,Va  -  y)y*dy, 

...    R  =  &flt*. 

And  therefore,  for  a  hollow  square  beam  with  diagonal  vertical, 
the  moment  of  resistance  is 

R  =  <lB^^,  (168) 


where  B  =  ^fb'fz  =  unit  strain  at  extreme  edge  of  beam  when 
the  diagonal  is  vertical. 
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58.  Solid  or  Hollow  Beam  of  Circular  Cross-Section. 


Fig.  97. 

Let  r  =  radius  of  the  outer  circle,  Fig.  97,  and 

r,  =  radius  of  the  inner  circle. 
The  equation  of  the  outer  circle  is 

r2  =  f  +  z2, 

.:    z   =  (r2  —  y2)*; 

and  equation  (159)  becomes 

R  =  2//     (r2  —  y2)iydy, 
J—r 

/.     R  =  fir-  =  0.7854^-5,  (169) 

4 

which  is  the  moment  of  resistance  for  a  solid  beam  of  circular 
cross-section  with  the  radius  r,  and  where  B  =  fr  =  the  unit 
strain  on  the  highest  and  lowest  fibres. 

If  the  beam  is  hollow,  the  inner  and  outer  circles  being 
concentric,  we  manifestly  have 

R  =  0.78542?'^^,  (170) 

T 

where  B  =  unit  strain  on  highest  and  lowest  fibres. 
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59.  Beam  of  Elliptical  Cross-Section,  Solid  or  Hollow ; 
Longer  Axis  vertical ;  Axes  of  Outer  and  Inner  Ellipses 
coincident. 


Fig.  98. 


Let  k,  Fig.  98,  be  the  length  of  the  semi-transverse  axis  of" 
the  outer  ellipse,  and  kt  that  of  the  inner  ellipse ;  b  =  length 
of  semi-conjugate  axis  of  outer  ellipse,  and  bx  =  the  same  for 
the  inner  ellipse.     The  equation  of  the  outer  ellipse  is 


bl  +  #  -  J> 


Whence  (159)  becomes 


R  =  -fih*  =  0.78545M2, 
4 


(i7i) 


which  is  the  moment  of  resistance  for  the  solid  elliptical  beam, 
where  B  =  hf  =  unit  strain  on  highest  and  lowest  fibres. 
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Similarly,  for  the  area  of  the  inner  ellipse, 


R  =  *-fbJi? ; 
4 

and  therefore,  for  the  hollow  elliptical  beam,  the  moment  of 
resistance  is 

R  =  0.7854^  ~  *A\  (l„) 


where  B  =  hf  =  unit  strain  on  highest  and  lowest  fibres. 

60.  These  illustrations  may  suffice  for  girders  of  continuous 
web. 

We  close  this  section  with  a  table  giving  the  limiting  value 
of  B,  in  pounds  avoirdupois  to  the  square  inch,  for  the  ordinary 
materials  used  in  beams ;  that  is,  the  values  of  B  in  this  table 
are  values  which  cannot  be  exceeded  in  the  equations  of  this 
section,  and  represent  the  ultimate  resistance  of  the  material 
to  cross-breaking. 

It  should,  however,  be  borne  in  mind,  that  B  may  not  repre- 
sent the  actual  unit  strain  which  the  material  is  capable  of 
resisting,  either  in  tension  or  compression  ;  but  that  it,  in  gen- 
eral, has  some  mean  value  between  the  ultimate  resistance  of 
material  to  crushing,  and  the  ultimate  resistance  of  the  same 
material  to  tearing  by  direct  pull. 

Continuing  the  suppositions  made  in  article  50,  we  may  find 
the  relation  existing  among  these  three  ultimate  unit  strains  in 
rectangular  beams  as  follows  :  — 

Let  us  take 

h   —  depth  of  beam. 

b    =  breadth  of  beam. 

/    =  length  of  beam. 

x  =  distance  of  the  neutral  surface  from  the  compressed 
side  of  the  beam. 
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C  =  ultimate  resistance  of  the  material  to  crushing  by 
direct  thrust,  in  pounds,  per  square  inch. 

T  =  ultimate  resistance  of  the  material  to  •  extension,  in 
pounds,  per  square  inch. 

B  =  the  unit  strain  which,  at  the  instant  of  rupture,  would 
be  developed  at  the  upper  and  lower  surfaces  of  a 
beam  having  its  neutral  surface  midway  between 
these  outer  surfaces ;  that  is,  B  =  the  modulus  of 
rupture,  also  in  pounds  per  square  inch. 

Then,  using  (159),  we  find  for  the  compressed  part  of  any 
cross-section,  moment  of  internal  forces, 

E  =  \Cb&;  (173) 

and  for  the  extended  part  of  the  same  cross-section, 

R  =  \Tb{h  -  x)\  (174) 

But,  if  the  neutral  axis  bisected  the  given  cross-section,  we 
should  have  moment  of  internal  forces  on  either  side  of  this 
axis, 

R  =  \Bb{\hy.  (i7S) 

Now,  since  experimental  researches  show,  that,  for  many 
materials  used  in  construction,  these  three  expressions  are 
nearly  equal  to  one  another,  we  have  approximately 


whence 


\Cbx*  =  \Tb(h  -  xy  =  \Bb{\hY\ 

(176) 

*  V  c           sir            sfc  +  \It 

(177) 

c-  .      B,   ._ 

(178) 

(>-sr 
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Wf)!  WIT 


When,  therefore,  any  two  of  the  three  quantities,  C,  T,  and  B, 
are  given,  the  third  may  be  found,  and  also  the  position  of  the 
neutral  surface. 

It  is  probable,  that  after  the  elastic  limit  of  the  material  is 
passed,  and  rupture  is  about  to  take  place,  the  expressions  in 
(176)  do  not  represent  the  actual  moments,  but  are  similar 
functions  of  C,  T,  and  B,  and  are  proportional  to  the  forces  then 
developed.     For  within  the  elastic  limits  the  forces  are 

\CJ>x  =  \TJ>{h  -  *)  =  \BJ>{tfC),  (181) 

Cv  Tt,  and  B^  being  the  limited  unit  strains  at  the  surfaces. 
But  when  the  strain  on  the  extreme  fibres  passes  the  elastic 
limit,  and  the  fibres  expand  or  contract  more  rapidly  than  the 
strain  increases,  then  an  increment  is  given  to  all  the  previous 
inner  strains  proportional  to  their  distances  from  the  neutral 
surface,  which  is  equivalent  to  introducing  a  factor  of  the  form 
kx  into  the  expressions  (181),  whereby,  at  the  instant  of  rup- 
ture, they  become 

ICMx?  =  \Tbk{h  -  xy  =  \Bbk{tfi)\         (182) 

which  is  identical  with  (176). 

Experiments  indicate,  that  in  the  case  of  cast-iron,  owing 
to  the  superior  hardness  of  the  outer  over  the  inner  portions  of 
the  metal,  an  increment  should  be  given  to  B  in  (180)  equal  to 
one-ninth  of  itself. 
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TABLE  II. 


Material. 


Authority. 


Ultimate  Resistance,  in  Lbs.,  per 
Square  Inch,  to 


Com- 
pression, 
C. 


Tension, 
T. 


Cross- 
Breaking, 
B. 


Modulus  of 

Elasticity, 

E. 


Cast-Iron. 

Means  of  9  irons  .     . 
Means  of  16  irons     . 
Bars  not  >  1  inch  wide 
Bars  3  inches  wide    . 
Bars,  small  round 
Circular  tubes  . 
Square  tubes    . 
Average  .    .    . 
Salisbury,  No.  z 
Salisbury,  No.  4 


Wrought-Iron 

Bars,  new    .    . 
Bars,  previously  strained 
Bars,  new  round  . 
Boiler  tubes,  welded . 
Circular  tubes,  riveted 
Rolled  I-beams,  about 
T-ironj  flange  up  about 
T-iron,  flange  down  about 

Average 

Bars  and  bolts  .    .    . 
Bars  and  bolts  .    .    . 

Plates 

Plates,  double-riveted 
Plates,  siqgle-riveted 
Hoops,  best-best 
Wire  .... 
Wire'.    J    .    . 
Wire  ropes  .    . 
Plate  beams 
Mean  of  1I13  tests 
Mean  of  27  tests 

'  Steel. 

Bessemer,  hammered 
Bessemer,  rolled   .    . 


Stoney. 


Rankine. 
Thurston. 


Stoney. 


105945  H. 
86284  H. 


1 12000 
87429 
127323 


16720  H. 
15298  H. 


16500 
20500 
34407 


Rankine. 


40320 
36000 
40000 


Lovett. 


Stoney. 


225568  F. 


57555  K. 
60000 
70000 
51000 

357°° 
28600 
64000 
70000 

IOOOOO 

90000 

50915 


83391  F. 
71658  K. 


37695  H.F 

45696  C. 
30240  C. 
26880  C. 
38304  C. 
45965  C. 
38256 
4576o 
67035 


51341  c. 

74995  C. 
30240  C. 
70291  C. 
43814  c. 
61824 
53760 
51475 
52567  c. 


42000 


128083  K. 
115181  K. 


17000000 
11450754 
15968254 


24000000 
29000000 


25300000 
15000000 


27311111 


ISO 
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TABLE  II.  —  Continued. 


Material. 


Authority. 


Ultimate  Resistance,  in  Lbs.,  per 
Square  Inch,  to 


Com- 
pression, 
C. 


Tension, 
T. 


Cross- 
Breaking, 
B. 


Modulus  of 

Elasticity, 

E. 


Steel  (continued) 

Crucible,  hammered 
Crucible,  rolled 
Cast,  not  hardened 
Cast,  low  temper  , 
Cast,  mean  temper 
Cast,  high  temper 
Bars    .     .  .     . 

Bars  .     .     . 

Plates,  average 
Average  .... 


Wood: 

Alder 

Ash 

Ash 

Beech 

Beech 

Beech 

Birch,  American  .  .  . 
Birch,  English .... 

Box 

Box 

Cedar,  American  white  . 
Cedar  of  Lebanon  .  . 
Cedar  of  Lebanon  .  . 
Chestnut,  Spanish     .    . 

Chestnut 

Chestnut,  horse    .    .    . 

Chestnut 

Chestnut 

Cypress 

Deal,  Christiana  .    .    . 

Deal,. red 

Deal,  white  ... 

Elm 

Elm 

Elm,  English  .  .  .  . 
Elm,  Canada  Rock    .     . 


Stoney. 


Stoney. 

Rankine. 

Stoney. 


Rankine. 
Stoney. 

Rankine. 
Stoney, 


Rankine. 
Haswell. 
Stoney. 


Rankine. 

Stoney. 


198944  Wd. 
354544  Wd, 
391985  Wd. 
372598  Wd. 


6831  H. 
9363  H. 
9000 
11500 
9363  H. 

11663  H. 
6402  H. 


5863  H. 
5860 


535o 


6586  H. 

7293  H. 
10300 
10331  H. 


85546  K. 
68589  K. 


130000 
80000 


13900  Mu. 
16700  Bv. 
17000 B. 
9360 
■  11500B. 
T7300MU, 

15000  Bv. 
20000  B. 
20000 

11400  Bv. 

11400 
13300  Ro. 
10500  Bv. 
12100  Bv. 
1 1500 

6000  Mu. 
i2goo  Bv. 


14000 
14400  Bv. 


147840  K. 

118272  K. 


12156  B. 
13000 
10500 
9336  B. 

12366  B.D. 
11568  B. 
14670  T. 

4596  D. 
8958  D. 
7400 


10660 


9372  B. 


7850 

4692  B.D. 
11820D.N 


29000000 
42000000 


1600000 
1350000 


1645000 


1 140000, 
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TABLE  II.  —  Continued, 


Material. 


Authority. 


Ultimate  Resistance,  in  Lbs.,  per 
Square  Inch,  to 


Com- 
pression, 
C. 


Tension, 
T. 


Cross- 
Breaking, 
B. 


Modulus  of 

Elasticity, 

E. 


Wood  (continued). 

Fir,  spruce 

Fir,  spruce,  American  black 
Fir,  Mar  forest     .... 

Fir,  red  pine 

Fir,  red  pine 

Fir,  yellow  pine,  American 

Fir,  spruce 

Fir,,  spruce 

Fir,  larch 

Fir,  larch 

Hemlock      .    .  ... 

Hickory,  American  .  .  . 
Hickory,  bitter-nut  •    .    . 

Larch     . 

Larch 

Larch,  American .... 

Lignum-vita? 

Lignum-vitee 

Locust 

Locust 

Locust 

Mahogany 

Mahogany 

Mahogany 

Mahogany 

Maple 

Maple 

Maple 

Oak,  European  .... 
Oak,  European  .... 
Oak,  American  red  .  .  . 
Oak,  English   ..... 

Oak,  English 

Oak,  French 

Oak,  Quebec 

Oak,  American  red  .  .  . 
Oak,  American  white  .  . 
Pine,  American  red  .  .  . 
Pine,  American  pitch  .  . 
Pine,  American  white     .     . 


Stoney. 


Rankine. 


Stoney. 


Rankine. 

Stoney. 

Haswell. 

Rankine. 

Stoney. 


Rankine. 
Haswell. 
Rankine. 


Stoney. 


6819  H. 


5375 
6200 


5570 


5568  H. 


8200 
8198  H. 


8150 
7700 

IOOOO 

6000 
10058  H. 


5982  H. 


7518  H. 
6790  H. 


12000  B. 

12000 

14000 

12400 

9000 

IOOOO 


10220  Ro. 
8900  Bv. 

1 1 800  Bv. 
11800 
16000 
20100  Mu. 

8000 
21800 

8000  B. 
16500  Bv. 
17400  Bv. 
10600 

IOOOO 

19800 
10250 
10000  B. 
19800  Bv. 
13950  Ro. 


7650  Mu. 


8076  M. 
6216  D. 
7392  B. 
7100 
954o 

9900 
12300 
5000 

IOOOO 

6852  D. 
12774  D.N. 
8790  D. 
8010  B.D. 

5466  D. 
12078  N. 
12000 
1 1 200 
20580  B. 

7600 
11500 

10314M.N 
10164  D. 


8700 
13600 
10600 
10164  B.D 

8898  M. 

10122D.N 
10458  B.D 

9162  B.D 
10362  B.D 

7374  D.N 


1460000 
1900000 

1400000 
1800000 
900000 
1360000 


1200000 
1750000 
2150000 
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TABLE  11.— Continued. 


Ultimate  Resistance,  in 

Lbs.,  per 

Material. 

Authority. 

Square  Inch,  to 

Modulus  of 
Elasticity, 

Com- 

Cross- 

E. 

pression, 

Tension, 
T. 

Breaking, 

C. 

B. 

Wood  (continued) . 

Pine,  American  yellow 

Stoney. 

5445  H. 

- 

7110  B.D. 

_ 

Pine,  Norway  .     .     . 

" 

14300  Bv. 

- 

- 

Pine,  Norway  .     .     . 

" 

7287  Bv. 

- 

- 

Sycamore     .... 

Rankine. 

13000 

9600 

1040000 

Sycamore         .    .    . 

Stoney. 

7082  H. 

13000  Bv. 

_ 

Teak 

" 

12101  H. 

15000  B. 

12648  B.M. 

Teak,  Indian    . 

Rankine. 

12000 

15000 

12000 

2400000 

Teak,  Indian    .     .     . 

" 

- 

19000 

_ 

Teak,  African  .     .    . 

" 

14980 

_ 

Walnut    .     . 

Stoney. 

7227  H. 

8130  Mu. 

_ 

Walnut    .     .          .     . 

" 

7800  Bv. 

- 

Willow          .     .     . 

" 

6128  H. 

14000  Bv. 

. 

Willow         .... 

Rankine. 

- 

6600 

- 

Stone. 

Granite    .     .          ... 

Stoney. 

3173  Wi. 

- 

456  Wi." 

. 

Granite   .    . 

" 

13440  Wi. 

2442  Wi. 

_ 

Granite   .    . 

Rankine. 

55oo 

- 

. 

_ 

Granite         .     .     . 

" 

irooo 

Limestone    . 

" 

4000 

Limestone    .    .    . 

" 

4500 

- 

Limestone    .     .     . 

Stoney. 

3050  F. 

- 

,1698  wi. 

- 

Limestone    .    .    . 

" 

18043  Wi. 

'2484  Wi. 

- 

Limestone    .     .     . 

Haswell. 

- 

670 

- 

Limestone 

" 

- 

2800 

Marble    .     . 

Stoney. 

3216  Re. 

551  H. 

- 

- 

Marble    .    . 

tt 

20160  Wi. 

722  Bu. 

_ 

- 

Marble    .... 

Rankine. 

55°o 

. 

- 

Marble,  white  . 

- 

1252  H. 

- 

Marble,  black  . 

- 

2697  H. 

Marble,  black  .    . 

Moseley. 

- 

2664 

- 

Sandstone    .    .    . 

Stoney. 

2185 

1054  Bu. 

•  2010  Re. 

Sandstone    . 

" 

7884 

1 261  Bu. 

5142  Re. 

- 

Sandstone    .    .    . 

Rankine. 

5500 

_ 

2360 

- 

Sandstone    .     .     . 

" 

2200 

- 

1 100 

Slate 

" 

9600 

5000 

13000000 

Slate 

" 

12800 

- 

16000000 

Slate 

Stoney. 

17344 

~ 

7370 
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TABLE  II.  —  Concluded. 


Material. 

Authority. 

Ultimate  Resistance,  in  Lbs.,  per 
Square  Inch,  to 

Modulus  of 

Elasticity, 

E. 

Com- 
pression, 
C. 

Tension, 
T. 

Cross- 
Breaking, 
B. 

Bricks,  etc. 

Stoney. 

Rankine. 
Stoney. 

562  Re. 

80S  Re. 
171 7  Re. 
2240  Gr. 

618  Ro. 
5984  Gr. 

280 
300 

5i 
358  Gr. 

71  Ro. 

546  Gr. 

604  Gr. 
632  Gr. 
627  Gr. 
666  Gr. 
709  Gr. 

- 

- 

Lime  mortar,  average    .    .    . 
Roman  cement:  — 

The  value  of  B,  the  modules  of  rupture  in  Table  II.,  is  that 
due  to  a  rectangular  crossjsection,  unless  otherwise  specified. 

The  works  from  which  this  Table  is  made  up  are  the  fol- 
lowing well-known  authorities :  — 

1st,  "A  Manual  of  Civil  Engineering,"  by  William  John 
Macquorn  Rankine. 

2d,  "The  Theory  of  Strains  in  Girders  and  Similar  Struc- 
tures," by  Bindon  B.  Stoney. 

3d,  "  The  Mechanical  Principles  of  Engineering  and  Archi- 
tecture," by  Henry  Moseley. 

4th,  "  Engineers'  and  Mechanics'  Pocket-Book,"  by  Charles 
H.  Haswell. 

5th,  "  Report  on  the  Progress  of  Work,  etc.,  of  the  Cincin- 
nati Southern  Railway,"  by  Thomas  D.  Lovett. 
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6th,  "  Report  on  Tests  of  Salisbury  Cast-iron,"  in  "  Railroad 
Gazette"  of  Nov.  30,  1877,  by  Robert  H.  Thurston. 

Names  of  the  experimenters  cited  are  thus  abbreviated :  viz., 
H.,  Hodgkinson  ;  F.,  Fairbairn ;  Bv.,  Bevan ;  Bu.,  Buchanan ; 
B.,  Barlow;  D.,  Denison ;  N.,  Nelson;  M.,  Moore;  K.,  Kir- 
kaldy ;  Ro.,  Rondelet ;  Re.,  Rennie ;  C,  Clark ;  Gr.,  Grant  • 
Wi.,  Wilkinson;  Wd.,  Wade;  Mu.,  Musschenbroek;  T.Trickett. 


Section  2. 
Moment  of  Inertia  and  Radius  of  Gyration  of  a  Given  Cross-Section. 

61.  In  equation  (159)  the  factor 

fffdydz=r  (183) 

is  called  the  /moment  of  inertia  of  the  surface  of  the  cross-sec- 
tion, relatively  to  the  axis  of  z,  the  factor  being  analogous  to 
the  real  moment  of  inertia  of  a  material  plate  whose  thickness 
is  unity. 

The  moment  of  inertia  divided  by  the  area  of  the  section 
gives  the  square  of  the  radius  of  gyration,  which  we  will  call 
r2. 

We  then  have,  if  £  is  that  area, 

Square  of  radius  of  gyration  =  r2  =  -^,  =     rr     — .       (184) 

ffdydz 

62.  From  the  moments  of  resistance  already  found,  equa- 
tions (160)  to  (171),  and  from  similar  applications  of  (183),  we 
derive  values  of  /and  of  r2  as  given  below  in  Table  III.,  where 
the  axes  of  gyration  are  assumed  to  pass  through  the  centre  of 
gravity  of  the  cross-section. 
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TABLE    III. 


Form  of  Cross-Section. 


Moment  of  Inertia 

of  Section, 

I, 


Square  of  Radius 

of  Gyration, 

r2 


1.  Rectangle  (Fig.  go).        — 

About  least  axis  b 

About  greater  axis  h     .    .    .    . 

2.  Square. 

About  b  or  h 

3.  Hollow  Rectangle  (Fig.  91). 

About  least  axis  b 

About  greater  axis  h     .    .    .     . 

4.  Hollow  Square. 

About  b  or  h 

5.  I-Section  (Fig.  91). 

About  vertical  axis  h    .    .    .    . 

About  horizontal  axis  b .    .    .    . 

A  =  area  of  flanges. 
B  =  area  of  web. 

6.  Plates  and  Channels  (Fig.  92). 

About  axis  b,  normal  to  plates  . 

About  axis  b,  parallel  to  plates  ) 
(Fig.  94)   .......     5 

7.  Plates  and  I-Beams  (Fig.  93). 

About  axis  b,  parallel  to  plates  . 


About  axis  h,  normal  to  plates  , 


Max. 
Min. 


Max. 
Min. 


j-sbh3 


■&(bA*  -  Mi3) 
tV(*4  -  ^i4) 
-rV(M3  -  *,V) 


^(b  -  hW 

-\-fab2{h  —  2b2)3 
-AM.3 

T>y(M3  -  Mi3 
-  bjl?) 


~h(bk*  —  Mi3 
-  W) 
J.  (4  _  ht)P 

+tW-.W3^ 

-Mil  +  W3** 
-£(/&■  -  Wi3 


-TVS2. 

-hi2- 


■hh\ 
bt?  —  Mi3 


I2(bh  —  bihr) 
fih  -  V/5, 


iz{bh  —  bJi-D 
M^  +  hf). 

PA 
\2{A  +  B) 
bh*  -  Mi3 
12{A  +  B) 


r  +  s. 
i-s. 

r  +  s. 
i  +  s. 
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TABLE    HI.  — Concluded. 


Form  of  Cross-Section. 


Moment  of  Inertia 
of  Section, 


Square  of  Radius 

of  Gyration, 

r2. 


8.  T-Section,  er.ect  (Fig.  95). 

About  axis  b,  parallel  to  flange 


bh2 


z(bh  —  blhi) 
neutral  axis. 


height  of 


About  axis  h,  normal  to  flange  . 

9.  Angle   Iron;    equal  ribs  b,  thick- 
ness =z  ( 


Of  unequal  ribs  h  and  b     .    . 

10.  Channel    Iron ;    h  =  depth    of 

flanges  +  \  thickness  of  web, 
A  =  area  of  flanges,  B  = 
area  of  web 

11.  Star    Iron,    or    cross    of    equal 

arms  A . 

12.  Ellipse  (Fig.  98). 

About  minor  axis  2b      .... 
About  major  axis  2h     .... 

13.  Circle  ;  radius  A  (Fig.  97)    .    .    . 

14.  Hollow  Ellipse  (Fig.  98). 

About  minor  axis  2b     .... 

About  major  axis  zh     .... 

15.  Hollow  Circle  (Fig.  97). 

Radii,  h,  hi 


Min. 
Min. 

Min. 
Min. 


Max. 
Min. 


Max. 
Min. 


\b(h  -  e)3 

-iM*i  - £)3 

tV(/5  -  hi)P 
+  &-*,(*  -  b,)3 

b2h2(b  +  h)t 
I2{b*  +  h?) 


+  ^4\ 


AB' 
4SJ 


A2(± 

\I2 


-hSh* 


\*bA3 
\nb3A 

i*A* 


-(bh3  -  bji3) 
4     . 

-(b3h  -  bi3Ax) 
4 


4 


I  +  S. 

r  +  s. 

b2A2 
I2{b*  +  h2) 


\h\ 
\h\ 


bh3  -  Mi3 < 
bh  —  bikj 
PA  -  h3ht 
bh  —  bihi 


W  +  h2). 
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CHAPTER    VI. 

deflection,  end  moments,  and  points  of  contrary 
flexure  found. camber. 

Section  i. 

Deflection  of  the  Semi-Beam  having  a  Uniform  Cross-Section. 

63.  Equation  of  the  Elastic  Curve  as  applied  to  a  Beam 
or  Pillar.  —  Let  N,  Fig.  89,  be  the  origin,  and  x  and  y  the 
current  co-ordinates,  of  the  neutral  line  NTS  of  any  beam  or 
column  under  a  given  load  ;  TU  =  a  unit  of  the  length  of  the 
beam  ;   VT  =  VU  =  the  radius  of  curvature  at  any  point  = 


!■  +  (!)? 


P=-~  Jy''      '       =    -35  (185) 

ax2  dx* 

when  the  deflection  of  the  beam  or  pillar  is  small  compared 
with  its  length.  (See  Differential  Calculus.)  PPt  =  incre- 
ment of  unit  on  extended  side  due  to  flexure ;  RR1  =  decre- 
ment of  unit  on  compressed  side  due  to  flexure ;  a  =  the 
angle  included  between  the  tangent  to  the  curve  at  any  point 

and  the  axis  of  x,  so  that  tan  a  =  -f-. 

ax 

Suppose  the  unit  strain  required  to  extend  a  unit  of  length 

by  the  space  PPr  to  be  T„  and  that  required  to  compress  a 
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unit  of  length  by  the  space  RR^  to  be  Ca  and  that  required  to 
extend  or  compress  a  unit  of  length  by  its  own  length,  TU,  to 
be  E  =  the  modulus  of  transverse  elasticity ;  and  put  C,  -f-  Ts 
=  2BZ  =  total  unit  strain  at  surfaces. 

We  then  have,  if  h  is  the  depth  of  the  beam,  and  if  the  dis- 
placing forces  E  and  2.5,  are  proportional  to  the  displacements 
they  cause, 

PP  =  RiR  =  TU 
PU       RU       UV' 


?*i=  *  =  -A  (l86) 

h  p  dx2  v       ' 


Multiplying  (186)  by  /  =  moment  of  inertia  of  cross-section, 
we  find 

?^J  =  -EI^Z  =  Mx  =  R,  (187) 

h  dx>  x     " 


which  is  the  moment  of  resistance  of  the  cross-section,  since 
B1  -f-  \h  =  /,  and  /  =  ffy*  dy  dz  of  equation  (159). 

If,  therefore,  we  put  —EI— ^-  equal  to  the  moment  at  the 

dx2 

sectiori  due  the  external  forces  acting  on  a  beam  or  pillar  of 

uniform  cross-section,  and  perform  two  successive  integrations, 

we  shall  have  an  equation  in  which  y  is  the  deflection  of  the 

neutral  line  at  the  distance  x  from  the  origin  of  co-ordinates. 

64.  Deflection  of  the  Semi-Beam  under  One  Weight. — 
Let  L,  Fig.  8,  the  point  where  the  neutral  line  of  the  semi- 
beam  meets  the  wall,  be  the  origin  of  co-ordinates,  and  call  x 
positive  to  the  left,  and  y  positive  downward,  in  accordance  with 
the  notation  in  article  14. 

Take  semi-beam  of  length  /,  with  concentrated  load  W  at 
distance  a!  from  fixed  end. 
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From  equation  (18), 
by  (187), 


Mx=-W{a!  -x)  =  -EId-^ 


rd*y 


...     ej±2.  =  wici  -  x). 

dxz 

Integrating,  with  the   condition  that  -2-  =  o  when  x  =  o, 


we  have 


EI&  =  Wldx  -  £\ 
dx  \  2/ 


Integrating  again,  with  the   condition  that  y  =  o  when 
x  =  o, 

■■■  EJy  =  w(a-2  -  f )• 

Deflection  at  any  point,  x,  is 

y  =  tf/W**  ~  i*3)-  (l88) 

And  when  x  =  a'  =  /,  we  have 

Maximum  deflection  D  =  — — ,  (189) 

3EI 

where  the  proper  values  of  E  and  I  are  to  be  taken  from  Tables 
II.  and  III.,  according  to  the  material  used,  and  the  form  of 
cross-section. 

65.  Semi-Girder,  Length  /,  Uniform  Load  w  per  Unit.  — 
From  equations  (23)    and  (187), 

EI&.  =  \w(l  -  x)\ 
dx* 
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When^  =  o,  #  =  o; 
ax 

:.    EI-2-  =  \wl?x  —  fcaZx*  +  %wx*. 
ax 

When  y  =  o,  x  =  o ; 

.•.    Ely  =  Jze//2,*2  —  \wlx3  +  -fawx*. 

Deflection  anywhere, 

y  =  -^-(6/2**  -  4/**  +  x*).  (190) 

24.GY 

Maximum  deflection, 

D  =  H^  when  a;  =  /.  (191) 

66.  Semi-Girder,  Partial  Uniform  Load,  it/,  on  each  Unit 
of  Length,  b,  at  Distance  a  from  Fixed  End.  Fig.  8. — 
When  x  —  a,  or  x  <  a,  equations  (29)  and  (187)  give 

EI^Z  =  w'b(\b  +  a  -  x). 

-2-  =  o  when  x  =  o, 
ax 

j/  =  o  when  #  =  o, 
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Deflection  x  not  >  a, 

■zt/bi ,,,   ,     -.x2      x3)  ,      ^ 

y '  =  ei\{¥  +  a)7 ~ J]'  (I92) 

Again,  -¥-  =  tan  a  when  x  =  a, 
ax 

.:     £l(f-  -  tan«\  =  w'b\  {%b  +  a)(x  -  a)  -*  ~  a*L 

y  =  o  when  x  =  o, 
.:    EJ(j  -  x  tan  «)'=  v/b\  {\b  +  a)(-  -  ax\  ~  (j  ~  —\\- 

Let  y  =  y1  when  x  =  a, 

.•.    Ela  tan  a  —  EIyt  =■  fee/cPb*  +  \u/a>b. 

From  (192), 

EIyz  =  \ia 'a*b2  +  \ufa?b, 

.•.     EI  tan  a  =  \ii/ab{b  +  a). 

Also,  when  x  is  not  <  a  nor  >  (a  +  b),  we  have,  from  (26) 
and  (187), 

EI^l  =  is/(«  +  b  -  x)2  =  \w'{a  +  £)2  -  ze/(«  +  £)*  +  |ze/V. 
dx2 

-2-  =  tan  a  when  x  =  a, 
ax 


\dx  I 

=  n/\(a+  by*^=^  -  (a  +  b)^^-  + 

I  2  2 
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y  =  yx  when  x  =  a, 

.-.     EI(y  —  yt)  —  (x  —  a)  tan  aEI 

=  |'{3(«  +  by\^=-^  -  a(x  -  «)] 

-  3(«  +  b)^^  -  d>{x  -  a)l 

,   x*  —  a*         ,,  ,  ) 

4  j 

'Whence,  after  eliminating  yx  and  tan  a,  we  find  the  deflection 

net 

y  =  j^/C*4  -  a*  -  4(0  4-  6)(x3  -  a3) 

+  6(«  +  6)2(x*  —  a2)  —  4ai(x  —  a) 

+  6a2<52  +  8«tf].  (193) 

And  if  x  =  #  +  b,  we  have 
"Maximum  deflection  Z>  = [3(0  ■+-  &)*  —  3a*  —  4#33].        (194) 

2\EI 

67.  If  it  be  required  to  find  the  total  deflection  of  a  semi- 
beam  at  its  free  extremity  when  it  supports  partial  uniform  or 
concentrated  loads  not  reaching  that  extremity,  we  may  proceed 
as  follows :  — 

Find  the  deflection  at  the  free  end  due  the  beam's  own 
weight,  Iw ;  then  find  the  deflection,  D,  and  the  inclination,  a, 
of  the  beam  at  any  point  bearing  a  concentrated  load,  W,  or  at 
the  outer  end  of  any  partial  uniform  load,  bisJ ;  using  tan  a, 
compute  the  end  deflection  due  W  or  bin/  by  the  formula 

'  Z>j  =  Dv/  +  {I  —  a  —  <5)tan  a  for  bit/, 
D2  =  Dw  +  (/  —  «')tan  a  for  W. 

These  deflections  added  to  that  due  the  beam's  own  weight, 
will  give  the  total  deflection  at  the  free  end  of  the  semi-beam. 
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Example.  —  Suppose  the  semi-beam,  Fig.  8,  to  be  of  oak, 
weighing  54  pounds  to  the  cubic  foot,  and  to  have  a  rectangular 
cross-section  1  foot  deep  and  £  foot  wide,  so  that  weight  of 
beam  per  foot  of  length  =  w  =  27  pounds;  length  =  15  feet, 
b  =  4  feet,  loaded  with  «/  =  100  pounds  per  foot,  beginning 
a  —  5  feet  from  the  fixed  end  of  beam;  W  =  100  pounds, 
placed  a'  =■  11  feet  from  fixed  end ;  E  —  2,000,000  pounds  per 
square  inch  =  288,000,000  pounds  per  square  foot. 

From  Table  III.,  I  —  ^bk*  =^X|X  i2  =  &, 

.-.    EI  =  12000000. 

Deflection  due  beam's  own  weight  is,  by  (191), 

27  x  is4  x  12  . 

Dw  =  -4 =  0.17086  inch. 

w         8  X  12000000  ' 

From  (194), 

ioo[3(s  +4)4  —  3  X  54  —  4  X  S3  X  4]  ,  o   •    1. 

n.  = LJV3      ^' 2 1 — 2 zi  x  12  =  o.o6s87inch. 

^^  24  x  12000000  3   ' 

Differentiating  (193),  we  have 

»? 

-2-  =  tan  a, 
dx 


w 


.,[4^3  _  i2(«  +  b)x*  +  12(0  +  b)2x  -  4a3] 


24.Z?/ 

100  X  2416 


24  X   12000000 
when  x  =  a  -f-  b  =  9  ; 

/,  *w  6  X  100  x  2416  x  12  _  „_<-_.  ■„_!, 

.•.     (I  —  a  —  £)tana,  =  — : =  0.0004  men, 

v  '  24  X  12000000 

.•.    Z>,  =  0.06587  +  0.06040  =  0.12627  inch  at  end  due  buf. 
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From  (189), 


Dw  =  I0°  X  J53  X  I2    =  0.1  i2S  inch. 
3  X   12000000 


Differentiating  (188),  we  find 

±  =  tan«2  =  W-(a'x  -  ^\=  IO°  *  »  *  I21 

</.*  .£Y\  2  /         12000000 

when  x  =  d  =  11; 

//      „>w„.,  4  X  100  X  i  X  121  x  12  .    , 

.-.     {I  —  a  )taaa2  =  -± 2 =  0.0242  inch, 

12000000 

.'.    Z>2  =  0.1125  4-  0.0242  =  0.1367  inch  at  end  due  W. 

Therefore  total  deflection  at  free  end  is 

D  =  Dw  +  Z>!  +  Z>2  =  0.17086  +  0.12627  +  0.1367  =  0.43383  inch. 

68.  If  we  have  any  number,  r,  equal  weights,  W,  placed  at 

equal  intervals,  -,  along  the  semi-girder,  the  first  weight  being 
n 

a  full  interval  from  the  fixed  end,  and  the  nth  or  last  weight 

being  at  the  free  end  when  the  beam  is  fully  loaded,  then  the 

total  deflection  at  the  free  end  due  to  the  first  r  equal  weights 

may  be  found  as  follows  :  — 

Ir 
In  equation  (188)  put  x  =  a  =  -  ;  then 

n 

w  //y 
y  = 


ZEl 


(§*.  (i9S) 


which  is  the  deflection  at  the  rth  weight  due  to  that  weight 
alone. 


DEFLECTION,  END  MOMENTS,  ETC.,  FOUND.  l6$ 

But  the  deflection  at  the  free  end  due  the  rth  weight  is 
greater  than  the  deflection  at  the  rth  weight  by  the  product  of 
the  tangent  of  the  slope  a  of  the  beam  at  and  beyond  the  rth 
weight,  multiplied  by  the  horizontal  distance  between  this 
weight  and  the  free  end ;  and  this  horizontal  distance  is  prac- 
tically equal  to  ( / J  =  the  part  of  the  beam's  length  be- 
yond the  rth  weight. 

By  differentiating  (188),  we  find 


dy 
dx 

if  x  =  d  =■  — ,  and 
n 


=  tan  a  =  — -  X  -  ( -  ) 
EI       i\n) 


Add  value  of  y  in  (195)  =  — (  - )  — ,  and  we  have  deflection  at 

EI\nl  3 

free  end  due  the  rth  weight, 

=  wt(JL  _  JL\  (I96) 

Hence  the  end  deflection  due  the  first  r  weights  is 

El  (2n2  tfi?  ) 

11     ^'^\2nr(r+i)(2r  +  i)-r'(r-f-i)2].     (197) 


24£I\n 
When  r  =  n,  (197)  becomes 

J?=W*_(n  +  i)(3n  +  i)  (     g) 

24EI  n 

which  is  the  deflection  at  the  free  end  due  n  equal  weights  at 

equal  intervals,  -. 
n 
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69.  If  the  weight  at  the  free  end  is  but  \  W,  while  every 
other  weight  is  W,  as  is  generally  the  case  with  a  uniform  load 
of  panel  weights,  we  must  diminish  the  deflection  last  found  by 
the  deflection  due  \W  at  the  free  end,  which,  according  to 
(189),  is 

„     Wl* 

This  quantity  taken  from  the  value  of  D  in  (198)  leaves 

WP  {(«  +  i)(3«  +  1)         \ 
D=^EI\ n 4}'  ^9) 

which  is  the  deflection  at  the  free  end  of  a  semi-girder  of  uni- 
form cross-section  when  the  load  is  distributed  in  equal  panel 
weights ;  there  being  but  the  half  panel  weight  at  the  free 
end. 

70.  To  find  the  Deflection  at  the  rth  Interval  due  to  all 
the  n  Equally  Distributed  Equal  'Weights,  W. 

For  the  first  r  weights,  (198)  applies  if  we  put  r  for  n,  and 

/,  for  /;  lt  being  the  distance  of  the  rth  weight  from  the  fixed 

end.     That  is,  • 

Wl?  (r+  i)(3r+  1)  ,      v 

D  =  — wt~~ — — "•  (200) 

26,EI  r  v       ' 

For  the  (n  —  r)  weights  beyond  the  rth,  we  have,  from  (188), 
since  x  now  becomes  /„ 

y  =  ^(KA*  -  \m,  (201) 

the  deflection  at  the  rth  weight  due  to  any  one  weight  at  the 
distance  d  from  the  fixed  end, 

a'  >  /,. 


Dn-~        W 


EI  | 

w^  (i/vtv, 

EI  \  2 
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Therefore,  by  summing  (201),  we  find 

j  Vt(hfr  +  1)  +  (r  +  2)  +  (r  +  3)  •  •  •  (r  +  «  -  r)])  -  <"-f)/''  J 

i"?[^-)+(^r)(rr+i))]-(-^ri 

=s!r>-r)+-^-r,(B-r+i)i'       (2°2) 

the  deflection  at  the  yffl  weight  due  all  the  weights  beyond. 
Adding  (200)  and  (202),  there  results 

D  =    Wl^  (6rc2  +  r2  —  4m  —  2r  +  6n  +  1),       (203) 

which  is  the  deflection  at  the  r01  weight  due  to  all  the  n  given 
weights,  W. 

71.   If  the  weight  at  the  free  end  is  the  mtb  part  of   W, 

instead  of  W,  the  deflection  due  —  at  the  rth  point  of  divis- 

m 

Ir 
ion  is,  by  putting  d '  =  /,  and  /,  =  — ,  in  (201), 

n 

W   (fir*  _  /3r3\  __    WPr2  /i2»  —  4  A 
y  ~  m£I\2n2       6«3/  ~~  2i,EIri\       m       )' 

Subtracting  this  value  of  y  from  the  deflection  in  (203),  we 
have,  finally, 


_    wi*r  /fi  a  +  r2  —  Am  —  2r  +  6n  +  1  - 
"3^ 


24^'/»3\ 


n'/3r*-(6iP  —  Anr  +  r2  +  1)       (204) 


2AEIn* 


if  m  =  2 ;  so  that  (204)  is  the  deflection  at  the  rth  panel  point 
due  to  a  full  load  of  equal  panel  weights. 
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Example.  —  Take  the  oak  semi-beam  of  the  example  in 
article  67,  and  suppose  it  loaded  with  u  =  5  equal  weights,  of 
100  pounds  each,  at  intervals  of  3  feet.     EI  =  12,000,000. 

Then  the  deflection  at  the  free  end  due  the  5  weights  is, 
by  equation  (198), 

D  I0°  X  r53  (5  +  ')(3  X  5  +  O 

24  x  12000000  5 

=  0.0225  f°ot  =  °-27  inch; 

to   which   add  0.17086,   the   deflection   due   the   beam's   own 
weight,  for  the  total  deflection  at  the  free  end  =  0.44086  inch. 
If  the  fifth  or  end  weight  is  but  \  X  100  =  50  pounds, 
then,  by  (199), 

100  x  is3     ((5  +  0(3x5  +  1) 


D  = 


-«} 


24  x  12000000 (  5 

=  0.0178125  foot  =  0.21375  inch; 


and  the  total  deflection  =0.21375  -f  0.17086  =  0.38461  inch. 

To  find  the  deflection  at  the  third  loaded  point  due  the  5 

equal  weights  in  their  positions,  we  use  (203),  taking  r  =  3 ; 

thus, 

iooxi53X32      ., 
D  = ; — T7rr(6X52+32-4X  3x5-2x3  +  6x5  +  1) 

24  X  I  2O00OOO  X53  TOJ  Ol  J'/ 

=0.0104625  foot  =  0.12555  incn- 

And  the  deflection  at  this  third  interval,  due  the  beam's  own 
weight  of  27  pounds  per  linear  foot,  is,  by  equation  (190),  put- 
ting x  =  9,  w  =  27, 

'  27 

y  = (6  x  152  x  o2  —  4  x  15  x  q3  +  q4) 

J      24  x  12000000^  Q         y        ^         J        y     '    y  j 

=  0.006766  foot  =  0.081 192  inch. 
Therefore  the  total  deflection  at  the  third  interval  is 
0.125550  +  0.081192  =  0.206742  inch. 
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Section  2. 

Deflection  of  a  Beam  of  Uniform  Cross-Section,  supported  at  it  Free 

Unfixed  Ends. 

72.   Deflection  due  the   Beam's  own  Weight,  supposed 

to  be-  Uniform.  —  For  the  cases  in  this  section  we  employ  the 

same  notation  as  that  given  in  article  17,  Fig.  9,  excepting  that 

we  take  the  origin  of  co-ordinates  at  Ou  a  point  in  the  neutral 

surface,  instead  of  using  0  as  before,  in  order  that  y  may  be 

the  deflection  of  the  neutral  line,  as  it  is  in  the  expression  for 

d*y 
the  moment   of  the  internal  forces,  R  =  — isY-j—  =  M,  of 

article  63.     We  now  have  x  positive  to  the  right,  and  y  posi- 
tive downwards. 

From  equations  (49)  and  (187), 

-\w{l  -  x)x  =  EId2; 

dy 
Integrating,  with  the  condition  that  -j-  =  o  when  x  =  \l, 


Integrating  again,  with  the  condition  that  y  =  o  when  x  =  o, 
we  have,  after  reducing, 

y  =  -^(x*  -  zh?  +  fix),  (205) 

24EJ 

which  is  the  deflection  of  the  uniformly  loaded  beam  at  any 
point,  w  being  the  load  per  unit  of  the  beam's  length,  /. 
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If  in  (205)  we  put  x  =  \l,  we  have 

the  deflection  at  the  centre  due  a  continuous  uniform  load, 
Iw. 

Example.  —  Beam  of  oak,  54  pounds  per  cubic  foot. 
Length  15  feet  =  /.  Rectangular  cross-section,  depth  1  foot 
=  h ;  breadth  \  foot  =  b.     E  =  2,000,000  pounds  per  inch. 

/.    E  =  288000000  pounds  per  square  foot, 
/  =  xjM3  =  -^j,     EI  =  12000000; 

all  dimensions  in  feet. 

Weight  per  foot  of  length  =  1  X^X  1  X  54  =  27  pounds. 

Deflection  due  beam's  own  weight  at  a  point  5  feet  from 
either  end,  by  (205),  is 

y  =  — — — (S4  -  2  X  15  X  53  +  153  x  s) 

24  X   12000000 

=  0.001289  foot. 

From  (206),  the  central  deflection  is 

n         5  X  27  x  15* 

■U  =  —5 — =  0.00148?  foot. 

384  X   12000000  ^  ° 

73.  Deflection  due  a  Concentrated  Load,  W,  placed  at 
the  Horizontal  Distance  «'  from  the  Origin  or  End  of  the 
Beam.  —  When  x  <  a',  equations  (40)  and  (187)  apply ;  that  is, 

do?  I 
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Let  a  be  the  angle  of  inclination,  or  slope,  of  the  beam  at 
the  point  of  application  of  W.  Then,  integrating,  -7-  =  tan  a 
when  x  =  a', 

•••     */(g  -  tan«)  =  ^^V  -  «'*). 

Again,  y  =  o  when  x  =  o, 

W(a'  -  1)1  x*         „  \     ,      v 
.".    -c/(jc  —  a;  tana)  = ^ 1 ax).    (207) 

But  when  x  >  «',  use  equations  (43)  and  (187),  giving 

dy 
Integrating  between  the  limits  tan  a  and  -5-,  and  a'  and  #, 

Integrating  again  between  the  limits  o  and  y,  and  /  and  x,  there 
results 

EI\_y  —  (x  —  /)tan«] 


By  putting  ;f  =  a  and  _y  =  y%  in  equations  (207)  and  (208), 
we  find 


Wa'/P         ,  ,\ 
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Putting  this  value  of  tan  a  in  (207),  we  get,  after  reducing, 

which  is  the  deflection  at  any  point  between  the  origin  and  the 
weight  W. 

If  x  =  a',  we  have  the  deflection  at  the  loaded  point, 

D  =  wP-a'^-  (2I0) 

And  if  x  =  d  =  \l, 

tana  =  o; 
and 

Deflection  at  centre  =  D  =  - ,  (211) 

which  is  a  maximum,  since  W  is  qow  at  the  centre. 

Comparing  (211)  and  (206),  where  wl  =W  =  entire  load 
on  the  beam,  we  see  that  the  deflection  at  the  centre  due  the 
load,  Iw,  uniformly  distributed  continuously,  is  five-eighths  of 
the  deflection  at  the  centre  due  the  same  amount  of  load  con- 
centrated at  that  point. 

By  putting  I  —  a!  for  a',  and  /  —  x  f or  x,  in  (209),  or  by 

Wa' II*  \ 

substituting  the  value  of  tana  =  ~pT/\ a'^  +  fa'2)  *n 

(208),  we  have 

Wa' 


6EJI 


[(/*  -  a'1)  (/-*)-(/_  ar)3],       (212) 


which   is   the  deflection  when  x  >  a';  that  is,  at  any  point 
between  the  weight  W  and  the  right-hand  support. 

Example.  —  Take  a  beam  of  pine  weighing  40  pounds  per 
cubic  foot,  of  rectangular  cross-section.  Depth  =  h  =  18J 
inches,  breadth  =  b  =  15  inches,  length  =  12J  feet  =  150 
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inches.      Call  E  =  1,680,000  pounds  per  square  inch,   T  = 

T  C     y    T  R   £3 

™m  — 12-  =  7.914-53125,  ei=  168  x  79,145,312.5 ; 

u                         •  u         .     ,     n       .                 18.5  X  15  X  40 
beam  s  own  weight  per  inch  of  length  =  w  =  —% 

=  6.4236$  pounds.      Deflection  due  beam's  own  weight,  Iw, 
at  a  point  48  inches  from  one  end  is,  by  (205), 

_ 64236$ (48+-  2  X  150  x  48s  +  1502  x  48) 

24x168x79145312-5 

=  0.0027  inch. 

Deflection  at  centre,  from  beam's  weight,  by  (206),  is 

5  x  64236$  x  1504  . 

JJ  =  —5 zo =  0.00? 2  inch, 

384  x  168  x  79145312-5 

which  is  a  maximum. 

Deflection  at  the  point  of  application,  due  weight   W  = 

17,935  pounds  placed  a'  =  48  inches  from  end  of  beam,  is,  by 

(210), 

1793c  x  48* 

D  = j|^ - ■  X  (150  -  48)*  =  0.07185  inch. 

3  X   168  X   79145312.5        v  3  H  '  '     3 

Deflection  at  the  centre  when  W1  =  17,935  pounds  is  placed 
48  inches  from  one  end,  is  found  by  equation  (212),  making  x 

—  U 

—  2  » 

17935  X  48  /  I5°'\  .     , 

y  = £p^ - 150s  -  48*  -  -5—    =  0.078617  inch. 

J        12  X  168  X  79145312.5V  3  4    / 

And  when  W  is  at  the  centre,  the  central  deflection  is,  from 

(211), 

„  17935  X  1503  .  .    , 

D  =  -x 77; =  0.0948  inch. 

48  X   168  X   79145312.5  ^ 

Add  deflection  due   beam's   own  weight  for  total  maximum 
deflection  =  0.098  inch. 
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74.  Deflection  due  a  Partial  Load,  w'b,  Uniformly  Dis- 
tributed Continuously  over  the  Length,  b,  beginning  at  the 
Horizontal  Distance,  a,  from  the  Origin,  Ox,  or  Left  End 
of  the  Beam,  Fig.  9. 

To  find  this  deflection,  we  use,  when  x  <  a,  equations  (53) 
and  (187),  giving 

BIdx~*  =  ~v/b 7 — ~x  =  ~ex  (say)' 


Let  a  be  the  angle  of  inclination,  or  slope,  of  the  beam  at  the 
distance  a  from  the  left  end ;  then  integrating,  with  the  condi- 
tion that  -f-  =  tan  a  when  x  =  a, 
ax 

.:    jElfQ  -  taxia\  =  -i(x*  -  at). 
\dx  )  2 

Again,  y  =  o  when  x  =  o, 

.-.    EI(y  -  a;  tana)  =  —  -(-  —  a*x\         (213) 

Let  y  =  y1  when  x  =  a, 

.:    EI{yt-aXs.na)  =  s-??-=^(l-a-tf).    (214) 
3  3' 

But  when  x  >  a  and  <  (a  +  b),  equations  (55)  and  (187)  are  to 
be  employed,  yielding 

EIpL  =  _sx  +  rt,^  _  , 

dx2  2  v  ' 

=  —  x*  —  (e  +  aw)x  +  . 

2  2 
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And,  if  /?  is  the  angle  of  inclination  at  the  distance  (a  +  b) 
from  the  origin,  we  may  integrate  as  follows  : 

—  =  tan  a  when  x  =  a, 
ax 

...     El(&-toya) 
\dx  J 

=  v!_(x1_-j*\  _  i±a^,^  _  a2)  +  £*•(*  _  a)m 

2\  3  /  2  2 

y  ■=.  y^  when  x  =  a, 

:.     EI\_y  —  y1  —  (x  —  a)  tan «]  =  —  )  — ^-^-  —  a3(x  —  a)  i 

^ j a2(x-a)  H i a(x  —  a)  i.  (215) 

Let  y  =  y2  when  #  =  a  +  #,  Fig.  9 ;  so  that,  after  redu- 
cing, (215)  becomes 

ryrr  1  ±        \       it/ ft  fa?    ,    <ab    ,    b2        al       b/\        ,     ,s 

■EJ(y*  -  y*~  b  tan  «)  =  — -( -  +  * 1 ).      (216) 

/   \  2  12         12         2         8  / 

Or,  we  may  integrate  in  a  different  manner ;  first,  with  the  con- 
dition   -f-  =  tan  /?  when  x  =  a  +  b, 
ax 

_g|j«'-(«-l;«)')_«  +  a»'U_(<,H.<).)+gy(t_,_<)- 

Also  y  ■=.  yt  when  #  =  <z  +  b, 

.-.    EI\_y  —  y2  —  (x  —  a  —  b)  tan/?] 

w'\x*  -  (a  +  b)*        ,  js   ,  \ 

=  jj K~ '-  -(a  +  6)*(x  -a-b)\ 

e  +  aie/ix3  —  (a  +  <5)3        ,  „    .  ,.  ) 

-  —2 j -3 -  0  +  ^)2(*  -*-*)} 

+  — { ^ ^--(«  +  J)(*-a-*)j-      (2I7) 
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But  in  (217)  y  =  yx  when  x  =  a ;  therefore,  after  reducing,  we 
have 

£i(y.  -y*  +  JtanjS)  =  &*  +  &  +  %- a^-5Jl\     (2l8) 

/   \2        12        6        2        24/ 

For  the  remaining  part  of  the  beam,  Fig.  9,  that  is,  when 
x  >  (a  -f-  £),  equations  (57)  and  (187)  give 

EI-t*-  =  —ix  +  w'b(x  —  a  —  \b)  =  (jt/b  —  s)x  —  it/b(a  +  \b~). 

—  =  tan  /J  when  x  =  a  -\-  b, 
ax 

■••  "($-*") 

_  w'b  -  e^  _  (a  +  by^  _  rib(a  +  ib)(x  _  a  _  by 
2 

j>  =  o  when  x  =  /, 

.-.    £7[>  -  O  -  /)tan/3] 

s/£  —  s  ( *3  —  /s       ,  „   ,  ,  )       w'b(a  +  U) 

-- — — {— —  (*  +  *h*  - o  \  — 2    V  -  n 

+  w'b(a  +  b)(a  +  \b)  O  -  /),     (219) 
which  becomes,  if  we  put  jj/2  for  y,  and  a  -\-  b  for  x,  and  reduce, 

.£/[>-  0  +  b  -  /)tan/3]  =  —(/-a  -  £)s(«  +  ££).     (220) 

From  equations  (214),  (216),  (218),  and  (220),  we  may  now 
determine  the  four  quantities,  tan  a,  tan  /3,  yv  y2,  so  that  they 
can  be  eliminated  from  (213),  (215),  (217),  and  (219). 

.  w'b  (2a?  ,a?b  ,ab2  .  fc       ,,    abl    b*l .  al2  ,  bl*\        ,       N 

tan«=—    —+—+—+ aH _+_+),       (22i) 

EIl\  326      24  2636/ 
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EIl\  3         2  6        24  2236/ 

■w'ablcfi  ,  a23  ,  «£2  ,  £'      2a2/    abl    PI ,  a/2  ,  bl2\  ,       * 

-E^U       3        6      24       3         2636/ 

^2      £7/^3  6  8       8       3 

^a2bl    -jaPl    ibH    aH*     abl2     b2l*\        .       . 
2  6         24       3         2         6  / 

We  have,  then,  from  (2 1 3),  where  x  is  not  greater  than  a, 

y  =  -t^tX*  -  a  -  ¥)  (3a*x  -  x3)  +  *tana,     (225) 

which  is  the  deflection  due  w'b  at  any  point  between  the  origin 
and  the  beginning  of  the  partial  continuous  uniform  load  w'b-,. 
Fig.  9. 

For  the  uniformly  loaded  part,  b,  of  the  beam,  we  find,  from: 

(2i5), 

11/   [x4  —  a*       a3,  s 

y  =  •> (x  —  a) 

y        2EI\       12  3V  ' 

Vb(l-a-\b)       -]fx*-a3         ,  -\         ToP-cC  "]) 

-[_- — r^+a\\r~i — a2(x-a)]+a\— — *(*-<*)_]}■ 

+  }>i  +  (x  —  a)  tana,     (226) 

which  is  the  deflection  due  w'b  at  any  point  of  the  loaded  por- 
tion b,  since  x  is  here  not  less  than  a,  nor  greater  than  a  +  b, 
Fig.  9. 

Equation  (219)  gives  the  deflection  for  the  remaining  part  of 
the  beam,  that  is,  where  x  is  not  less  than  a  +  b ;  and  we  find 

w'b(a+U){xS-li     (a+bY(x-l)      ,         ,  x        ,       ,w        ,.  ) 

+  (x—/)ta.nf3,     (227) 

which  is  the  deflection  due  w'b  at  any  point  between  the  right- 
hand  end  of  the  beam  and  the  load  zt/b,  Fig.  9. 
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If  x  =  a  =  b  =  \l  in  (225)  or  (226),  we  have  the  central 
deflection  when  one-half  of  the  beam  is  uniformly  loaded  con- 
tinuously; viz., 


y  = 


2  x  384^/' 


•which,  if  is/  =  w,  is  one-half  the  deflection  found  by  (206)  for 
the  fully  loaded  beam. 

The  same  result  may  be  obtained  from  (226)  or  (227)  by 
putting  x  =  b  =  \l,  and  a  =  o ;  for  then  the  one-half  load  is 
upon  the  other  end  of  the  beam.  The  greatest  deflection  due 
a  partial  uniform  load  evidently  occurs  when  the  centre  of  the 
load  and  centre  of  the  beam  are  in  the  same  vertical  line ;  that 
is,  when  a  -f-  \b  =  \l,  a  =  |(/  —  b),  and  b  =  I  —  2a.  Then, 
putting  x  =  \l  in  (226),  we  may  find  the  greatest  deflection  a 
partial  uniform  load  can  produce. 

But  if  it  is  required  to  find  the  maximum  deflection  of  the 
beam  when  a  given  partial  uniform  continuous  load  has  any 
given  position  upon  it,  we  may  differentiate  (225),  (226),  or 

(227),  put  —  =  o,  and  so  find  a  value  of  x  that  shallr  ender  y  a 
dx 

maximum.    If  we  then  add  the  deflection  at  the  point  so  found, 

due  the  beam's  own  weight,  we  have  the  total  deflection. 

75.  An  important  application  of  (226)  and  (227)  may  be  made 
if  we  take  a  =  o ;  for  in  that  case  the  partial  uniform  continuous 
load  begins  at  the  left  end  of  the  beam,  so  that,  by  assigning 
successively  increasing  values  to  b,  we  may  find  the  deflection 
.  at  any  point  due  an  advancing  continuous  uniform  load  ixfb. 

If  a  =  o, 

yt  =  o,  tana  =  — — -(P  —  tfil  +  4/*), 

24JLI1 

and  (226)  becomes 

w' 


y  = 


24EH 


\lx"-  -  ${1  -  \b)x*  +  (6*  -  ifiH  +  4^/2)*l,   (228) 
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which  is  the  deflection  at  any  point  of  the  loaded  part  of  the 
beam,  where  x  is  not  greater  than  b. 
Also,  if  a  =  o, 

tan/?  =  TWfi*  ~  12bl  +  4/2)' 

and  (227)  becomes 

y=vhi[2^~ /3) " 6{x*  ~ /2)/+  {*2  +  4/2)(*  ~l)\ (229) 

which  is  the  deflection  at  any  point  of  the  unloaded  part  of  the 
beam,  where  x  is  not  less  than  b. 

Examples.  —  Partial  uniform  continuous  load,  vJb.  Wrought- 
iron  15-inch  I-beam.  Length  30  feet  =  360  inches  =  /.  Mo- 
ment of  inertia  /  =  -^(b2k23  —  bjif),  by  Table  III.  5. 

Let  k2  =  15  inches,  b2  =  s|  inches,  hx  =  I2|  inches,  b,  =  4| 
inches,  Fig.  91 ;  putting  A2  for  h,  and  b2  for  b,  to  avoid  confusion 
here.  Beam  supported  at  ends.  Load  is/  =  75  pounds  per  inch 
of  the  length  b, 

■■■     I  =  :rV(5-375  X  is3  -  4-75  X  12.75s)  =  691. 

Take  E  =  24,000,000,  Table  II., 

.-.    EI  =  16584000000, 

all  dimensions  to  be  in  inches.     Let  the  load  cover  the  first  10 
feet  of  the  beam. 

1st,  What  is  the  deflection  at  the  end  of  the  load  ? 

We  have  x  =  b  =  \l  =  120  inches  ;   and   (228)  applies, 

giving 

75  x  3604        / 1  151         1  i,  i\ 

fe-4X3-x|x2-7  +  ^3-4X8-i  +  4Xr7) 


y  = 


24  X 16584000000V 
=  0.23444  inch. 
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2d,  What  is  the  deflection  at  the  centre  of  the  beam  ? 

We  have  from  (229),  if  x  =  \l,  and  b  =  \l, 

75  x  I  x  3604    (  7  3       1/1        \) 

y  =  24  X  16584000000 1  ~2  X  8  +  6  X  4  "  A9  +  VI 

=  0.24421  inch. 

* 

3d,  What  is  the  deflection  10  feet  from  the  unloaded  end  of 
the  beam  ? 

Here  we  use  (229)  also,  putting  x  =  f/,  and  b  =  \l, 

75  X  \  X  360+    (  19  5       1/1        \) 

•'•    -^  ~  24  x  16584000000!  ~2  X  ^7  +  6  X  9  ~  3\9  +  4/i 
=  0.19176  inch. 

4th,  Suppose  it  is  now  required  to  find  the  point  of  greatest 
deflection  due  this  same  load  of  75  pounds  to  the  inch  on  10 
feet  of  one  end  of  the  beam. 

Differentiating  (229),  we  find,  since  b  =  £/, 

-=-  =  6xz  —  \2lx  -) /2, 

ax  9 

omitting  constants.     Putting  this  value  of  -2-  equal  to  zero,  we 

dx 

at  once  have  x  =  0.43892/,  which  is  the  point  of  greatest 

deflection  ;   and,  by  placing   this   value   of  x  in    (229),  there 

results  y  =  0.24847  inch,  which  is  the  greatest  deflection  of 

the  beam  due  this  load  along  one  end. 

5th,  But  if  this  same  load  be  moved  along  to  the  centre,  so 
that  we  have  a  =  \l  =  b,  we  find  the  greatest  deflection  the 
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load  can  produce,  by  putting  x  =  \l  in  equation  (226),  where 

Vj  becomes  =  — ,  and  tan  a  =  J- — — ,  from  (223)  and 

1944.57  6482?./ 

(221).     Thus  (226)  becomes 

=        75  x  360*       )  1  /  1   _  _i\  _  j/i  _  A 
y  "~  2  X  16584000000 Ii2\i6       81/       8i\2       3/ 

~  Liv1  ~  3  ~  6  j +  iJ  Las  ~  n)  ~  'A*  ~  iL 

9L2\4       9/       3\2       3/JI  '        \2       3/ 

Deflection  at  centre  =  y  =  0.50063  inch,  ^ze^/  central ; 
deflection  at  centre  =  y  =  0.24421  inch,  Jze//  at  either  end  ; 

.•.    _y  =  0.50063  +  2  x  0.24421  =  0.98905  inch, 

equals  deflection  at  centre  when  the  given  15-inch  I-beam  of  30 
feet  between  supports  is  loaded  with  13.5  tons,  uniformly  dis- 
tributed continuously.  And  this  result  accords  exactly  with 
that  given  by  (206) ;  thus, 

„         5  x  75  x  360+  . 

D  =  ~o — r; — z— o =  0.98005  inch ; 

384  X  16584000000  y  y  d  > 

where,  as  in  other  values  of  the  deflection,  we  have  retained 
several  unnecessary  decimals,  in  order  to  test  the  accuracy  of 
the  solutions. 

6th,  If  this  beam  is  half  loaded  with  75  pounds  to  the  inch, 
we  have  in  (228),  for  the  deflection  at  the  centre,  x  =  b  =  \l 
=  180  inches;  and 

75  X3604        I  1  1      3      1     / 1  1  i\i  ) 

J      24x16584000000(16      ^248      \i6  8  4/2) 

=  o.494S25  inch> 

which  is  half  the  deflection  due  the  fully  loaded  beam,  as  just 
found. 
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7th,  The  maximum  deflection  due  this  half-load  on  one  end 
of  the  beam  is  found,  both  in  position  and  magnitude,  by  differ- 
entiating (228),  putting  -f-  =  o,  and  solving  the  resulting  cubic 
ax 

equation,  putting  b  =  \l,  I  =  360.  Thus,  omitting  constant 
factors, 

I  =  4*3  -  \  X  360**  +  ^  X  36o3  =  0, 
/.    x3  —  4053?  +  6561000  =  o. 

Solving  this  equation  by  Horner's  Method,  we  find  the  three 

values, 

x  =       165.52  inches, 

x  =      352.08  inches, 

x  =  —112.60  inches. 

But,  since  x  must  be  positive  and  not  greater  than  \l  =  180, 
the  value  here  sought  is 

x  =  165.51995, 

retaining  decimals.  Hence  the  point  of  greatest  deflection  is 
within  the  loaded  part,  and  is  180  —  165.51995  =  14.48005 
inches  from  the  centre  of  the  beam. 

Putting  this  value  of  x  in  (228),  we  find  the  maximum 
deflection  y  =  0.49855  inch. 

8th,  The  beam's  own  weight  per  inch  of  length,  calling 
wrought-iron  five-eighteenths  pound  to  the  cubic  inch,  is  -^  X 
area  of  cross-section  =  -^{bji2  —  #A)  =  -^(5.375  X  15  — 
4.75  X  12.75)  —  5-573  pounds,  which,  substituted  for  w  in 
(206),  gives  the  deflection  at  the  centre  due  the  beam's  own 
weight  =  0.07349  incn  i  so  that  the  total  central  deflection  for 
the  fully  loaded  beam  is  0.98905  -\-  0.07349  =  1.06254  inches. 
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76.  To  find  the  Deflection  at  any  Point,  x,  due  any 
Number,  (r,  —  r2),  Equal  Weights,  W,  placed  at  Equal 
Intervals,  c,  along  the  Beam,  the  First  Weight  being  Dis- 
tant by  One.  or  More  Entire  Intervals,  c,  from  the  Origin 
or  Left  End  of  the  Beam.  —  For  all  the  weights,  (r  —  r2)  in 
number,  between  the  left  end  and  the  point  x,  we  use  equation 
(212),  which  reduces  to 

y  =  zhi{l2a' "  a'3)  (/ " x)  ~  a'{l  ~  *)3]- 

Now  let  a'  take  the  successive  values  c(r2  +  1),  c(r2  -f-  2), 
c(r2  +  3),  .  .  .  c(r2  -\-  r  —  r2),  and  we  have,  by  summing, 


%a'  =  c (r2  +  1  +  r2  +  2  +  r2  +  3  +  .  .  .  +  r) 
=  %c(r  —  r2)  (r  +  r2  +  1), 


S(«'3)  =  fi{rx  +1    +  r2  +  2    +  r2  +  3    +...  +  »*) 
=  lci[r*(r  +  i)2  -  r22(r2  +  i)2]. 
Hence  (212)  becomes 

y  =  -^Jj{  l2C(r  ~  r*)(r  +  r*+  ^ 

-  <r3[r2(r  +  i)2  -  r2*{r2  +  i)2]|(/-  x) 

—  2c{r  —  r2)(r  +  r2  +  i)(/—  *)3|,      (23°) 

which  is  the.  deflection  due  r  —  r2  equal  weights,  W,  at  any 
point,  x,  between  the  rtb  weight  and  the  right  end  of  the  beam  ; 
r2  being  the  number  of  full  intervals  vacant  at  the  left  end,  and 
x  being  not  less  than  cr. 

For  the  r,  —  r  equal  weights  between  the  point  x  and  the 
right  end  of  the  beam,  we  employ  (209),  which  reduces  to 

y  =  7?ko/v  -  3^'2  +  «'3)*  +  0'  -  o*»]- 
0M.11 
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If  in  this  equation  a'  takes  the  successive  values  c(r  +  i), 
c(r  +  2),  c(r  +  3),  c(r  +  4),  .  .  .  c(r  -\- r1  —  r),  then,  by  sum- 
ming, we  find 

%a!  =  e[{r  +  1)  +  (r  +  2)  +  (r  +  3)  +  .  . '.  +  »-,] 
=  Mri  -  r)(r,  +  r  +  1), 

%a'*  =  ^[(r  +  i)2  +  (r  '+  2)2  +  (r  +  3)2  +  .  .  .  rr2] 
=  i«a[»"i(»,i  +  1  )(«»■,  +  1)  —  r(r  +  i)(2r  +  1)], 

2«'3  =  «*[(r  +  i)3  +  (r  +  2)3  +  (r  +  3)3  +  .  .  .  r,»] 
=  ^'[^(r,  +  i)2  -  r2(r  +  i)2], 

Sa'°  =  rI  —  r. 

Hence,  for  this  case,  (209)  becomes 
W 


y  = 


J  \^2c{rt  —  r)(r,  +  r  +  1) 


—  2lc*[r1(rI  +  i)(2r,  +  1)  —  r(r  +  i)(2r  +  1)] 
+  ^[^(r,  +  i)2  -  ^(r  +  i)a]|* 

+  [2<r(rx  —  r)(r,  +  r  +  1)  —  4(7-,  —  r)/]#U,      (231) 

which  is  the  deflection  due  the  rt  —  r  equal  weights  on  the 
beam  at  any  point,  x,  between  the  left  end  and  the  (r  -f-  i)th 
weight ;  x  not  being  greater  than  c(r  +  1). 

Adding  the  deflections  given  by  (230)  and  (231),  and  calling 
their  sum  also  y,  we  have 

y  =  ^~£^U2C(ri  -  r*)(r*  +  r»  +  1)  -  4(»"i  -  r)/]«3 

— 6c{r  —  r2)(r  +  r2  +  i)&* 
+  "{4/V(rI  -  »-,)(»■,  +  r2  +  1)  +  ^[^(r,  +  i)2  -  r32(r2  +  i)2] 
—  2/<r2[rI(rI  +  i)(2r,  +  1)  —  r(r  +  i)(2r  +  i)]}* 

-  <r3/[^(r  +  r)2  _  rs(r2  +  i)2]  1,    (232) 
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which  is  the  deflection  at  any  point,  x,  due  the  r,  —  r2  equal 
weights,  W;  where  rl  denotes  the  number  of  intervals  between 
the  last  weight  and  the  left  end  of  the  beam,  r  a  number  of 
full  intervals  not  less  than  r2,  the  number  of  unloaded  intervals 
at  the  left  end  of  the  beam,  nor  greater  than  rx. 

If  in  (232)  we  put  c  =  /  -=-  n,  x  =  \l,  r2  =  o,  r,  =  n  —  1, 
and  r  =  \n  when  n  is  even,  but  r  =  ^(n  .—  1)  when  n  is  odd, 
we  shall  find 


D 


(5«2  —  4),  n  even, 


S%&,EIn 


(5»4  —  4»z  —  1),  n  odd, 


(233) 


'which  is  the  deflection  at  the  centre  due  the  r,  =  n  —  1  equal 
weights,  W,  covering  the  beam  of  n  equal  intervals  (/  -f-  n). 

Examples.  —  Let  us  take  the  same  1 5-inch  I-beam  we 
employed  in  the  examples  of  article  75,  for  which  /  =  691, 
E  =  24,000,000,  /  =  360  inches.  Take  3  weights  of  4,500 
pounds  each,  placed  at  intervals  of  60  inches,  beginning  at  one 
end  of  the  beam  ;  then  the  deflection  at  the  centre  is  given  by 
(230)  if  we  put  W  =  4,500,  /  =  360,  c  =  \l  =  60,  r2  =  o, 
r  —  3,  x  =  y,  EI  =  16,584,000,000.     Thus, 


=       45°ox36o3      /    xi4Xi_j_ 
24  X  16584000000^         6  2       63 

X  16  X-  —  2X^X3X4X^1  =  0.6154  inch. 
26  8/ 


If  2  more  equal  weights  are  added  at  the  same  interval, 
so  as  to  cover  the  beam,  the  central  deflection  due  these  last  2 
is,  by  (231),  where  r,  =  5,  r  =  3, 
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41500  X   3603        (      v,  1/   _  .    .  \i 

y  =  ^    o    \4  X  -    25  -  9  +  5  -  3)- 

24   X    16584000000 (  6\  /2 

-  2  X  ^5   X  6  X   11  -  3  X  4    X    7V-  +  ^(25  X  36  -  9  X  16V 
+  2  X  V25  _9  +  5-3V-4X2xM  =0.3517  inch. 

If  we  compute  the  central  deflection  due   these  5   equal 
weights  by  (233),  we  have  n  =  6,  and 


D  _        45°°  x  3603 


(S   X  36  -  4\  ... 

I 2 1  =  0.9671  men, 

\  °  / 


384  x  16584000000 

which  is  the  sum  of  the  deflections  found  by  (230)  and  (231). 

Again,  if  there  are  8  weights  upon  the  beam,  each  equal  to. 
W  —  3,000  pounds,  at  intervals  of  40  inches,  we  have  n  =  9, 
/  =  360  inches  ;  and  (233)  gives  the  central  deflection, 

3000x3603       f5  x  9* -4  X'92-  A 
D  =  384  X  16584000000V ? )  =  °-97926  mch. 

In  these  examples  the  weight  has  been  purposely  chosen 
equal  to  75  pounds  to  the  inch  for  the  entire  length  of  the 
beam,  except  a  half-interval,  (/  4-  2n),  at  each  end ;  so  that 
we  may  compare  the  results  with  the  central  deflection  of  the 
same  beam,  computed  by  (206)  for  the  continuous  uniform 
load  of  75  pounds  to  the  inch,  which  deflection  we  have  found 
to  be  0.98905  inch. 

Now  it  will  be  found  that  the  central  deflection  due  the  dis- 
continuous load,  (n  —  1)  W,  at  equal  intervals,  (/  -4-  n),  will  be 
less  than  that  due  the  continuous  uniform  load,  Iw,  until  n 

becomes  infinite,  and  W=  —  infinitesimal,  when  (233)  becomes 

n 

identical  with  (206). 
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The  greatest  difference  between  the  central  deflections  of 
these  two  loads,  (n  —  1)  W  and  Iw,  manifestly  occurs  when 
n  =  2 ;  that  is,  when  there  is  but  one  weight,  and  that  at  the 

centre,  and  equal  to  W  =  — .     Equation  (233)  then  becomes 

D  =    ^        ,  which  is  four-fifths  of  the  deflection  due  Iw  con- 
384^/ 

tinuously  distributed  uniformly,  as  shown  by  (206). 

From  these  considerations  it  appears,  that,  in  practice,  the 
formulae  found  in  article  75,  for  a  uniform  continuous  load,  are 
applicable  to  a  uniform  load  distributed,  as  above,  discontinu- 
ously,  or  by  panel  weights,  each  equal  to  (Iw  —  n),  provided  n 
is  large. 

But  in  any  case,  whether  there  be  many  or  few  intervals,  we 
may  find,  by  means  of  equation  (232),  the  greatest  deflection 
due  any  partial  or  complete  load  of  equal  panel  weights,  W,  and 
the  point  where  it  occurs. 

For  this  purpose,  differentiate  (232)  with  respect  to  x,  and 

put  —  =  o.     This  gives 
ax 

I6^(r,  —  r^O",  +  r2  +  1)  —  i2(r,  —  r)l~\x2 

—  i2c(r  —  r2)(r  +  r2  +  i)lx 
+  4/V(rx  -  r2)(r,  +  r2  +  1)  +  ^[^(r,  +  i)2  -  r22(r2  +  i)2] 
-  2lc2[r1(rl  +  i)(2r,  +  1).  —  r(r  +  i)(2r  +  1)]  =  o,     (234) 

from  which  we  find 

x  =  A  ±  SlA*  +  B,  (235) 

where 

c{r  —  r2)(r  +  r2  +  1)/ 

—  c{rr  —  r^fa  +  r2  +  1)  -  2(rx  -  r)t 

and 
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Now  put  cr  for  x  in  (234) ;  and  find  r  by  trial,  easily,  since  it  is 
an  integer,  and  the  point  of  greatest  deflection  is  approximately 
known,  by  inspection,  for  any  given  load.  Then,  having  r, 
compute  x  in  (235),  after  which  the  greatest  deflection,  y,  may 
be  found  by  equation  (232). 

Example  i.  —  Given  the  wrought-iron  I-beam  of  article  75, 
where  /  =  691,  E  =  24,000,000,  /  =  360  inches  ;  and  let  there 
be  upon  it  5  weights  of  4,500  pounds  each,  at  equal  intervals  of 
c  =  \l  =  60  inches.  We  then  have  W  =  4,500,  r,  =  5,  r2  = 
o ;  and,  by  putting  cr  for  x  in  equation  (234),  we  find 

2r3  —  i8r2  +  r  +  105  =  o. 

By  trial,  we  see  that  r  =  3,  as  we  should  also  infer  from  the 
symmetrical  load.  Making  r  =  3  in  (235),  there  results  x  =  \l. 
This  value  of  x  placed  in  (232)  gives  the  deflection  y  =  0.9671 
inch,  as  by  (233). 

Example  2.  —  If  on  this  same  beam  we  have  4,500  pounds 
at  the  end  of  the  second  and  third  intervals,  we  have  W  = 
4,500,  r,  =  3,  r2  =  1,  c  =  \l  =  60  inches ;  and,  by  putting  cr 
for  x  in  equation  (234),  we  find 

6r3  —  48?*  +  39r  +  143  =  0,  v 

where,  by  trial,  we  see  that  r  lies  between  2  and  3.  Making 
r  =  2  in  (235),  we  find  x  =  0.48141/.  With  this  value  of  x, 
(232)  gives  the  maximum  deflection  due  the  2  given  weights, 
y  =  0.48934  inch. 

Example  3.  —  If  these  2  equal  weights  are  at  the  end  of  the 
third  and  fourth  intervals,  then  r,  =  4,  r2  =  2,  c  =  60 ;  and  we 
shall  find  r  =  3,  x  =  0.51859/,  and  the  maximum  deflection,  as 
before,  y  =  0.48934  inch. 
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Section   3. 

The  Influence  of  Fixed  Ends  upon  the  Deflection  of  a  Beam  of  Uniform 
Cross-Section,  Supported  at  its  Two  Extremities,  which  are  Assumed 
to  be  Level,  and  One  or  Both  of  Them  Fixed  Horizontally  or  Other- 
wise. Determination  of  the  End  Moments  and  Points  of  Contrary 
Flexure. 

77.  The  influence  of  the  end  couples  upon  the  moments  due 
the  other  forces  has  already  been  found,  by  equation  (93),  to  be 

Mx  =  *L^  +  M„ 

where  Ml  is  the  left  end  moment,  and  M2  the  right  end  moment, 
of  the  fixed  beam,  Fig.  12. 

Wherefore,  to  find  the  deflection  due   these  end  couples, 
(187)  becomes 

giving  the  first  member  the  positive  sign,  since  Mt  and  M^  are 
here  assumed  to  have  a  tendency  to  deflect  the  beam  upward, , 
and  are  negative  relatively  to  the  moments  tending  to  deflect  it 
downwards. 

If  a  =  the  slope  of  the  beam  at  the  centre,  then  -f-  =  tan  a 

ax 

when  x  =  \l,  and  the  first  integration  yields 

IEIMJ.  _  tana\  =  M^-MiU  -  H)  -  Ml(x  -  £/). 
\dx  )  2/       \        .   4/ 

Again,  since  y  =  o  when  x  =  o, 
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Also  y  =  o  when  x  =  /, 

(Jk 

1  it  =  —  > — 

24-57' 


*,,=  -(*-*>' 


Therefore 


=  _^(^_-^,3_/2,  _ 


6/1/I 


(#3  _  /*#)  _  sj/;^2  -  ix)  \,    (236) 


which  is  the  deflection  due  the  end  moments  in  terms  of  these 
unknown  end  moments.  Now,  since  (236)  has  been  found 
without  assuming  the  ends  of  the  beam  tangent  to  the  line 
drawn  through  the  two  points  of  support,  we  may  suppose  Mt 
or  Mz  to  vanish,  or  to  be  equal  to  each  other. 

UMi  =  0>  ,  _  Jg.(&  _  £L).  •  (237) 

If  Mt  =  o,  j  =  ^/^  -  3^  +  *&)•  (238) 

If  Mx  =  J£  =  ilf,    y  =  -^-(/x  -  *»).  (239) 

In  order  to  determine  the  end  moments  in  particular  cases, 
we  must  consider  the  particular  mode  of  loading. 

78.  Load  Continuous  and  Uniform  throughout,  =  w  per 
Unit  of  Length,  /.  —  If  we  add  equations  (236)  and  (205),  call- 
ing the  result  y,  we  have 

y  =  — —  \w(x*  —  2bfl  +  l$x) 

+  Ml  ~  M*(vfi  -  4l*x)  -  i2M1{x2  -  lx)\,        (240) 

which  is  the  deflection  at  any  point  of  the  uniformly  loaded 
beam  of  fixed  ends. 
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If  the  ends  are  both  fixed  horizontally  (that  is,  if  the  tangent 
to  the  curve  is  horizontal  at  each  end  of  the  level  beam),  we 
must  have  MI  =  M2,  since  the  load  is  uniform.  And,  differen- 
tiating (240), 


dy 


dx 


=  — — [w(4x*  —  6h?  +  I*) 

2%EI  [ 


+  M1  ~  ^(12^  -  4/2)  -  12^(2*  -  /)  1. 


But,  now,  -f-  =  o  when  x  =  o, 
dx 

:.    wl*  +  12MJ =  o, 
Mt  =  M2=  —hwl\  (241) 

Putting  this  value  of  the  end  moments  into  (240),  there  results 

y  =  -f^ft  -  xyx*,  (242) 

which  is  the  deflection  at  any  point,  x,  of  a  beam  with  ends  fixed 
horizontally,  under  a  continuous  uniform  load,  w,  per  unit  of 
length,  /. 

If  x  =  |7,  we  have  the  central  deflection 

D  =  -£-.  (.43) 

which  is  one-fifth  that  due  the  same  load  on  the  same  beam  with 
its  ends  not  fixed,  as  given  by  (206). 

Since  MI  =  M2t  the  total  moment  due  Iw  at  any  point,  is,  by 
(49)  and  (93), 

Mx  =  \w{l  -  x)x  +  Mt  =  w(*x  ~  x*  -  &A. 
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And,  if  we  put  this  moment  Mx  =  o,  we  shall  have  x  represent- 
ing the  distance  from  the  left  end  of  the  beam  to  the  points  of 
contrary  flexure,  as  those  points  are  called  where  the  curvature 
changes  from  convex  to  concave  upward. 
Therefore 

x2  —  Ix  +  \l*  =  o, 

x  =  0.21133/    or    0.78867/.  (244) 

79.  But  if  the  right  end  of  the  beam  is  fixed  horizontally, 
while  the  left  end  is  not  fixed  at  all,  we  have  MI  =  o,  and  (240) 
becomes 

y  =  vt\w^  ~ 2lxi  +  lZx)  ~  aM*3  7  /2*1 ;  (24S) 

and 

^  =  -±—  \wUx*  -  6lx*  +  /3)  -  ^(l2^2  -  4/2)l 
ax       2\EI  (  I  ) 

equal  to  o  when  x  =  I. 

.-.    M2  =  — \wt2-  (246) 

Hence,  from  (245), 

y  =  z^j(2X*  ~  3/jc3  +  llx\  (247) 

which  is  the  deflection  at  any  point  of  a  beam  horizontally  fixed 
at  one  end,  and  simply  supported  at  the  other,  under  a  uniform 
load  w  per  unit  of  length,  /;  x  to  be  measured  from  the  unfixed 
end. 

Since,  now,  Mt  =  o,  the  total  moment  due  Iw  at  any  point 
is,  from  (49)  and  (93), 

Mx  =  \w{l  -  x)x  +  ^f-  =  w(\lx  -  \x*  -  \lx). 
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If  Mx  =  O, 

x  =  \l,  (248) 

which  is  the  distance  of  the  point  of  contrary  flexure  from  the 
free  end  of  the  beam,  under  the  load  Iw  uniformly  distributed 
continuously. 

Examples.  —  Suppose  the  wrought-iron  15-inch  I-beam  30 
feet  in  length,  of  the  examples  in  article  75,  to  be  fixed  hori- 
zontally at  both  ends,  and  loaded  uniformly  with  75  pounds  to< 
each  inch  of  its  length ;  what  is  the  deflection  10  feet  from 
either  end  ?  We  now  have  /  =  691,  E  =  24,000,000,  /  =  360,, 
x  =-\l  ox  |7.     Hence  (242)  gives  the  deflection 

= 75  X  360'  X  4 =         6    j^ 

24  X   16584000000  X  81 

At  the  centre,  where  x  =  \l,  (242)  gives 

= 75  x  360*  x  1 =  gl  inch> 

24  X   16584000000  X   16 

which  is  one-fifth  of  that  given  by  (206)  for  beam  with  free 
ends. 

If  only  one  end  of  the  beam  is  fixed,  (247)  gives, 

When*  =  */,  y~ 75  X  3604  X  10        =0.39074  inch. 

24  X  16584000000  X  81 

*  =  V,  y=     V75.XR36°4XIVS  =0-39563  inch. 

24  X  16584000000  X  8 

x  =  U  y- 75  X  360"  x  7 =0.37352  inch. 

24  X  16584000000  X  81 

x=  151.7846  inches, ^=0.41 141  inch,  a  maximum. 
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80.  Deflection  of  a  Beam  fixed  Horizontally  at  Both 
Ends,  due  to  a  Concentrated  Load,  W,  placed  at  the  Hori- 
zontal Distance  </from  the  Left  End  of  the  Beam.  —  From 
equations  (40),  (187),  and  (93),  we  have  the  total  moment  due 
W  when  x  is  not  greater  than  a', 

Mx  =  -EId-p>  =  Wl-=/x  -  M^Z^X  +  Ml)   (a49) 
dx*  I  I 


dx* 
Integrating,  as  in  article  73,  -^  =  tan  a  when  x  =  «', 


EJ^l  =  lXW(a!  -  I)  +  M1-  MJx  -  Ml. 

dx*       r     s 


dx 

EI  [-2-  —  tana) 
\dx  J 


W(a!  -  I)  +  Mx-  M2/  ,  x        „t  n     ,      x 

~i '—[ (x*  -  a'*)  -Mx{x-  a').  (250) 


-Again,  y  =  o  when  x  =  o, 

.■.    EI(y  —  xtana) 

W{a'  -  i)  +  M;  -  M, 


(-  -  a'*x\  -  mJ*L  -  a'x\.    (251) 


~"  2/ 

But  when  x  is  not  less  than  «',  use  (43)  with  (93)  and  (187), 
.giving 

MM  =  -E&L  =  ™f{l  -x)-  M±=M±X  +  Ml,    (252) 
ax*  11 

EI^l  =  Uwd  +  M1  -  M2)x  -  (Wa'  +  Mx). 
dx7-       I 

'-2-  =  tan  a  when  x  =  a', 
dx 


(-2-  —  tana) 
\dx  / 


Wo!  +  M  -  M2(x,  _  a,2)  _{Wa,  +  Mi)(x  _  ^  (2S3) 
2/ 
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y  =  o  when  x  =  /, 

.•.    EI\_y  —  (x  —  /)tana] 

=  Wa'  +  M.-MA^-P  _  a,2{x  _  /}  J 

-  (Wa'+  Mx)  {^-~  ~  a'{x  -  I)  J.    (254) 

Now  y  in  (251)  is  equal  to  y  in  (254)  when  x  =  a';  there- 
fore, from  (251)  and  (254),  we  find 

tan«  =  _L|W(fa'*  +  \l*  -  a' I) 

+  MtW  +  K*  -  «7)  -  M*(&f*  ~  */2)]-     (25S) 

But  in  (250)  we  now  have  -f-  =  o  when  ^  =  o, 

ax 

.-.     tana  =  -^-i  Wa'*a—^  +  M{d-  -  a'l)  -  ^1.      (256) 
Ell  (  2  \  2  /  2  ) 

Also,  in  (253)  -r  =  o  when  x  =■  I, 
ax 

.:     tan  a  =  -^  [  W(\a'i  +  \a'l*  -  a'*l) 
Ell 

+  \{Mi  -  M2)  (0"  -  P)  +  MJ{1  -  a')].     (25 7) 
From  (255),  (256),  and  (257),  we  find 

M>  =  -^{l-a'Ya',  (258) 

M,  =  -If (I  -  a')a\  (259) 

which  are  the  end  moments  developed  by  the  weight  W  in  any 
position,  a'. 
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If  the  weight  W  is  at  the  centre,  a'  =  \l,  and 

Mt  =  M2  =  -\Wl.  (260) 

Eliminating  Mt,  M2,  and  tan  a  from  equation  (251),  we  find, 
x  not  being  greater  than  «', 

y  =  ^EIl^Za'21  ~  li  ~  2a'3)x3 

+  (3a'3/  -  6a'2/2  +  3*73 )■*»],     (26i) 

which  is  the  deflection  at  any  point  between  the  weight  W  and 
the  left  end  of  the  fixed  beam  with  ends  horizontal. 

Again,  eliminating  M„  M2,  and  tan  a  from  (254),  we  find,  x 
not  being  less  than  a', 

y  =  6^C(3a'2/-  2a'3)x3  +  (3«'3'-  6«'V2)*2 

+  30'2A*  —  «'3/3]j       (262) 

which  is  the  deflection  due  W  at  any  point  between  W  and  the 
right-hand  end  of  the  fixed  beam. 

If  x  =  a'  =  J/,  both  (261)  and  (262)  reduce  to 

D  = — ,  (263) 

192,57 

which  is  the  central  deflection  when  the  weight  W  is  at  the 
centre  of  the  fixed  beam,  and  is  one-fourth  of  that  due  the  same 
load  on  the  same  beam  with  its  ends  not  fixed,  as  seen  by 
equation  (211). 

To  find  one  point  of  contrary  flexure,  we  put  Mx  =  o  in 
equation  (249),  and,  after  eliminating  MT  and  M2,  have 

x  =  — — i — ^ — r.  (264) 

2«'3  -    3a'2/  +   /3  V       *' 
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if  d  =  y, 

x  =  \l.  (265) 

For  the  other  point  of  contrary  flexure,  put  Mx  =  o  in 
(252),  and  the  result  is 

x  =  — f.  (266) 

3/  —  2«' 

If  d  =  1/, 

x  =  11.  (267) 

From  (265)  and  (267)  it  appears  that  when  the  concentrated 
load,  W,  is  at  the  centre  of  the  fixed  beam,  the  points  of  con- 
trary flexure  are  each  midway  between  the  centre  and  end  of 
the  beam. 

81.  If  the  beam  is  fixed  horizontally  at  the  right-hand  end, 
but  only  supported  at  the  left  end,  we  have  Mt  =  o ;  while  M2 
may  be  found  from  (255)  and  (257),  since  the  condition  that 

-=£  =  o  when  x  =  o,  on  which  (256)  depends,  does  not  now  exist. 
ax 

.:     M2  =  -^O'*  -  l*)d.  (268) 

This  value  of  Mz  placed  in  either  (255)  or  (257),  while  MT  =  o, 
gives 

tana  =  -^—{a'H^  -  d'Z*  +  ia'fl  -  J«'5)>        (269) 
Elfi 

which  is  the  tangent  of  the  angle  of  inclination  of  the  beam  at 
any  point  where  the  load  W  may  be,  while  only  the  right  end 
is  fixed ;  d  to  be  measured  from  the  free  end.  With  these 
values  of  Mv  M2,  and  tana  substituted  in  equation  (251),  we 
find 

y  =  ~inzW  -  «'3  ~  a/3)*3 

+  (3«'3/2  —  6a'2/3  +  $dfi)x2,     (270) 
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which  is  the  deflection  at  any  point  between  the  weight  W  and 
the  unfixed  end  of  the  beam,  from  which  end  a'  and  x  are  to  be 
measured. 

In  the  same  manner,  from  equation  (254)  we  find,  x  being 
not  less  than  «', 

y  =  -^jfj-W12  -  «'3)*3  -  6«'/v 

+  (3a'W  +  3a?fl)x  -  2JW],     (271) 

which  is  the  deflection  at  any  point  between  the  weight  W  and 
the  horizontally  fixed  end  of  the  beam ;  a'  and  x  being  measured 
from  the  free  end. 

If  in  either  (270)  or  (271)  we  put  x  =  «'  =  \l,  we  have  the 
central  deflection 

D  =  i*Ei  (272) 

due  the  concentrated  load  ff  applied  at  the  centre  of  the  beam 
horizontally  fixed  at  one  end. 

If  we  differentiate  (270),  and  put  -=£  =  o,  we  shall  find 

ax 


«-*<ffiSiffi       <*"> 


which  is  the  point  of  maximum  deflection  between  the  weight 
Wand  the  free  end. 

If  the  weight  is  at  the  centre,  a'  =  \l,  and 

x  =  ±/V|  =  0.44721/.  (274) 

In  a  similar  manner,  differentiating  equation  (271),  and  put- 
ting -2-  =z  o,  we  find 


dx 


_  /3  +  a'*l 
x  ~  3/>  _  „v  (275) 
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the  point  of  maximum  deflection  between  W  and  fixed  end, 
where  x  cannot  be  less  than  a' ;  that  is,  a'  in  this  formula 
cannot  be  greater  than  x. 

Putting  a!  for  x  in  (275),  we  may  find  easily,  by  trial,  that 
a'  =  0.414213/  is  the  greatest  value  a'  can  have  in  this  case  of 
a  maximum  value  of  y  between  the  weight  W  and  the  horizon- 
tally fixed  end  of  the  beam. 

The  point  of  contrary  flexure  may  be  found  from  (252)  by 
putting  Mx  =  o,  Mz  =z  0>  and  M2  as  in  (268).  This  substitu- 
tion gives 

(*76) 


3/2  —  a'2 

If  the  weight  W  is  at  the  centre,  a'  =  \l,  and 

x  =  &Z,  (277) 

which  is  the  distance  of  the  point  of  contrary  flexure  from  the 
free  end  of  the  beam. 

If  a'  =  o,  x  =  \l;  and  if  a'  =  I,  x  =  /:  which  are  the 
limits  to  the  range  of  the  point  of  contrary  flexure,  for  a  con- 
centrated load  W,  on  a  beam  fixed  horizontally  at  one  end,  and 
free  at  the  other  ;  x  being  measured  from  the  free  end. 

Examples. — Take  the  15-inch  I-beam  of  article  75,  and 
suppose  it  bears  a  concentrated  load  W'=  27,000  pounds, 
and  that  both  ends  are  fixed  horizontally.  We  have,  as  before, 
/  =  691,  E  =  24,000,000,  /  =  360  inches. 

When  W  is  at  the  centre,  what  is  the  deflection  halfway 
between  the  centre  and  either  end  of  the  beam  ? 

Put  d  =  \l  and  x  =  \l  in  (261),  or  a'  =  \l  and  x  —  \l  in 
(262),  and  find 

_     27000  x  3603  _      _ 

y~  6  X  xdsS^ooooo^4  ^^ 

+  (l-l  +  i)*]  =  0.19781  inch. 
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At  the  centre  the  deflection  is,  by  (263), 

D  =       27000  x  3603       =  fi2  ^ 

192   X   16584000000 

which  is  one-fourth  of  1.58248  =  the  deflection  due  the  same 
load  on  the  same  beam  with  free  ends.  And  this  1.58248  is, 
again,  eight-fifths  of  0.98905,  the  deflection  found  by  (206)  for 
the  same  load  continuously  distributed  uniformly  over  the  same 
beam  with  free  ends. 

The  points  of  contrary  flexure  are  given,  by  (265)  and  (267), 
at  90  inches  and  270  inches  from  either  end.  Now,  since  the 
deflection  at  the  quarter-points  is  just  one-half  that  at  the  cen- 
tre, it  follows  that,  in  this  case,  the  end  of  the  neutral  line,  the 
point  of  contrary  flexure,  and  the  centre  are  in  the  same  straight 
line. 

When  W  is  at  the  distance  d  =  \l  from  the  left  end  of  the 
beam,  what  is  the  maximum  deflection  ? 

Differentiating  (262),  and  putting  _ri  =  o,  we  find 

ax 

x  =  0.4/, 

.*.    y  =  0.2136  inch. 

Or,  if  d  =  f /,  we  find  in  the  same  way,  from  (261), 

x  —  0.6/, 
.-.    y  =  0.2136  inch. 

If  d  =  £/,  the  points  of  contrary  flexure  are,  by  (264)  and 
(266),  x  =  ftl,x  =  \l. 
But  if  d  =  \l, 

x  =  -$1,  x  =  x$l. 

Let  us  now  suppose  that  this  beam  is  fixed  horizontally  at 
the  right-hand  end,  but  is  simply  supported  at  the  left  end. 


DEFLECTION,   END  MOMENTS,  ETC.,  FOUND.  201 

When  W  =  27,000  pounds  is  at  the  centre,  what  is  the 
deflection  at  the  quarter-points  ? 

Putting  a!  =  \l,  and  x  =  \l,  we  find,  from  (270), 

y  =  0.5316  inch. 

But  if  a'  =  \l,  and  x  =  f /,  (271)  gives 

y  =  0.3091  inch. 

W  remaining  at  the  centre,  the  central  deflection  is,  from 
(272),  D  =  0.69234  inch. 

Also,  from  (274)  and  (270),  the  maximum  deflection  due  W 
at  the  centre  is  y  =  0.70769  inch. 

If  we  place  the  weight  W  =  27,000  pounds  at  the  distance 
d  =  0.414213/ from  the  free  end  for  the  maximum  value  of  the 
deflection  y,  we  shall  find,  by  (275),  x  =  a'  =  0.414213/;  and 
from  (270)  or  (271),^  =  0.74534  inch,  which  is  the  greatest 
deflection  W  can  produce  on  this  beam,  since  it  is  at  the  point 
of  maximum  deflection. 

Putting  a'  =  0.414213/  in  (276),  we  find 

x  =  0.707106/, 

the  point  of  contrary  flexure  when  W  is  at  the  lowest  point 
of  the  beam  fixed  horizontally  at  one  end ;  x  to  be  measured 
from  the  free  end. 

82.  Any  Number,  r1  —  r2,  Equal  Weights,  W,  placed  at 
Equal  Intervals,  c,  along  the  Beam ;  the  First  Weight  being 
(r2  +  1)  Intervals  from  the  Left  End,  and  the  Beam  being 
fixed  Horizontally  at  Both  Ends.  —  Let  r  —  r2  denote  the 
number  of  equal  weights,  and  r  equal  the  number  of  full  in- 
tervals, between  the  point  x  and  the  origin  or  left  end  of  the 
beam,  Fig.  12 ;  then  rx  —  r  =  the  number  of  weights  between 
the  point  x  and  the  right  end,  if  any. 
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The  deflection  at  the  point  x  due  any  one  of  the  r  —  r2 
equal  weights,  W,  is  given  by  equation  (262).  Let  a'  in  that 
equation  take  the  successive  values  c(r2  -\-  1),  c(r2  -\-  2), 
c(r2  +  3)»  ■  ■  •  elf*  +  r  —  ri) !  then,  by  summing,  we  have 

%a'*  =  **[(ra  +  i)2  +  (r2  +  2)*  +  (r2  +  3)2  +  .  .  .  +  r2] 

=  T^r(r  +  I)(2r  +  J)  —  r»(r*  +  I)(2r»  +  x)]» 
o 

Sa'3  =  f  [(r,  +  i)3  +  (r,  +  2)3  +  (r2  +  3)3  +  .  .  .'+  r3] 

=  -[>2(r  +  i)2  -  r/(r2  +  1)*], 

4 

which  values,  put  in  the  place  of  «'2  and  «'3  in  (262),  give 

w  ( 

y~6Elp\  ii^[»,(»,+i)(2r+i)-(ra+i)(2r,+i)rj/-^[ra(r+i)1-(r2+i)sr22]j«3 

+  {jf3[)-2(r+i)2-()-2+i)V22]/-^[r(r+i)(2r-+i)-(j-2+i)(2r2+i)r'2F}«2 
+^[r(»-+i)(2r+i)-(r2+i)(2)-2+i)r2]/3j:-^3[r2(r+i)2-(?-2+i)2}-2!!]/3 1 ,      (278) 

which  is  the  deflection  due  r  —  r2  equal  weights  at  any  point, 
x,  between   the  rm  interval   and   the  right   end  of   the  beam 
having  both  ends  horizontally  fixed  ;  x  being  not  less  than  cr. 
If  in  (278)  we  make  x  =  cr,  and  r2  =  o,  then 

y  =  — 2  ^/J     to7"  +  i)/3  -  4^(a»-  +  0/2 

+  ^2r2(7r  +  5)/  -  2cW(r  +  1)],      (279) 

which  is  the  deflection,  at  the  rtb  weight,  due  r  equal  weights, 
W,  along  the  left  end  of  the  beam  at  equal  intervals,  c. 

Again,  the  deflection  at  the  point  x  due  any  one  of  the 
r,  —  r  equal  weights  beyond  the  point  x,  is  given  by  equation 
(261). 
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Let  a'  in  that  equation  take  the  successive  values  c(r  +  i), 
c(r  +  2),  c(r  +  3),  .  .  .  cr1 ;  then  summing  as  in  article  j6, 
and  putting  the  values  of  %a'°,  %a',  %a'2,  S#'3,  into  equation  (261), 
we  find 

y  =  gj^i!  H^l>«(r'  +  r)(2r'  +  o  -  <r  +  o^*-  +  i)*y 

—  (r,  —  r)/3  _  ^[rt2(rt  +  i)2  —  (r  +  i)2^]}*' 
+  {i^C^O".  +  02  -  0  +  i)2^]/  -  ?[rt(rt  +  i)(2rI  +  1) 
-  (r  +  i)(2r  +  i)r]/2  +  f*(rt  -  *•)(>,  +  r  +  i)/3^|,        (280) 

which  is  the  deflection  due  r1  —  r  equal  weights,  W,  at  any 
point,  x,  between  the  (r  +  i)th  interval  and  the  left  end  of  the 
beam  ;  x  being  not  greater  than  c(r  -{-  1). 

Adding  equations  (278)  and  (280),  and  calling  the  result  y 
still,  we  have 

W 


y  = 


6EIP 


J  $Mri(r»  +  0  (2r*  +  0  -  (rx  +  1)  (ar,  +  i)r2]/ 


-  (j-x  -  r)/s  -  -^[^(rx  +  i)2  -  (»v+  i)2r22]^ 
+  {^'[^(r,  +  i)2  -  (r,  +  i)2r22]/  -  «*[>,(»■,  +  i)(2rx  +  1) 

-  (r2  +  i)(2r2  +  i)r2]/2  +  %c{rT  -r)(rt  +  r  +  i)/s}«* 
+  fc*[r(r  +  i)(2r  +  1)  -  (r2  +  i)(2r2  +  i)r2]flx 

-  l&\r*{r  +  i)2]  -  (r,  +  i)»r,,)'sK      (zSl) 

which  is  the.  deflection  due  all  the  rt  —  r2  equal  weights  at  any  _ 
point,  x,  between  the  rth  and  the  (r  +  i)th  intervals ;  x  being 
not  less  than  cr,  nor  greater  than  c(r  +  1),  while  r  here  is  not 
greater  than  r„  nor  less  than  r2. 

Beam  fixed  horizontally  at  both  ends.     If  we  now  suppose 

the  beam  divided   into    n  full  intervals,  each  =  c  =  -,  and  a 

n 
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weight,  W,  at  each  point  of  division ;  and  further,  if  we  require 

the  central  deflection  due  such  a  load,  we  have  x  =  \l,  c  =  -, 

n 

rz=.  n  —  i,  r2  =  o,  r  —  \n  when  n  is  even,  but  r  =  %(n  —  i) 
when  n  is  odd. 

Placing  these  values  in  (281),  we  obtain 


D  =  ^ei'        " even' 

D  =  "*(*-  0   ,  odd, 


(282) 


which  is  the  deflection  at  the  centre  due  the  r,  =  n  —  1  equal 

weights,  W,  covering  the  beam  of  n  equal  intervals,  - ;  beam 

n 

fixed  horizontally  at  both  ends. 

The  end  moments,  MT,  M2,  due  a  single  weight,  W,  are  given 

by  (258)  and  (259),  which  reduce  to 

Mt  =  -—(a'l*  -  2«'V  +  t/3), 

M2  =  ~-{plH  -  el*). 

Now  let  a'  take  the  successive  values  c(r2  +  1),  c(r2  +  2), 
c(r2  +  3)>  ■  ■  •  c(r2  +  ri  —  r2),  so  that  we  have 

2a'°  =  rt  -  r2, 


S«'    =  <r(ra  +  1  +  r2  +  2  +  r2  +  3  +  .  .  .  +  rt) 
=  Mn  -  *■,)(»•»  +  r2  +  1), 

2«'2  =  ^[(r,  +  i>  +  (r,  +  2)'  +  (r,  +  3)2  +  .  . .  +  jyj 
=  i^[»-.(A  +  i)(2rI  +  1)  -  r2(r2  +  i)(2r2  +  1)], 
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Sa's  =  e*l(ra  +■  i)s  +  (r,  +  2)3  +  (r,  +  3)3  +  .  .  .  +  r,»] 
=  M*-/0,  +  1)*  -  r22(r2  +  1)*], 

^  =  =J¥\lc(r,  -  r,)(r,  +  r2  +  i)/2 

-  i^lX^  +  iXzr,  +  1)  -  r2(r2  +i)(2r2  +  1)]/ 

* 

+  i^Cr.Hr,  +  i)2  -  r22(r2  +  i)2]^,     (283) 


-Mi  =  -—U^l^ir,  +  i)(ar,  +1)  -  r2(r2  +  i)(2r2  +  1)]/ 

-  ^[r.^r,  +  i)2  ~  ^2(r2  +  i)=%     (284) 

which  are  the  end  moments  due  r1  —  r2  equal  weights,  W;  both 
ends  of  beams  fixed  horizontally. 

The  greatest  deflection  due  rT  —  r%  equal  weights,  W,  placed 
at  equal  consecutive  intervals  anywhere  along  the  beam,  may 
be  found  by  the  following  method  :  — 

If  in  equation  (281)  we  provisionally  make  x  =  cr,  we  shall 
have  yr.  Then,  putting  r  -\-  1  for  r  in  this  value  of  yr,  we  find 
yr  + ! ;  and  therefore 

Ay  =  yr  + 1  -  >• 


Now,  by  making  Ay  =  o,  we  obtain  a  value  of  r  the  inte- 
gral part  of  which,  not  less  than  r2  nor  greater  than  rt,  will  be 
the  value  of  r  in  (281)  when  y  is  a  maximum.  Then,  differen- 
tiating (281),  and  putting  -f-  =  o,  we  find  a  value  of  x  which 

ax 

renders  y  a  maximum. 

Although  this  solution  is  rigorous,  it  need  not  often  be 
employed,  since  (281)  gives  the  deflection  at  as  many  points 
as  we  please,  and  a  close  approximation  to  the  greatest 
value  of  y  may  be  found  by  a  few  trials.  An  example  will 
be  given. 
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For  finding  the  points  of  contrary  flexure,  we  have,  from 
(61)  and  (93), 

Mx  =  y[(r,  -  r)l  -  \c{r,  -  r)  (r,  +  r  +  1)]* 

_^J^+-^,  (a8s) 

which   is   the  moment  due  the  rl  —  r  equal  weights   at  any 
point,  x,  between  the  (r  +  i)th  weight  and  the  left  end  of  the 
beam ;  x  being  not  greater  than  c(r  +  1). 
Also,  from  (60)  and  (93), 

Mx  =  —dr  -  r.)  (r  +  r2  +  1)  (/-*)-  Ml  ~  M*x  +  M»     (286) 
2/  / 

which  is  the  moment  due  the  r  —  r2  equal  weights  at  any 
point,  x,  between  the  rth  weight  and  the  right  end  of  the  beam ; 
x  not  being  less  than  cr. 

If  we  now  add  equations  (285)  and  (286),  representing  the 
three  resulting  moments  still  by  the  symbols  MM  M„  M2,  we 
shall  have 

Mx  =  {y[(r.-r)/-M*-.-O(«'.  +  ^  +  0]-ja/',7Jy'}« 

+  Ei(r*  -r2*  +  r  -  r2)  +  M„      (287) 
2 

which  is  the  moment  due  all  the  r,  —  r2  equal  weights  at  any 
point,  x,  between  the  rth  and  the  (r  +  i)t]1  weights  ;  ^r  being  not 
less  than  cr,  nor  greater  than  c(r  +1),  between  r2  and  rr. 

Now,  at  the  points  of  contrary  flexure,  we  have,  in  (287), 
Mx  =  o ;  and  therefore  : 

,  =  MJ  +  jWcljr  -  r,)(r  +  r2  +  1) .  ggv 

Ml-M2-W[(r1-r)t-fy(rl-r2)(rl+r2+i)y      V       '■ 

But  in  this  expression  for  x,  whose  value  lies  somewhere 
between  cr  and  c(r  +  1),  we  cannot  tell  what  to  call  r.    Let  us, 
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therefore,  in  (288),  put  cr  in  the  place  of  x,  and  determine  the 
values  of  r,  which  must  be  integers ;  we  can  then  find  x,  since 
the  other  quantities  in  (288)  are  given. 
By  putting  cr  for  x  in  (288)  we  obtain 


r  =  -s  ±  \J^  -  r*  -r2  +  «■,  (289) 

where 

a  =  M<  -^  -  r,  -  *  +  ^(r,  -  r.)  (r,  +  r2  +  1). 

If  (289)  gives  values  of  r  not  integral,  the  decimals  must  be 
rejected,  and  the  integers  retained.  Equation  (289)  will  give  r 
an  integer  only  when  there  happens  to  be  a  point  of  contrary 
flexure  at  the  rib  interval ;  that  is,  where  x  really  equals  cr. 

Having  r2  equal  intervals,  c,  without  weights  at  the  left  end 
of  the  beam  fixed  horizontally  at  both  ends,  succeeded  by  ?•,  —  r2 
equal  weights,  we  have  found  the  corresponding  end  moments 
in  equations  (283)  and  (284). 

By  making  r2  =  o  in  those  equations,  there  results 

Mi  =  Wcr,(r  +  1)  [4^ari  +  i);  _  6/2  _  (f-i  +  i}]j      (    Q) 

12/2 

M  =   WZTiir ,  +  1)  |-      i(fi  +  r)  _  a(arj  +  l)/];  (       ) 

12/2 

which  are  the  end  moments  due  r1  equal  weights,  W,  placed  at 
equal  intervals,  c,  along  the  beam  fixed  horizontally  at  both 
ends  ;  the  first  weight  being  at  the  distance  c  from  the  left  end. 
83.  Beam  fixed  Horizontally  at  the  Right  End,  and  simply 
supported  at  the  Left,  uniformly  loaded  for  a  Part  or  All 
of  its  Length  with  Equal  Weights,  W,  at  Equal  Intervals, 
c.  —  If  the  first  weight  is  r2  -\-  1  intervals  from  the  free  end, 
and  if  there  are  r  —  r2  equal  weights,  then  the  deflection  at 
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any  point,  x,  between  the  rth  interval  and  the  horizontally  fixed 
end  of  the  beam  is  given  by  (271),  provided  we  put  therein 
For  a', 

*  \c(r  —  r2)(r  +  r2  +  1). 

For  a'3, 

ld[r\r  +  i)2  -  r22(r2  +  i)2]. 

But  if  the  first  weight  is  at  the  distance  c(r  -f-  1)  from  the 
free  end,  and  if  there  are  rT  —  r  equal  weights  at  equal  inter- 
vals, c,  beyond,  then  the  deflection  at  any  point,  x,  between  the 
(r  +  i)th  weight  and  the  free  end  of  the  beam  is  given  by 
equation  (270)  if  there  we  substitute 
For  a'°, 

r,  —  r. 
For  d, 

\c{r^  —  r)(r1  +  r  +  1). 
For  a'2, 

!'2[>i(n  +  0(2»"x  +  0  -  r(r  +  i)(2r  +  1)]. 
For  «'3, 

i^3[rI2(rI  +  i)2  -  r2(r  +  i)2]. 

If,  then,  we  add  the  two  deflections  thus  derived  from  (271) 
and  (270),  we  shall  have 

y  =  TZWnA  IMr«  -  »".)  (r,  +  r2  +1)/2 


2EIP\ 


-  M^Cn  +  1)2  -  r22(r2  +  i)2]  -  2(rx  -  r)P\x* 

—  3c(r  —  r2)  (r  +  r2+  i)/3*2 
+  li^Cr.'Cr,  4-  i)2  -  (r,  +  i)2r22]/2  +  $*(»■,  -  r2)(rz  +  r2  +  i)/« 

-  ?  [>,(*•,  +  i)(2r,  +  1)  -(r  +  i)(ar  +  i)r\fl\x 

-  l<«[f-(r  +  i)2  -  (r,  +  i)*.1]/*},     (292) 
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which  is  the  deflection  due  all  the  r,  —  r2  equal  weights  at  any 
point,  x,  between  the  rth  and  the  (r  +  i)th  points  of  division  j 
x  heing  not  less  than  cr  nor  greater  than  c(r  -f-  1),  but  r  from 
r2  to  r,. 

In  this  case,  where  J/x  =  o,  .#f2  is  derived  from  (268),  which 

reduces  to  M2  =  ^(«'3  —  a' I2). 

For  d  put 

^(r,  -  r2)(r,  +  r2  +  1). 
For  a'3  put 

^[^(r,  +  i)2  -  r2*(r2  +  1)*], 
We  then  have 

JIG  =  -^Jl^Cr.'Cr,  +  i)2  -  r22(r2  +  i)2] 

-  M»"i  -  rx)(rj  +  r2  +  i)/2|,      (293) 

which  is  the  end  moment  due  rt  —  r2  equal  weights,  W,  uni- 
formly distributed  at  equal  intervals,  c,  on  any  part  of  the  beam 
fixed  horizontally  at  one  end  and  simply  supported  at  the  other ; 
r,  and  r2  to  be  counted  from  the  free  end. 

84.  Deflection,  End  Moments,  and  Points  of  Contrary 
Flexure,  due  a  Partial  Uniform  Load  continuously  distrib- 
uted, when  Both  Ends  of  the  Beam  are  fixed  Horizontally* 
—  We  might  proceed  in  this  case  as  in  article  74,  using  equa- 
tions (53),  (187),  and  (93);  but,  as  the  process  is  tedious,  we 
employ  the  following  method  instead,  utilizing  results  already 
obtained. 

Let  n  denote,  as  heretofore,  the  whole  number  of  intervals, 
each  equal  to  (/  -f-  n).    Let  r2  denote  a  certain  part  of  n,  which 

we  will  call-yw ;  let  r1  =  .   "J"   n,  where  neither  a  nor  a  -f-  b  can 

exceed  /. 

/ 

c  =  -. 
n 


2IO  MECHANICS  OF   THE   GIRDER. 

Now,  for  a  uniform  continuous  load  we  must  have  in  the 
values  of  MI  and  M2,  equations  (290)  and  (291),  n,  r2,  and  r1 
infinite,  and  W  infinitesimal ;  so  that  we  must  put  nW '  =  <ufl 
if  w'  =  the  weight  per  unit  of  the  length. 

Making  these  substitutions  in  (290)  and  (291),  they  become 

M,  =  —  {8[0  +  by  -  a*~\l 
12/2 

'    -  6[(a  +  <*)2  -  a*y*  -  3  [(a  +  J)4  _  «4]J,     (2g4) 


^  =  S^3[("  +  bY  ~ a4]  ~ 4[(*  +  3)3 "  *3]/*'       (29S) 


which  are  the  end  moments  due  the  uniform  continuous  load 
-ze/  per  unit  on  the  length  b,  measured  to  the  right  from  a  point 
at  the  distance  a  from  the  left  end  of  the  beam  fixed  horizon- 
tally at  both  extremities. 

Now,  if  a  =  o  (that  is,  if  the  continuous  uniform  load  begins 
at  the  left  end,  and  extends  over  the  length  b),  equations  (294) 
and  (295)  reduce  to 

Mt  =  ^-(Ul  -  $P  -  6P),  (296) 

I  2/2 


-^-(3*  -  4*0,  (297) 


which  are  the  end  moments  due  the  continuous  uniform  load 
■a/  per  unit,  on  the  length  b,  measured  from  the  left  end. 

It  may  be  noted  here,  that  if  in  (296)  and  (297),  while  a  =  0, 
we  suppose  b  =  I,  these  values  of  Mz  and  M2  become  each  equal 
to  — j^-a/7*,  which  accords  with  equation  (241)  for  the  fully 
loaded  beam. 
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» 

Let  us  now  put  the  values  of  M%  and  M2,  as  given  by  (294) 
and  (295),  into  equation  (236) ;  we  shall  then  have 


it/ 

y  = 


;{{4[(«  +  ^)3  -a'V 


—  z[(a  +  by  —  a2]/2  —  z[(«  +  b)*  —  a^\(x^  —  l*x) 
-  {8[(«  +  by  -  a?~\l*  -  6[(«  +  by  -  a2]/3 

-  3[(*  +  bY  -  «♦]'!  02  -  1*) }.     (298) 

which  is  that  part  of  the  deflection  due  to  the  influence  of  the 
end  moments,  the  beam  horizontally  fixed  at  both  ends  being 
loaded  with  w'  per  unit  for  any  part,  b,  of  the  beam's  length,  /; 
x  varying  from  o  to  /. 

If  x  be  now  restricted  so  as  not  to  exceed  a,  and  we  add  y 
in  (298)  to  y  in  (225),  the  sum  will  -be  the  deflection  due  it/b  at 
any  point  between  the  origin  and  the .  beginning  of  the  partial 
continuous  uniform  load  in/b. 

If  again  we  limit  x  between  the  values  a  and  a  -f-  b,  and  add 
the  values  of  y  in  equations  (298)  and  (226),  the  sum  will  be 
the  deflection  due  in  w'b  at  any  point  of  the  loaded  portion  b. 

Finally,  by  making  x  not  less  than  a  -\-  b  in  (298),  and  add- 
ing that  equation  to  (227),  the  sum  of  the  second  members  will 
be  the  deflection  due  w'b  at  any  point  between  the  right-hand 
end  of  the  beam  and  the  load  w/b. 

It  is  evident,  that,  by  assigning  the  proper  values  to  a  and  b, 
we  may  place  the  load  anywhere  upon  the  beam,  and  give  it  any 
magnitude  not  exceeding  a//.  Also,  we  may  put  many  partial 
uniform  continuous  loads,  w.b,,  w2b2,  w3b3,  etc.,  upon  the  beam, 
by  so  choosing  the  values  of  a„  a2,  av  etc.,  b„  b2,  bv  etc.,  that 
the  partial  loads  shall  take  desired  positions,  whether  they  are 
required  to  be  equal  to  each  other,  or  to  overlap,  or  to  have 
intervals  between  them. 

But  it  is  not  necessary  to  formulate  the  deflection  for  such 
totals  here. 
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: : * 

It  remains  to  find  the  points  of  contrary  flexure  for  partial 
continuous  uniform  loads,  vi/b,  when  the  beam  is  fixed  horizon- 
tally at  both  ends. 

If  there  is  a  point  of  contrary  flexure  between  the  left  end 
of  the  beam  and  the  beginning  of  the  partial  load  (that  is,  within 
the  length  a),  we  use  equations  (53)  and  (93),  giving 

Mx  =  wo 2-  x -x  +  Mx. 

If  Mx  =  O, 


MJ 


M1-  M2  -  n/b{l  -  a  -  \b)' 


(299) 


where  the  values  of  MT  and  Jf2  are  to  be  taken  from  (294)  and 
(295),  and  x  cannot  be  greater  than  a.  Should  (299)  yield  a 
value  of  x  either  negative  or  greater  than  a,  there  is  no  point 
of  contrary  flexure  in  the  part  a. 

For  the  loaded  part  of  the  beam  b,  we  have  equations  (55) 
and  (93).  giving 

Mx  =  vtbl-a-Wx  -  &{x  -  ay  -  M>  ~  M*x  +.Jft  =  o, 


X   =   £    ± 


\/2-f-a*+   ^  <30°> 


where  .  =  W  -  a  -  ±b)  _MZ -M,       a_ 
I  wl 

Mz  and  M2  are  given  by  (294)  and  (295). 

When,  in  (300),  either  value  of  x  is  less  than  a  or  greater 
than  a  -\-  b,  it  must  be  rejected ;  and  when  both  values  of  x  are 
in  this  condition,  there  is  no  point  of  contrary  flexure  in  the 
loaded  part  b. 
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In  finding  the  point  of  contrary  flexure  between  the  right 
end  of  the  beam  and  the  load  w'b,  we  employ  equations  (57)  and 
(93) ;  taking,  as  before,  the  values  of  Mx  and  M2  from  (294)  and 
(295).     Thus, 

Mx  =  w/b(a  +  \b)l-=^  -  M*  ~  M*x  +  MJ  =  o, 

.         =       MJ  +  w'bja  +  &)l 
"    ■         Mz-  Mz  +  w'b(a  +  %b)'  VJ     ' 

Equations  (299)  and  (301)  show  that  there  can  be  but  one 
point  of  contrary  flexure  between  either  end  of  the  beam  and 
the  adjacent  end  of  the  load,  while  (300)  indicates  that  there 
may  be  two  such  points  within  the  length  b  covered  by  the 
uniform  load  itfb. 

85.  Partial  or  Full  Continuous  Uniform  Load,  w'b,  on 
any  Portion  of  a  Beam  fixed  Horizontally  at  the  Right 
End,  but  simply  Supported  at  the  Left.  —  Proceeding  as  in 

article  84,  we  make  c  =  -,  r  =  -n,  rs  =  — ~^—n,  and'  substi- 

n  I  I 

tute  these  values  in  (293),  which,  when  n  is  infinite,  and  W 

infinitesimal  and  =  — ,  becomes 
n 

M*  =  &* (a  +  bY  ~a"~  2/2[(a  +  by  ~  ^'     (3°2) 

which  is  the  moment  at  the  fixed  end  due  the  uniform  continu- 
ous load,  w'6,  anywhere  on  the  beam.  Here,  if  a  =  o,  and 
b  =  /,  the  beam  is  fully  covered  by  the  load,  and  M2=  —  \w'l2, 
in  agreement  with  equation  (246). 

If  in  (302)  a  =  o,  we  have  as  the  moment  at  the  fixed  end, 
when  the  partial  load  11/ b,  begins  at  the  free  end, 
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Substituting  the  value  of  M2  as  given  by  (302),  in  equation 
(237),  we  obtain 


it/ 


tfiEIl 


U(a+»)*-a*-2l*l(a+ty-*]\(Px-*!>)  },      (304) 


which  is  the  deflection  due  the  end  moment  M2  when  Mx  =  o, 
and  the  load  is  w'b  in  any  position  ;  x  varying  from  o  to  /. 

If,  as  in  article  84,  x  be  now  limited  so  as  not  to  exceed  a, 
and  we  add  y  in  (304)  to  y  in  (225),  the  algebraic  sum  will  be 
the  deflection  due  w'b  at  any  point,  x,  between  the  free  end  of 
the  beam  and  the  beginning  of  the  load  w'b. 

If,  again,  x  be  limited  between  the  values  a  and  a  +  b,  and 
we  add  algebraically  the  values  of  y  in  equations  (304)  and 
(226),  the  result  will  be  the  deflection  due  w'b  at  any  point,  x, 
of  the  loaded  portion  b. 

Also,  by  making  x  not  less  than  a  -f-  b  in  (304),  and  adding 
that  equation  to  (227),  the  sum  of  the  second  members  will  be 
the  deflection  due  w'b  at  any  point,  x,  between  the  right  or  fixed 
end  of  the  beam  and  the  load  w'b ;  x  measured,  as  usual,  from 
the  free  end  of  the  beam. 

The  point  of  contrary  flexure  for  the  beam  fixed  horizontally 
at  one  end  and  simply  supported  at  the  other,  which  is  taken 
as  the  origin,  is  found  for  a  partial  continuous  uniform  load, 
w'b,  by  means  of  equations  (299),  (300),  and  (301)  for  their 
respective  cases,  by  putting  M1  =  o,  and  taking  M2  from 
(302). 

86.  Examples  illustrating  Articles  82,  83.  —  For  the  sake 
of  comparing  the  deflection  of  the  same  beam  when  one 
or  both  its  ends  are  fixed,  with  its  deflection  when  both  ends 
are  simply  supported,  we  further  consider  the  15-inch  rolled 
wrought-iron  I-beam  of  30  feet  clear  span,  whose  moment  of 
inertia  T  =  691,  and  whose  modulus  of  elasticity  E  = 
24,000,000,  as  given  in  article  75. 
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1st,  Take  3  weights,  of  4,500  pounds  each,  placed  at  inter- 
vals of  60  inches,  beginning  at  the  left  end  of  the  beam  fixed 
horizontally  at  both  ends ;  then  the  deflection  at  the  centre  is 
given  by  (278)  if  we  put  W  =  4,500  pounds,  /.=  360  inches, 
c  =  \l  =  60,  r  =  3,  and  x  =  \l;  EI  being  16,584,000,000. 
Thus, 

=      45°o  x  3603      (  /i  x  jl  x  84  _  1  x    1    x        \  1 
6  X  16584000000 (\2      36  2       216  /8 

+  (3  x  144  _  84V  +  1  x  84  x  1  _  1  x  144)  =  o.i3i87inch. 
\4       216       36/4       2       36       2       4       216) 

2d,  If  2  other  equal  weights,  4,500  pounds  each,  be  added 
at  the  same  interval  of  60  inches,  so  as  to  cover  the  beam  with 
concentrated  loads,  the  central  deflection  due  these  last  2  is, 
by  (280),  where  r  =  3,  and  r,  =  5,  or  by  (278),  making  r  =  2, 

45Q°X36o3     {l'ix_L(330_84)_a_ix^_X7561i 
y      6  X  16584000000 1  L2     36Vl"         *'  2     216     /3  -18 


£$}  — 


+($*%-ir+'J^r;i  —»■"'■"■ 


3d,  For  the  5  equal  weights  now  on  this  beam,  (281)  gives 
the  deflection 

=  4500X3603         t/l    x      !_    x    33Q   _    ,    _   200\l 

6  X  16584000000 1  \2       36  432/8 

,(3      Qoo      330      S4V       1      J_      84       1       i44| 
+  \4  XJI6~  36  +  12/4^2  x  36  x   2       4*216) 

=  0.19781  inch ; 
or,  (282)  gives  the  same  much  more  simply. 

This  value  is,  as  it  should  be,  the  sum  of  the  two  deflections 
last  found. 
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4th,  Suppose  the  fifth  weight  removed  from  the  beam,  what 
is  the  deflection  at  the  fourth  weight  ?  Use  (279),  making 
r  =  4,  c  =  \l  =■  60  inches,  W  =  4,500  pounds  ; 

4SOO   X    36o3    X    16   X    5    /  ^     *    ~      <c 

..     y  =  —^ l1^  —  4  X   -  X  36 

24  x  16584000000  x  2i6\  6 

16  X  33       2  x  64  x  5^  . 

+  —33 ^73 ;  =  0.13748  inch. 

5th,  These  4  equal  weights  remaining  on  the  beam,  what  is 
the  deflection  at  the  third  weight,  or  centre  ? 

In  equation  (281),  put  x  =  \l  =  cr,  r  =  3,  r1  =  4,  c  =  \l; 

.-.     y  =       45°°  X  36°3      I  A 80  _  x  _  400V 
6  x  16584000000(^72  432' 8 

A  X  400       180       24X1       84  144     ) 

+  Vx^is  - 16  +  ii/4  +  y2  ~  Tx~ns)  =  °-l8o»a  inch- 

6th,  The  same  4  weights  remaining,  what  is  the  deflection 
at  the  second  weight  ? 

Use  (281),  calling  rI  =  4,  r  =  2,  x  =  re  =  \l,  c  =  \l; 

4500  x  3603     j  /180  40o\  1 

™  —  6  x  16584000000 (  \  72   "         ~~  432/27 

A       400       180      42X1        30         0  ) 

+  I"  X      a r  +  — /-  +  "^  -  -^zf  =  0.1458  inch. 

H        216        36         12/9        216       216)  ^° 

7th,  What  are  the  end  moments  due  these  4  weights  in  the 
same  position  as  above  ? 

Use  (283)  and  (284),  making  r  =  4,  c  =  }l  =  6o,  W  = 
4»Soo ; 

iu         4SOO  X  360        20/      ,  I   „,  ,  •?  \ 

■•     ">  =  X2  ><  -6"(4  X  6  X  9  "  6  "  3I  X  2°) 

=  —750000  inch-pounds. 

J^  =  — - —  x  ->(|  X  20  —  2  x  9)  =  —600000  inch-pounds. 
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8th,  When  all  the  5  weights  are  on  the  beam  uniformly  dis- 
tributed as  above,  r  =  5,  c  =  \l  =  60,  W  —  4,500.  Then,  by 
(283)  and  (284), 

,  4SOO    X    36O  30/44  Qo\ 

Mx  =  — x  -g-^-g-  -  6  -  -^J       =  -787500  inch-pounds. 

4500  X  360       30/3  \ 

M2  =  — x  -A  g  X  30  —  2  X  11)  =  —787500  inch-pounds. 

9th,  The  4  equal  weights  of  4,500  pounds  still  occupying 
the  first  4  intervals  on  this  beam,  where  are  the  points  of 
contrary  flexure  ?  Here  we  have  Mx  =  —750,000,  M2  = 
—600,000,  W  =  4,500,  c  =  £/  =  60,  rs  =  4,  r2  =  o. 

These  values  put  in  (289)  give 

r  =  4-6595  or  I-I9Z3- 

We  have  then,  rejecting  the  decimals,  r  =  1  or  4.    Hence  (288) 
becomes 
--  —750000  +  £  X  4500  X  ^  X   2 

*  =  -^fifiP  -  45°o(3  -  *  X  *  X  4  X  5)  =    74-806  for,  =  1, 

—  750000  +  ■§•  x  4500  x  3-p  x  20 

*  =  -^IfiflP  ~  45oo(o  -  J  x  T  x  4  x  5)  -  "7S--94  for  r  =  4. 

10th,  If  these  4  weights  occupy  the  last  4  intervals,  leaving 
the  first  vacant,  we  shall  have  Mt  =  —600,000,  M2  =  —750,000, 
r,  =  5,  r2  =  1,  c  =  |Y  =  60,  fF  =  4,500 ;  so  that,  from  (289), 
we  find  r  =  4.80372  or  1.34442,  that  is,  4  or  1. 

These  values  placed  in  (288)  give 

1 

1     x  =    84.706  for  r  —  1, 
x  =  285.194  for  r  =  4, 

which  accords  with  example  9th,  since  360  —  84.706  =  275.294, 
and  360  —  285.194  =  74.806. 
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i  ith,  When  all  5  weights  are  on  the  beam  at  equal  inter- 
vals, Mj  =  M2  =  —787,500  by  example  8th.  Also,  c  —  \l  = 
60,  r,  =  5,  r2  =  o,  f-F  =  4,500.  From  (289),  we  find  that  r 
must  be  1  or  4 ;  and  therefore  (288)  gives,  as  the  points  of  con- 
trary flexure, 

x  =     76f  for  r  =  1 , 

jc  =  283^  for  r  =  4. 

The  sum  of  these  values  of  x  is  360,  as  it  should  be,  since  the 
load  is  symmetrical. 

1 2th,  Let  there  be  on  this  beam  weights  at  the  end  of  the 
second  and  third  intervals,  and  find  the  end  moments  and  points 
of  contrary  flexure.  We  now  have  W  =  4,500,  c  =  jl/  =  60 
inches,  r,  =  3,  r2  =  1 ;  so  that  (290)  and  (291)  become 

...        —4500  x  360(6  1  _ 

M*= |gX  2  XS-4X^(3X4X  7-1X2X3) 

+  -^(144  —  4)1  =  -442500. 
210  ) 

,,        -4500  X  360  (  2  3  J 

M*=  H (p(84-6)        ^7g(I44  ~  4)  (  =  -322500. 

Using  these  moments  in  (289),  we  find  r  =  1.2460  or  4.2354; 
we  use  r  =  1  or  4.  Therefore,  from  (288),  x  =  79.254  or 
251.053,  which  are  the  points  of  contrary  flexure  sought. 

13th,  When  these  2  equal  weights  are  at  the  second  and  third 
points  of  division,  as  in  the  twelfth  example,  what  is  the  maxi- 
mum deflection  of  the  beam,  and  at  what  point  does  it  occur  ? 

Using  (281),  where  now  W  =  4,500,  c  =  60  =  \l,  r,  =  3, 
r2  =  1,  and  provisionally  putting  x  =  cr,  we  find  yr  ;  then, 
putting  r  -f-  1  for  r  in  the  value  of  yn  we  find  yr+I;  and  then, 
making  Ay  =  yr  + ,  —  yr  =  o,  we  obtain 

r3  —  6.722?^  +  g.iiir  +  2.676  =  o, 
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from  which  we  easily  see,  as  was  suspected,  that  a  positive 
value  of  r  lies  between  2  and  3  for  a  maximum  y. 

Making,  therefore,  r  —  2r\n  equation  (281),  and  differentiat- 
ing with  respect  to  x,  then  putting  -^  =  o,  we  find 

ax  , 

x  =  0.47391/, 

which,  substituted  in  (281),  r  being  2,  gives 

y  =  0.11553  inch,  a  maximum. 
At  centre,  y  =  0.11478  inch,  at  second  weight. 
At  \l,         y  =  0.09514  inch,  at  first  weight. 

87.  When  the  uniform  discontinuous  load  is  applied  at  equal 
consecutive  intervals,  the  first  weight  being  placed  at  no  inte- 
gral number  of  times  the  common  interval  from  the  left  end 
of  the  beam,  we  may  proceed  in  finding  the  deflection,  end 
moments,  and  points  of  contrary  flexure  as  in  article  20,  where 
r,  r„  and  rz  need  not  be  integral,  but  where  the  differences, 
fi  —  7*2.  i"  —  i~2>  ri  —  r>  each  denoting  a  number  of  weights, 
must  be  integral.  In  this  way  the  deflection  formulae  already 
established  in  this  chapter  for  full  intervals,  r,  rIt  r2,  being 
whole  numbers,  also  apply  to  the  case  now  under  consideration, 
where  r,  ra  and  r2  have  the  same  fractional  part,  except  that, 
when  r2  is  negative,  its  value  is  less,  by  unity,  than  the  common 
decimal  part  of  r  and  r„  as  before  shown. 

Example  i.  —  Beam  fixed  horizontally  at  right-hand  end, 
simply  supported  at  left  end.  Length  =  360  inches  =  /,  c  = 
1/  =  60  inches  ;  6  weights,  each  =  W  =  4,500  pounds,  applied 
at  the  intervals  \c,  c,  c,  c,  c,  c,  \c;  depth  and  cross-section  of 
I-beam  as  in  the  example  of  article  75,  where  the  moment  of 
inertia  of  section  —  I  =  691,  and  E  =  24,000,000.  What  is 
the  deflection  at  the  centre  under  this  load  ? 
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Using  equation  (292),  where  now  rx  =  — J,  r,  =  5J,  r  =  2^-, 
and  x  —  \l  =  180,  we  find  central  deflection 

y  _       4500  x  3603       (  !  /3     1     fi2 
12  x  16584000000(8^2     6 

+  ^(44375  +  9  -  10.4583)  —  0.1771 1  =  0.3993  ^ch. 

And  the  greatest  deflection  due  this  full  load  on  the  beam 
fixed  horizontally  at  the  right-hand  end  is  found  by  putting 
x  =  cr  provisionally  in  (292),  and  making  yr  +  x  —  yr  =  o  =  Ay. 
This  equation  indicates  a  value  of  r  between  %  and  J. 

Calling  r  =  #  in  (292),  and  putting  -^  =  o,  we  find  x  = 

ax 

0.42077/=  151.477  inches,  which  is  greater  than  c(r  +  1)  = 

6o(f  -|-  1)  =  150  inches,  an  inadmissible  result.     Hence  we  see 

that  the  approximate  equation  Ay  =  o  gave  r  too  small.     Now, 

calling  r  =  f  in  (292),  and\  making  -^  =  o,  we  find  x  = 

ax 

0.417404/  =  150.265  inches,  which  is  between  cr  and  c(r  +  1), 

as  it  should  be. 

With  r  =  f,  and  *  =  0.417404/,  (292)  gives  greatest  deflec- 
tion y  =  0.41463  inch ;  while  at  the  centre  it  was  0.3993  inch. 
The  end  moment  in  this  case  removes  the  point  of  greatest 
deflection  180  —  150.265  =  29.735  inches  from  the  centre. 

The  end  moment  due  this  load  is  given  by  (293),  where 
r,  =  V"'  ri  =  —  h  c  =  ¥  —  6°>  and  W  =  4,500  pounds ;  and 
it  is,  in  inch-pounds, 


4500  x  36' 


2 
-1231875. 


-{^^[(tKt)2-^]-!^-62} 
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The  point  of  contrary  flexure  is  found  by  adding  equations 
(62)  and  (93),  and  equating  the  sum  of  the  second  members  to 
zero. 

Thus,  since  M1  =  o,  we  have 

Mx  =  j^OO,  -  r)l  -  c(ri  -  r2){r,  +  r2  +  1)]  +  ^fU 

+  \Wc(r  -  r2)(r  +  r2  +  1)  =  o,     (305) 

— c{r  —  r2)(r  +  r2  +  1)/ 

•'•  x  = : — ^w    (306) 

2l{r,  —  r)  —  c(rt  —  r2)  (r,  +  r2  +  1)  +  — ? 

Making  *  =  re  provisionally  in  (306),  we  find  r  =4.5353. 
Calling  r  =  f ,  and  M2  —  —1,231,875,  (306)  yields  the  point  of 
contrary  flexure 

x  =  0.754717/, 

which  is  between  re  and  (r  +  i)e  (that  is,  between  0.75/  and 
•i|/),  though  very  close  to  the  former. 

If  both  ends  of  this  beam  are  free  under  this  load  of  6 
equal  weights,  we  find  by  (232),  at  the  point  x  =  0.417404/, 
y  =  0.9676  inch. 

And,  by  (237),  the  deflection  due  M2  =  1,231,875  is  y  — 
—0.5530  inch,  which  added  to  0.9676  gives  y  =  0.4146  inch, 
as  found  by  (292)  above. 

88.  Continuous  Uniform  Load,  w'b,  on  Beam  fixed  Hori- 
zontally at  Both  Ends.  —  Take  the  examples  of  article  75, 
and  apply  to  the  deflections  there  found  the  effects  of  the  end 
moments  as  given  by  equation  (298). 

1st,  In  the  first  example  of  article  75,  for  beam  with  free 
ends,  the   deflection,  when  x  =  b  =  J/  =  120  inches,  and 
=  o,  was  found  to  be  y  =  0.23444  inch. 


a 
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Now,  by  (298),  the  effect  of  end  moments  on  the  deflection 
in  this  case  is 

_        75  x  360"      \(±  _l  _  _lV_l  -  i\ 

y  ~~  24  x  16584000000 1  \2 7       9       8i/\27       3/ 

Therefore  the  deflection  sought  is 

y  =  0.23444  —  0.19392  =  0.04052  inch; 

the  left  third  of  the  15 -inch  I-beam  bearing  75  pounds  to  the 
inch,  both  ends  being  fixed  horizontally. 

2d,  Again,  in  the  second  example  of  article  75  the  central 
deflection  =  0.24421  inch,  under  the  same  conditions.  If,  now, 
in  (298)  we  make  a  =  o,  b  =  \l  =  120  inches,  x  =  |7,  we  get 
the  effect  of  end  moments  on  deflection 

_  75  X  3604         I  _  _8_  /i  _  A 

■^       24  x  16584000000  (      81  \8       2/ 

33/1      i\) 
+ ^U" '2/J=  ~a2°SI4  inch- 

Therefore  the  required  deflection  is 

jC  =  0.24421  —  0.20514  =  0.03907  inch 
at  the  centre  of  the  beam  fixed  horizontally  at  both  ends. 

3d,  Applying  the  value  of  y  in  (298)  to  the  deflection  found 
in  the  third  example  of  article  75,  where  a  =  o,  b  =  \l,  x  =  |/, 
we  find,  for  the  beam  with  fixed  ends, 

y  =  0.19176  —  0.17077  =  0.02099  inch. 
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4th,  The  greatest  deflection  due  75  pounds  per  inch  on  the 
left  third  of  this  I-beam  fixed  at  both  ends,  is  found  by  adding 
equations  (229)  and  (298),  and  in  the  resulting  equation  making 

-¥-  =  o  when  a  =  o,  and  b  =  \l. 
dx  3 

This   gives  x  =  \l,  whence  the  greatest  deflection  y  = 

0.042199  inch  at  £/  from  the  left  end  of  the  beam,  which  is 

(£  —  |)/  =  jJg/  beyond  the  end  of  the  load. 

5th,  The  end  moments  for  this  load  of  75  pounds  per  inch 
on  the  left  third  of  this  15-inch  I-beam  30  feet  long,  where 
I  =  691,  E  —  24,000,000,  a  =  o,  b  =  \l  =  120  inches,  are 
given  by  equations  (296)  and  (297),  as  follows  : 

Ml  =      i2/»¥    (3  ~9~6)=  ~  330ooo  inch-pounds, 

H?   v   3602  I  %       a\ 
M2  = o ( )  =  —80000  inch-pounds. 

6th,  With  these  values  of  M1  and  M„  equation  (300)  gives 
the  first  point  of  contrary  flexure, 

x  =  100.926  ±  37.229  =  63.697  inches, 

since  in  (300)  x  cannot  be  greater  than  (a  +  b)  =  (o  +  \l)  = 
120  inches. 

The  second  point  of  contrary  flexure  is  derived  from  (301), 
where  we  find  x  =  260.69  inches. 

The  mode  of  procedure  when  only  one  end  of  the  beam  is 
fixed  horizontally  is  so  similar  to  that  just  exemplified  for  two 
fixed  ends,  that  further  examples  seem  to  be  unnecessary. 
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Section  4. 

Deflection  of  a  Girder  of  Variable  Cross-Section  in  Terms  of  the  Con- 
stant Unit  Strain  upon  the  Extreme  Fibres  of  the  Section  ;  that  is, 
Deflection  of  a  Beam  of  Uniform  Strength.  End  Moments  for 
Fixed  Beams. 

89.  Economy  in  the  construction  of  built  beams  or  framed 
girders  requires  that  the  cross-sections  of  the  various  members, 
as  well  as  that  of  the  whole  structure,  should  be  proportioned 
to  the  greatest  strains  allowed  upon  the  sections  ;  and,  when  the 
dimensions  of  parts'  are  so  adjusted,  it  is  clear  that  the  unit 
strain  of  tension,  compression,  or  bending  will  be  constant 
throughout  the  girder. 

The  complete  realization  of  this  condition  is,  for  obvious  con- 
siderations, probably  seldom  attained  ;  but  it  is  a  condition  so 
nearly  approximated  in  practice  as  to  require  examination  here. 

For  this  case  we  employ  equation  (186) ;  viz., 

—E^=  2^i 
dx?        h 

which  is  independent  of  /,  the  moment  of  inertia  of  the  cross- 
section,  and  in  which  Bl  is  constant  for  a  given  load,  and  equal 
to  the  mean  of  the  unit  strains  upon  the  fibres  at  the  upper  and 
lower  surfaces  of  the  beam,  and  h  =  height  of  cross-section. 

90.  Deflection  of  Semi-Girder  of  Uniform  Height,  h, 
and  Uniform  Strength.  —  Using  the  notation  of  article  64,  as 
illustrated  by  Fig.  8,  and  integrating  (186),  with  the  sign  of 

E~  positive   for   the   semi-girder,  first,  with   the  condition 
ax2 

that  4-  =  °  when  x  =  o, 
ax 

.-.    Edy  -.  zBlx; 
dx         h 
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secondly,  y 

0  when  x 

=  0, 

•.    Ey 

~     h  ' 

Eh'  (3°7) 

which  is  the  deflection  at  any  point,  x,  of  the  semi-girder  o£ 
uniform  height  and  strength. 
If  x  =  I, 

D  =  %,  (308)) 

which  is  the  deflection  at  the  free  end  of  the  semi-girder  of 
uniform  height  and  strength. 

It  may  be  observed  that  (307)  is  the  equation  of  a  parabola 
with  its  vertex  at  the  origin  of  co-ordinates. 

Example.  —  Take  an  open-webbed  semi-girder  of  wrought- 
iron  whose  effective  height,  h,  is  20  feet  =  240  inches,  length,  /, 
=  50  feet  =  600  inches  ;  and  suppose  the  allowed  unit  strain 
in  the  top  chord  is  CI  =  8,000  pounds  per  square  inch,  and  in 
the  bottom  chord  Tz  =  10,000  pounds  per  square  inch.  Then 
calling,  as  we  may  do  without  sensible  error,  the  top  and  bot- 
tom chords  extreme  fibres  of  the  cross-section,  we  have 

Bt  =  i(d+  ?i)  =  9000.  (309) 

Take  E  =  25,000,000,  then 

0000  x  6oo2  . 

Deflection  at  free  end  =  D  =  240  x  25OOO000  =  °-54  mch, 

.  9000  X  3002  . 

Deflection  at  centre  =  ^Q  x  25000000  =  0.135  mch. 
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It  should  be  remembered  that  the  deflection  of  a  framed 
girder  due  to  its  first  full  load  is  likely  to  be  greater  than 
that  computed  by  these  formulae,  by  reason  of  the  yielding  of 
the  joints  and  probable  straightening  of  some  of  the  parts  in 
tension.  It  is  customary,  therefore,  in  computing  the  deflec- 
tion of  a  girder  under  its  first  loads  until  the  frame  becomes 
"set,"  to  take  E  ranging  from  15,000,000  to  20,000,000  for 
wrought-iron,  according  to  the  accuracy  of  the  joint  fittings  and 
general  workmanship ;  afterwards  the  ordinary  value  of  E  may 
be  used. 

qi.  Deflection  of  the  Semi-Girder  o£  Uniform  Strength 
but  of  Variable  Height.  —  (a)  Let  the  semi-girder  be  like  either 
half  of  Fig.  64,  65,  67,  33,  34,  39,  or  83 ;  that  is,  let  it  slope 
uniformly  from  the  fixed  end,  whose  height  we  will  call  h„  to  the 
free  end,  whose  height  is  h^ 

Then  the  height  at  any  point,  x,  is 


.and 


h  =  hz '— — Sx;  (310) 


dh   =  h°  ~  hldx, 


dx2 


=  {j^Jfl 


Hence  (186)  becomes,  for  this  semi-girder, 

E(k0  -  hxy  d^=i 
2BJ2       '  dh2       ti 

Integrating,  with  the  condition  that  -¥-  =  o  when  h  =  h„ 

dh 

■      £(k°  ~  h>y   ^  _  lor  h 
2BJ*       '  dh  SV 

where  loge  denotes  the  Napierian  logarithm. 
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; 

Again,  y  =  o  when  h  =  A„ 

~J^y = £'og%  ■ dh = iioe%  - x) + k 


^=^^h-<2-3o2^io4i+i)l' (3ii) 


which  is  the  deflection  of  the  uniformly  sloping  semi-girder  at 
any  point  where  the  height  is  h ;  log  denoting  the  common 
logarithm,  and  the  girder  being  of  uniform  strength. 

Putting  for  h  in  (311)  its  value  as  taken  from  (310),  we  have 
y  in  terms  of  x ;  thus, 

which  is  the  same  as  (311). 

If  the  semi-girder  of  uniform  slope  and  strength  comes  to  a 
point  at  the  free  end,  we  have  at  that  end  ha  =  o  =  h ;  and 
therefore  (311)  becomes 

D  =  '-££,  (313) 

which  is  twice  the  deflection  given  by  (308)  for  semi-beam  of 
the  same  length  but  of  the  uniform  height  hz. 

When  ha  =  kT  =  h,  the  value  of  y  in  (311)  and  (312)  is  in- 
determinate, but  is  given  by  (307). 

Example..  —  Length  of  semi-girder  /  =  50  feet ;  height  at 
fixed  end  =  20  feet,  at  free  end  10  feet ;  BT  =  9,000;  E  = 
25,000,000  pounds  per  square  inch.  What  is  the  deflection  at 
the  free  end?  h1  =  240  inches,  ha  =  h  =  120  inches,  /  =  600 
inches. 


228  MECHANICS  OF  THE   GIRDER. 


By  (311), 

=      2X9000x600*     j-         _  I20(2  g   b 

2SOOOOOO    X    (— I20)a  J 

=  0.6628  inch. 

(b)  Semi-Girder  with  Either  or  Both  Chords  Parabolic.  Open 
Frame.  —  First,  take  a  case  like  the  half  of  Fig.  63,  supposing 
the  top  chord  parabolic,  and,  as  in  all  these  cases,  the  members 
formed  as  for  a  semi-beam.  Let  /  =  length  of  semi-girder, 
hi  =  its  height  at  the  fixed  end,  h0  =  height  at  free  end, 
and  h  =  variable  height.  Then,  by  equation  (136),  putting  for 
the  h  in  that  equation  h^  —  hol  and  adding  h0  to  the  second 
member  for  our  present  case,  we  have,  /  also  being  put  for  \l, 

h  =  K-  ^~^x2-  (314) 


This  value  of  h  placed  in  (186)  gives,  after  reducing,  and 

making  m2  = ! — , 

K  —  hQ 

(h,  -  ha)E  d2y  _  1  .      . 

2BJ2      '  dx2       m2l2  -  x2'  Ki  iJ 

Integrating   (315),  first  with  the    condition  -^  =  o  when 

dx 

x  =  o, 

.      m(At  -  h0)E  dy^  _  ,       ml  +  x  ,     ,. 

bj      'dx~0ge^rrx'       {3Ib) 

where  log€  means  Napierian  logarithm. 

Integrating  again,  with  the  condition  y  =  o  when  x  =  o, 

•••  *£i        y  =  2-302585[(^  +  x)\og{ml  +  x) 

+  (ml  —  x)log(ml  —  x)  —  2mllogml], 
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y  =    2'A°25   \  \j?[(ml  +  x)\og{ml  +  x) 
m,\h,i  —  na)Ji 

+  (ml  —  x)\og(ml  —  x)  —  2ml\ogml~\,     (317) 

where  log  denotes  common  logarithm,  and  y  is  the  deflection  at 
any  point,  x,  of  the  semi-girder  of  uniform  strength,  and  of  the 
form  of  one-half  of  Fig.  63,  when  the  top  chord  is  parabolic. 

Example.  —  Let  Bz  =  9,000,  E  =  25,000,000,   /  =  600 
inches,  ht  =  240  inches,  ha  =  120  inches. 


V  A,  -  ho 


If,  now,  x  =  /,  we  have  the  deflection  at  the  free  end  of  the 
girder,  from  (317), 

2.302585  x  9000  x  600  .    , 

y  =  f — (203-9)  =  °-S97S7  men, 

J  25000000  x' 120^/2    v    oyy        oy/;5/        ' 


which  is,  as  it  manifestly  should  be,  less  than  the  deflection  just 
found  by  (311)  for  the  semi-beam  of  equal  length  and  depth 
of  ends,  but  of  uniform  slope,  and  greater  than  the  deflection  of 
semi-beam  of  same  length  and  uniform  depth  =  Alt  found  by 
equation  (308). 

If  this  girder  comes  to  a  point  at  the  free  end  (that  is,  if  it 
is  the  half  of  the  parabolic  bowstring),  we  have,  in  (3 1 7),  h0  =  o, 
m  =  1 ; 

.-.     y  =  WjSsSfy  +  x)]og{z  +  x) 

+  (/  -  x)\og(l  -  x)  -  a/log/],     (318) 

which  is  the  deflection  at  any  point,  x. 
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When,  in  (318),^  =  /,  we  have  the  deflection  at  the  free 
end  of  the  parabolic  semi-bowstring ;  thus, 

r,         1.386295^,/*  ,        . 

which,  according  to  (313),  is  — — of  the  deflection  at  the 

free  end  of  the  semi-girder  of  same  length  and  height  at  fixed 
end,  but  sloping  uniformly  to  a  point. 

From  the  identity  in  the  form  of  equations  (136),  (137),  and 
(138),  and  from  the  manner  in  which  (317),  (318),  and  (319) 
have  been  derived  from  (136),  it  follows  that  the  deflection  of 
any  parabolic  semi-girder  of  uniform  strength,  whether  the  half- 
crescent,  or  the  half  double  bowstring,  may  be  found  from  (317), 
(318),  and  (319),  provided  we  make  hx  =  the  height  of  girder  at 
fixed  end,  and  h0  =  its  height  at  the  free  end. 

(c)  Semi-Girder  with  Circular  Arc  for  Top  Chord.  Uniform 
Strength.  —  Let,  as  before,  ht  =  height  at  fixed  end,  ha  =  height 
at  free  end,  for  a  girder  like  the  right  half  of  Fig.  63,  fixed  at 
the  vertical  plane  through  the  centre ;  the  top  chord  being  now 
supposed  circular. 

It  R,is  the  radius  of  the  circle,  the  height,  of  the  semi-girder 
at  any  point,  x,  is  given  by  equation  (125), 

h  =  At  -  h0  +  hQ  +  \JR*  -  x2  -  R, 

h  =  A,-  R  +  V'.ff2  -  &,  (320) 

A  =  A1  -  R  +  RcosQ;  (321) 

6  being  the  arc  between  the  point  (x,  y)  of  equation  (125)  and 
the  fixed  end  of  the  girder. 
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Therefore  (186)  becomes 


E   d*y  1  ,      . 

—  =  .  (322) 

2B,  dx2       hr-  R  +  RcosO  vo     ' 


But  x  =  R  sin  6, 

.*.     dx  =  R  cos  Bd9, 

■       E-d?l  —     cos  g  ^(9 
2-ffj  dx        a  +  cose' 
hz  —  R 


(323) 


if  a  = 

Integrating  first  with  the  condition  that  -2-  =  o  when  5  =  o, 

dx 

we  have  (for  this   first   integration,  see  Price,  "Infinitesimal 

Calculus,"  vol.  ii.  p.  85),  after  reducing,  and  putting  a  =  cos  a, 

a  -  6 
cos 

4^  =  *-^log£ i-,  (3^4) 

22?!  /k»  sin  a  a  +  61 

cos — ! — 
2 

where,  as  usual,  log,,  means  Napierian  logarithm. 

For  the  second  integration,  between  the  limits  o  and  y,  o 
and  0,  (324)  takes  the  form 

«  -  e 

cos 

J^—dy  =  6  cos  6  d& —  log< —, ■  cos  6 dO.    (325) 

zBxR  sm  a  a  +  6 

2 
The  first  term  is  easily  integrated  thus  : 

8cos0d&  =  6lsin(9  —  /    sinOdd 

o  1/0 

=  [0  sine  +  cos^]9 
=  0  sine  +  cos^  —  1. 


232 


MECHANICS  OF  THE   GIRDER. 


Integrate  the  second  term  also  by  parts,  according  to  the 
form 

fu  dv  =  uv  —  Jv  du. 


(326) 


cos- 


es —  6 


Take  u  =  loge =  loge  cos loge  cos  — i^ 


cos 


«  + 


dv  =  cos  6  dO,        .-.    v  =  sin  9. 


.   .    a  -  9 
Asm 

2      -  +  * 


,    .    a  + 
i-sm — — 


cos- 


-  9 


cos 


«  + 


-d6 


1/ '       a 
=  -( tan  — 


-^^«  +  »\ 


+  tan 


Therefore  the  second  term  of  the  second  member  of  (325) 
becomes 

.«  -  9 

a  —  1 


a 
since 


cos- 


sin  9  loge 


cos 


a  +  e 


-j/H 


+  tan 


^) 


sin  6d$ 


But 


tan (-  tan  — J— 


2  2 

and  the  second  term  reduces  to 

a  —  e 
cos 

a  sin  9 ,  2 

sines  a  +  9 

cos — ' — 
2 

Now 


cos  a  +  cos#' 


J  cos  a 


sin  9  d& 


+   COS0 


/sin  0  </(9                     Pdicos  a  +  cos  6)  ,       •  ,  a\ 
-—  —a  I  -i J -*■  =  —a loge (cos a  +  cose), 
cos  a  +  cos  9            J      cos  a  +  cos  9 
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Whence,  finally,  the  integral  of  (325)  is 

a  — 

{.    „        cos 
a    •    a    1            a        asmV ,                     2 
8  sin  9  +  cos  6 loge 
sina      5         a  + 


cos- 


—  a  loge  (cos  a  +  cos  0)1  , 
.-.     y=  ^Mjtfsinfl  +  cos0  -  1 


a 
cos- 


_  ^/sine,     2_       log^  +  cos( 


,   ,     a  +  cos  #\  ) 

■log —  +log— !-■ U      (,27) 

wAsina  a  +  0  0  +  1    /  ) '    vo   '-' 

'  cos — ! —  '  ; 


where  m^  =  0.4342945,  the  modulus  of  common  logarithms, 
log ;  and  y  is  the  deflection  at  any  point,  x  =  R  sin  6,  of  the 
semi-girder  having  its  top  chord  circular  and  bottom  chord 
straight,  like  the  truncated  bowstring. 

When  ha  =  o  (that  is,  when  the  semi-girder  is  half  of  the 
common  bowstring  girder),  the  last  term  of  (327)  becomes  infi- 
nite for  a  =  —  cos  6,  which  is  the  case  if  x  =  /  =  length  of 
semi-girder,  and  sin  0  =  I  -?-  R. 

But  in  this  case  sin 0  =  since;  and  (327)  is  easily  reduced 
to 


0  sin  0  +  cos  0  —  1  +  2.302585a  log       L'    ' 


/        a  —  1 
21  cos 


.  (328) 


\  2    / 

which  is  the  deflection  at  the  free  end  of  the  circular  semi- 
bow-string  of  uniform  strength. 

Example  i.  —  Semi-bowstring.     /  =  600  inches,  hx  =  240 
inches,  Bs  =  9,000,  E  =  25,000,000,  wrought-iron. 

...    r  -  l*  +  h?  -  870  inches  =  72.5  feet, 
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sin  6  =  I  -f-  R  =  |5  =  0.689655,      6  =  43°  36'  io".iS, 

a         -R  —  hi         63  „ 

C°      =  — R~^  =  8    =  a724I38# 

T  /,       43.60282  , 

In  arc,  0  =  ^ ;r  =  0.761013, 

180 


--2=  -0.724138 


-4i  -  R 

cos«  =  —cost 


R  87 

.-.     «  =  180°  -  430  36'  io".i5  =  1360  23'49".85, 
i(«-e)=46023'49".85. 

Therefore  the  deflection  at  the  free  end  of  this  semi-bow- 
string of  uniform  strength  is,  by  (328), 

2  x  9000  x  870, 
y  =        25000000      (°-524836  +  0.724138  -  1  +  I.I4537I) 

=  o-7i745  inch> 

1.386295 
which  is  a  little  less  than X  1.08  =  0.7486  inch  = 

deflection  at  free  end  of  parabolic  semi-bowstring,  by  (319). 
And  this  should.be  so,  since  the  top  chord  of  the  parabolic 
girder  lies  just  below  that  of  the  circular  bowstring  of  the 
same  central  height  and  same  span. 

Example  2.  —  Semi-girder,  truncated  bowstring,  circular. 
/  =  600  inches,  h1  =  240,  h0  =  120,  B1  =  9,000,  wrought-iron ; 
E  =  25,000,000 ; 

.-.    R  =  /2  +  (Al  ~  ^'  =  130  feet  =  1560  inches, 
2  (A,  —  ha) 
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Use  equation  (327). 

sin  6  =  /  -=-  R  =  -3^, 

fl  o        I        ll  22. 6lo86l 

6  =  22  37  11  .5  = -^ n-  =  0.39479  in  arc. 

IoO 

20   —    130  II 

cost?  =  0.Q23077,         a  =  cos«  =  = > 

y  0   //.  I3o  I3 

sin  a  =  0.532939,         a  —  1800  -  32°  12' is".3  =  i^f^'^'.'j; 

=   85     12    20    .1,  — —    =   02    35    16    .6; 


2  X  9000  X  1560 

•'■  y  = .   25000000    (0.151842 +0.923077 -1 +0.455710) 

=  0.596003  inch, 

which  is  the  deflection  at  the  free  end,  and  is,  as  was  to  be 
expected,  a  little  less  than  that  found  by  (3 1 7)  for  the  parabolic 
semi-girder  of  the  same  length  and  end  heights. 

92.  Equations  (327)  and  (328)  apply  also  to  the  double  cir- 
cular bowstring,  truncated  or  otherwise,  provided  the  radii  of 
the  two  curves  are  the  same.  But  when  these  radii  are  differ- 
ent, we  may,  without  sensible  error,  employ  the  equations 
(317),  (318),  and  (319),  deduced  for  the  deflection  of  the  para- 
bolic semi-girder  of  uniform  strength,  and  applicable  to  all  the 
cases,  including  the  crescent  and  the  double  bow ;  the  computed 
deflection  being  always  a  little  greater  than  that  due  the  cir- 
cular semi-girder  of  the  same  end  heights  and  span. 

93.  Deflection  of  the  Girder  of  Uniform  Strength  sup- 
ported at  Both  Ends,  either  Fixed  or  Free,  and  the  Height 
of  the  Girder  being  either  Uniform  or  Variable.  —  Since 
the  deflection  of  a  girder  may  be  defined  as  the  difference  of 
level  between  the  position  of  any  one  of  its  points  before  bend- 
ing and  the  position  of  the  same  point  after  bending,  under 


236  MECHANICS  OF  THE   GIRDER. 

the  given  load,  it  follows  that  the  formulae  already  established 
for  the  deflection  of  the  semi-girder  of  uniform  strength  also 
apply  to  the  present  case,  provided  we  take  the  origin  of  co-or- 
dinates in  the  neutral  axis  at  the  centre  of  the  span,  and  call 
y  positive  upward,  and  write  \l  for  /;  /  being,  the  length  of 
the  girder  in  all  cases,  and  the  neutral  axis  taken  horizontal. 

Examples.  —  Take  an  open  webbed  girder  of  wrought-iron, 
height  at  the  centre  =  25  feet  =  300  inches,  span  =  200  feet 
=  2,400  inches  ;  therefore  hx  =  300,  \l  =  1,200.  Let  B1  = 
£(£  +  Tr)  —  9,000,  E  —  25,000,000.  What  is  the  deflection 
at  the  centre  ? 

Example  i.  —  Height  uniform  =  h  =  kx  =  300*;  therefore 
central  deflection  is,  by  (308), 

9000  x  12002 

D  = =  1.728  inches. 

25000000  x  300  ' 

Example  2.  —  Truncated  circular  bowstring,  k^  =  300, 
h0  =  180  =  end  height,  h^  —  kQ=  120. 

r>      (¥Y  +  (Ai  —  hoY       12002  +  1202       ,  ,    .    ,  ,    . 

R  —  V2  '    .,         , —  = - =  6060  inches  =  505  feet. 

2  (kz  —  ha)  2  X   120 

Use  equation  (327). 

sine  =  ^  =  —  =  0.198020,        6  =  ii°25'i6".3; 

R  —  (kI  —  /i0)       49c 
cos  6  =  ^ °J-  =  3Z£  =  0.980198. 

In  arc,  0  =  1I^2I\  =  0.199338. 
180  yv<" 

h  J? 

cos  a  =  a  =    '  =  -0.950495. 
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J(«  +  0)  =  86°  39'  3i".iS,       a  =  180°  -  180  6'  14"  =  1610  53'  46". 
*(«-«)=  75°i4'i4".8s. 

/1    ■     /1  1        #   +   COS  9  000 

0sin0  =  0.039473,        log — ■ =  —0.2218488. 

a  +  1 

,     cos  iCa  —  8)  ,     ,,       sin0,     cosi(a  —  6)  „  , 

loS T; r"ZT  =  °-64°6695,  -^— log f) — — (  =  -0.408267. 

cos|(a  +  0)  sina      cos|(a  +  0) 

—(0.408267  —  0.2218488)  =  0.407994. 

f_X90oox_6o6o(  +  098oi9g  _  t  +  O407994) 

J  25000000 

=  1. 86 1 69  inches. 

Example  3.  — Truncated  parabolic  bowstring,  equation  (317). 

h 
ht  =  300,  k0  =  180,  x  =  \l  =  1,200,  m*  = 1——  =  2.5. 


m(\l)  =  1897.366,   w(|/)  +  x  =  3097.366,    »?(£/)  —  *  =  697.366. 

log|?»/  =  3.2781512,        log(i«z/  +  *)  =  3.4909925, 

log  (Jot/  —  x)  =  2.8434608. 

Therefore  (317)  becomes 

2.-?o2i;85  x  9000  x  1200  ,     „  . 

y  =  — o  — (10812.88  +  1982.93  -  12439.70) 

J      1.58114  x  120  x  25000000*-  *      yo         ^oy  '  ' 

=  1.86695  inches. 

Example  4.  —  Chords  of  uniform  slope.     hr  =  300,  ha  = 
180  =  h,  \l  =  1,200.     Use  equation  (311). 


2  x  0000 

y  =  — 


25000000 
=  2.0197  inches. 


^j3oo-,So(,3o!SSslof^  +  ,)} 
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Example   5.  —  Circular  bowstring.     \l  =  1,200,  hI  =  300, 
h0  =  o.     Use  equation  (328). 

Ckiy  +  h* 
R  = rr =  212.5  feet  =  25S°  inches. 

sin  0  =  if  =  0.470588,        6  =  280  4'  21". 
R 

cos0  =  - — ~ — -  =  0.882353.         In  arcJ  #  =  °-5oi346. 
R 

cos  a  =  —  cos0  =  a  =  —0.882353. 

«=  1800-  280  4' 21"=  15 1"  55'  39". 

K«    ~    ^)    =    61°  55' 39",         lQg     r"lf+    '     .x-,,  =    -°.57573l8. 

2  [cos  J  (a  —  0)J2 
0sin0  =  0.23593. 

2  x  9000  x  2550, 
y  = (0.23593  +  0.88231;  3  —  1 

J  25000000  V       OO^O     I  OOJ 

+  2.302585  x  0.882353  x  0.5757318)  =  2.36477  inches. 

Example  6.  —  Parabolic  bowstring,    y  =  1,200,  h^  =  300, 
^0  =  o. 

By  equation  (319), 

1.386295  x  9000  x  12002 
D  = =  2. 391552  inches. 

25OOOOOO     X    300  0?DJ 

Example   7.  —  Girder   sloping  uniformly  from   centre  to 
ends.     £/  =  1,200,  kz  =  300,  k0  =  o. 
By  equation  (313), 

2  x  9000  x  12002 

D  = =  3.4S6  inches. 

25000000  X  300         J  ^° 
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Example  8.  —  Parabolic  crescent,  ht  =  300,  ha  =  o,  \l  = 
1,200. 

The  deflection  in  this  case  must  be  the  same  as  that  in  the 
sixth  example,  for  the  parabolic  bowstring. 

.".     D  =  2.39552  inches. 

Example  9.  —  Girder  like  Fig.  5  3,  sloping  uniformly  from 
centre  to  ends,     /z,  =  300,  h0  =  o,  J/  =  1,200. 
Deflection  the  same  as  in  example  7,  viz., 

D  =  3456  inches. 

Example  10.  —  Girder  like  Fig.  66,  polygonal. 

Find  the  deflection  for  each  part  having  a  uniform  slope, 
separately,  and  add  the  results  for  the  total  central  deflection, 
after  correcting. 

Take  kx  =  300  at  Z4,  and  k0  =  240  at  Z6,  the  quarter-section. 
Then  \l  =  600,  and  equation  (311)  gives  the  deflection  at  Z6, 
thus, 

2  x  0000  x  6002 

y  =  25oooooo  x  60-  o°  -  240(2.302585  log ms  + 1)] 

=  0.46408  inch. 

Similarly,  for  the  end  quarter,  equation  (313)  gives 

„       2  x  9000  x  6002  „  .    , 

D  = =  1.08  inches. 

25000000  X  240 

But,  before  adding  these  results,  we  must  find,  as  in  article 
67,  how  much  the  free  end  of  the  semi-beam  is  deflected  by 
reason  of  the  bending  of  the  part  between  Z4  and  Zb ;  that  is, 
we  must  add  to  0.46408  the  quantity  \l  X  tan  a  =  600  tan  a 

=  6oo&. 
ax 
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From  (311), 

-^  =  tana  =        2    '        Ioge—  =  0.0016066, 
dx  E(h0  —  kj)        «x 

600  x  0.0016066  =  0.96398  inch, 
Total  deflection  =  0.46408  +  0.96398  +  1.08  =  2.50806  inches, 

which  is  greater  than  the  deflection  found  in  example  6,  for 
the  parabolic  bowstring ;  and  it  will  be  found  that  although  the 
girder,  Fig.  66,  is  deeper  at  the  quarter-points  than  the  para- 
bolic bow  of  example  6,  yet  at  the  J  and  |  points  the  latter  is 
the  deeper. 

In  like  manner  may  we  proceed  in  all  cases  of  irregular 
forms,  whether  there  be  two  or  more  changes  of  slope ;  but,  in 
general,  we  may  use  the  formulae  already  found  for  regular 
forms,  with  sufficient  accuracy,  always  choosing  the  one  most 
fitting  for  the  case  in  hand. 

94.  We  may  arrange  the  results  found  in  these  examples 
according  to  the  amount  of  the  deflection,  and  thus  the  more 
clearly  perceive  the  effect  of  form  upon  the  bending  of  girders 
of  uniform  strength.  All  the  girders  here  represented  are  200 
feet  in  length  if  supported  at  both  ends,  or  100  feet  long  if 
semi-girders ;  the  deflection  being  the  same  in  either  case. 

Since  in  all  the  formulas  the  deflection  varies  directly  as 

-r  =  2  '  ~T — -,  we  may  find  the  deflection  of  girders  of  the 
E  E 

same  dimensions,  but  of  other  material  than  wrought-iron,  by 

substituting  for  E  the  proper  value  taken  from  Table  II.,  and 

for  Cz  and  TT  the  allowed  unit  strain. 

If,  for  pine,  T,  =  1,200,  Cz  =  552,  E  =  1,460,000,  then  Bx 

B  >       B 

=  876,  and  — '  =.  0.0006,  but  for  wrought-iron  —*  =  0.00036; 

E  E 

hence,  for  a  girder  of  uniform  strength  and  of  given  span  and 
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height,  the  deflection,  if  the  material  is  pine,  will  be  five-thirds 
of  the  deflection  were  the  material  wrought-iron  ;  that  is,  allow- 
ing CT  and  Tz  the  above  values. 

If  the  compressed  chord  be  of  pine,  Cz  =  552,  and  the 
other  of  wrought-iron,  71,  =  10,000,   and  if  E  =  13,230,000  =. 

A  (25,000,000  +  1,460,000),  we  have  i?,  =  5,276,  — r  =  0.0004.. 

E 

Hence  a  combination  of  pine  and  wrought-iron  gives  a  deflec- 
tion —  =  —  times  that  due  wrought-iron  alone,  with  these; 

3-6        9 
unit  strains. 

Were  the  compressed  chord  of  cast-iron,  for  which  C,  = 
15,000,  while  the  other  chord  is  of  wrought-iron,  TT  =  10,000,, 
and  E  =  ^(25,000,000  +  12,000,000)  =  18,500,000,  we  should; 

/? 
have  Bz  =  12,500,  —  =  0.00067567,  and  the  deflection  would 
E 

be  1.877  times  that  of  the  girder  of  same  size  in  wrought- 
iron. 

95.  By  inspecting  the  following  table,  we  see  that  for  open 
girders  of  the  same  central  height,  same  length,  and  of  uniform 
strength,  the  total  deflection  is  nearly  in  the  inverse  ratio  of  the 
areas  of  the  figures  of  the  girders. 

This  is  exactly  the  ratio  of  the  deflections  in  case  of  the 
girder  of  uniform  height  and  of  that  sloping  uniformly  to  a 
point :  viz.,  ratio  of  areas,  \ ;  ratio  of  deflections,  \.  We  may, 
therefore,  without  appreciable  error,  employ  this  principle  in 
finding  the  total  deflection  of  open  girders  of  uniform  strength 
and  variable  height. 
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Examples.  —  Deflection  of  Open  Webbed  Girders  of  Uniform  Strength. 
Length  =  I  =  200  feet,  central  height  =  h^  =  25  feet. 


-Si 

E 


Form. 


Description. 


Wrought- 
Iron. 


9,000 
25,000,000 


Def.,  ins. 


Pine. 


876 
1,460,000 


Def.,  ins. 


Wit. -Iron 
and  Pine, 


5,276 
13,230,000 


Def.,  ins. 


Wrt.  and 
Cast  Iron. 


12,500 
18,500,000 


Def.,  ins. 


Equa- 
tion. 


2. 


Uniform      ) 
height ) 


1.728 


One  chord  ) 
circular  ) 

One  chord  ) 
parabolic J 


Uniform      ) 
slope  J 


Circular      ) 
Bowstring  J 


Parabolic     i 
curves | 


Uniform      ) 
slope  J 


Polygonal    ) 
chord  J 


1.86169 
1.86695 

2.0197 
2.36477 

2.39552 

3456 
2.50806 


3.1028 
3.1116 

3-366 

3-94I3 

3-9925 

5-76 
4.1801 


1.92 


2.0685 
2.0744 

2.2441 
2.6275 

2.6617 

3-84 
2.7867 


3-24 


3-494 


3-5°4 


3-791 


4-438 


4.496 


6.48 


4-703 


(308) 


(327) 
(317) 

(3") 
(328) 

(319) 

(3i3) 
(3») 
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We  give  below,  the  deflections  of  girders  of  wrought-iron 
for  the  eight  cases  just  tabulated,  but  now  computed  by  this 
Method  of  Areas :  — 


No. 

Area  of 
One-Half  Girder. 

Deflection. 

Deflection  by 
Formulae. 

I 
2 

3 

4 

2500  square  fe 

2167 

2167 

2000       " 

et. 
< 

t 

1.7280  inches. 
1. 9931       " 
1.9938       " 
2.1600       " 

1.72800  inches. 
1.86169      " 
1.86695      " 
2.01970      " 

5 
6 

7 
8 

1737       " 
1667       " 
1250       " 
1625       " 

1 
* 

2.4871 
2.5920       " 
3.4560 
2.6585       " 

2.36477      " 
2.39552      " 
3.45600      " 
2.50806      " 

The  deflections  of  such  girders  as  those  shown  in  Figs.  19, 
20,  29,  30,  31,  32,  33,  34,  39,  40,  53,  54,  55,  etc.,  are  therefore 
easily  found  by  the  method  of  areas. 

It  should  be  noticed  that  in  the  preceding  table  of  deflec- 
tions of  the  same  girder  in  different  materials,  a  factor  of  safety 
equal  to  10  has  been  allowed  for  pine,  while  5  is  the  factor 
allowed  for  wrought  and  for  cast  iron. 

The  modulus  of  elasticity  for  cast-iron,  E  =  12,000,000,  is 
so  small,  that,  in  spite  of  its  large  resistance  to  compression, 
Ct  =  15,000,  the  open  beam  made  of  wrought  and  cast  iron, 
and  of  uniform  strength,  has  greater  deflection  than  that  of 
wrought-iron  alone,  and,  indeed,  greater  than  that  of  pine 
alone,  with  the  low  unit  strain  here  allowed. 

96.  Finally,  if  the  beam  be  of  uniform  strength,  but  have  a 
continuous  web,  the  formulas  already  deduced  for  girders  of 
uniform  strength  and  of  open  web  may  be  employed  by  assign- 
ing to  Bx  its  proper  value  derived  from  Table  II. 
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Example  i.  —  Plate  girder  of  uniform  strength  and  uniform 
height,  wrought-iron.  Take  the  length  /  =  50  feet  =  600 
inches,  height  h  =  5  feet  =  60  inches ;  the  girder  being  sup- 
ported at  both  ends. 

By  Table  II.,  B  =  42,000  =  breaking  unit  strain  for  plate 
beams.  Allowing  a  safety  factor  of  5,  we  have  Bz  =  8,400 ; 
and  calling  E  =  25,000,000,  and  putting  \l  for  /  in  equation 
(308),  there  results  the  central  deflection, 

,-.        8400  x  -?oo2  .    , 

D  =  — a a =  0.504  inch. 

25000000  X  60 

Example  2.  —  Take  a  plate  girder  of  the  same  length,  50 
feet,  and  same  central  height,  5  feet,  but  sloping  uniformly 
from  centre  to  ends,  where  the  height  is  2  feet. 

Then,  if  the  girder  is  of  uniform  strength,  we  have,  from 
equation  (311), 

2  x  8400  x  300* 

y =  25000000  x  (60  ^  a4)»c6°  -  24(2.302585  log  if  + 1)] 

=  0.65376  inch. 

Example  3.  —  Cast-iron  beam  of  uniform  strength,  and 
height  k  =  3  feet  =  36  inches,  \l  =  6  feet  =  72  inches. 
Take  BT  =  z*\&&  =  7,650,  E  =  17,000,000  (Table  II.). 

Then,  by  (308), 

7650  x   722 

D  —  ,-»»^»^ w — z  =  0.0648  inch. 

17000000  X  36  ^ 

Example  4.  —  If  this  cast-iron  beam  of  uniform  strength 
slope  uniformly  from  centre  to  ends,  where  h  =  12  inches,  then, 
by  (3H), 

2   X    7650   X    722 

y=  17000000(12  -36)^36  -  12(2.302585  log 4|  +  1)] 
=  0.0876  inch. 
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Example  5.  —  Oak  beam  of  uniform  strength  and  height. 
Take  \l  =  1 20  inches,  ^=18  inches,  B1  =  :U!^JL,  E  —  2,1 50,000 ; 
then  (308)  gives 

1060  x  1202 
D=  2150000  x  l8  =  °-3944  inch. 

.Example  6.  —  If  this  oak  beam  of  uniform  strength  slope 
uniformly  from  centre  to  ends,  where  h  =  12  inches,  then,  by 
On). 

2    X    1060   X    I202  ,,»..-, 

v  = —7 o^r[i8  —  12(2.30258:;  log  44  4.  i)l 

■^       2150000  x  (12  —  i8)2L  v    °     3  3     ° r s  T    -'J 

=  0.4474  inch. 

Example  7.  —  Beam  of  Bessemer  hammered  steel,  uniform 
strength.  ^/  =  72  inches ;  height  at  centre,  ht  =  20  inches, 
at  ends,  ^„  =  10  inches.  Take  2?x  =  1 8  85° 8  3  =  25,616,  £  = 
31,000,000  (Table  II.). 

Then  deflection  at  centre  is,  from  (3 1 1), 

2   X   25616   X    722 

V  =  t ^20   —    10(2. 3O2C85  lOffM   +    l)l 

■^        31000000(10  —  20)2L  v    o     o   j     a  10    '      /J 

=  1.1 196  inches. 

For  same  beam  of  wrought-iron, 

2  X  9000  X   722 

y  = -1 ^20  —  10(2.302585  log  ■?#  +  i)l 

J  25O0000O(lO    —    20)2L  \      O       J     3       6  10      '         /J 

=  0.4878  inch, 

which  is  less  than  half  the  deflection  of  the  same  beam  in 
steel. 

But  if  we  suppose  this  beam  to  be  of  rectangular  cross- 
section,  and  to  bear  a  concentrated  weight,  W,  at  its  centre, 
where  the  height  is  h^  =  20  inches,  and  the  thickness  b  =  2 
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inches,  the  length  being  /  =  144  inches,  then,  from  equations 
(46)  and  (160),  we  have  moment  at  centre, 

M  =  \Wl ■=.  \Bbh*  =  \BJ>h*  for  safety, 

.-.     W=  -  x  2  X  2°*B„ 
3  144 

W  =  3.7037  x  25616  =  94874  pounds  for  steel, 

W  =  3.7037  x  9000  =  33333  pounds  for  wrought-iron. 

Hence,  under  the  assumed  unit  strains,  the  steel  beam  bears 
-1 =  2.8462  times  the  weight  at  the  centre  of  the  wrought- 
iron  beam  of  the  same  dimensions,  while  the  deflection  of  the 
steel  beam  is         "    =  2.2953  times  that  of  the  wrought-iron 

beam ;  that  is,  what  is  shown  in  all  the  formulae,  the  weight 
W  varies  directly  with  the  unit  strain  Blt  while  for  the  same 
unit  strain  the  deflection  varies  inversely  as  the  modulus  of 
elasticity,  E. 

Therefore  in  the  present  case,  so  far  as  deflection  is  con- 
cerned, the  advantage  of  steel  over  wrought-iron,  under  same 

2.8462       31 

load,  is  — -— —  =  — ,  which  is  the  simple  ratio  of  the  moduli 
2.2953       25'  F 

of  elasticity. 

97.   The  thickness,   b,  of  a  continuous  webbed  girder  of 

uniform  strength  at  any  rectangular  section  of  given  height, 

h,  may  be  found,  in  general,  by  equating  the  moment,  M,  due 

the  external  forces,  to  the  moment  of  resistance,  R,  of  the 

internal  forces  of  the  beam  at  the  given  section,  and  solving 

with  respect  to  b. 
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For  a  beam  of  rectangular  cross-section,  bearing  a  con- 
centrated load  at  its  centre,  equations  (45)  and  (160)  give 
M '=\Wx  —  IBM2     Bx  =  allowed  unit  strain. 

,        xWx  ,      . 

•••    *-|^r.  (3»9) 

where,  if  the  height,  A,  be  uniform,  £  varies  as  x;  making 
the  horizontal  projection  or  ground  plan  of  each  half  of  the 
beam  a  triangle  with  a  vertex  at  the  end  of  the  beam,  where 

b  =  x  =  o,  and  a  base  at  the  beam's  centre,  where  b  =  ^ . 

2  bjf 

Example.  —  Oak  beam  of  uniform  strength,  and  height 
h  =  15    inches,    length  =15    feet,  weight   applied   at   centre 

r=  W  =<»4,ooo  pounds  allowed  unit  strain  =  =  1,060 

10 

pounds  per  square  inch.     What  must  be  the  thickness  of  this 

beam  at  the  centre  ? 

Here  x  =  \l  =  90  inches, 

b  =  3  x  4000  x  9o  =         inches_ 
1060  X  15* 


It  must  be  remembered  that  wherever  the  moment  becomes 
zero,  causing  b,  the  thickness  of  the  beam,  to  vanish  by  the 
formulas,  we  must,  nevertheless,  have  at  all  such  points  suffi- 
cient material  to  resist,  with  the  proper  margin  of  safety,  the 
shearing-strain  which  may  there  be  developed,  and  the  re-action 
of  the  supports. 

In  this  example  the  shearing-strain  at  each  end  of  this  beam 

4000 
is  — - —  =  2,000  pounds.    Now,  by  Table  I.,  the  ultimate  resist- 
ance to  shearing  is,  for  oak,  across  the  grain,  4,000  pounds ; 
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one-tenth  of  which  is  400  pounds,  to  be  allowed  to  each  square 
inch  of  the  vertical  section  at  each  end. 

Therefore  — —  =  5  square  inches  of  section  at  least  the 
400 

beam  must  have  at  each  end ;  that  is,  the  depth  being  15 
inches,  the  thickness  is  J  inch.  But  there  is  another  consid- 
eration to  be  attended  to  ;  viz.,  the  bearing-surface  at  the  ends 
must  be  sufficient  to  resist  with  safety  and  permanence  the 
pressure  coming  upon  it. 

This  beam  as  now  estimated  is  J  inch  thick  at  each  end, 
and  4.53  inches  at  its  centre.  Hence  it  must  have  8.903  inches 
of  its  length  at  each  end  upon  the  support,  in  order  to  secure  a 
bearing  of  3^  square  inches,  required  for  2,000  pounds  with  an 
allowed  unit  strain  of  600  pounds  to  the  square  inch,  in  com- 
pression. 

Again,  a  beam  so  thin  at  the  ends  would  lack  lat%ral  stiff- 
ness unless  it  were  walled  in. 

In  practice,  therefore,  even  when  it  is  desired  to  use  the 
least  material  possible,  it  is  customary  to  make  those  parts  of  a 
beam  which  theoretically,  or  rather,  by  formula,  are  almost 
nothing,  of  such  size  as  a  just  regard  to  all  these  require- 
ments, as  well  as  to  the  good  appearance  of  the  structure,  may 
demand. 

Let  it  not  be  inferred  that  theory  and  practice  are  at  vari- 
ance here,  for  such  is  not  the  case.  The  equations  which 
determine  the  thickness  of  the  beam  do  not  pretend  to  take  into 
the  account  all  the  conditions  affecting  the  sufficiency  of  the 
beam  for  its  purpose.  And  hence  the  theory  is  not  complete 
till  the  modifying  conditions  are  introduced. 

98.  If  the  beam  of  uniform  strength  be  loaded  uniformly 
with  w  units  of  weight  to  the  unit  of  length,  we  have,  from 
equations  (49)  and  (160), 

£«/(/  —  x)x  =  \BJih1, 
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putting  Bx  for  B,  and  the  cross-section  being  rectangular ; 

which  is  the  thickness  of  the  beam  at  any  point,  x,  measured 
from  the  end.  When  h  is  constant,  (330)  is  the  equation  of  a 
parabola ;  the  vertex  being  at  the  end  of  the  beam. 

Thickness  at  end      =  b  =  o.  x  =  o. 

Thickness  at  centre  =  b  =  -2 .        x  =  \l. 

Horizontal  projection,  two  parabolas. 

Example.  —  Oak  beam,  uniform  strength.     Height  uniform 

=  h  =  15  inches,  length  /  =  180  inches,  Bz  = =  1,060, 

10 


8000 
180 
Then  thickness  at  centre  is 


w  =  — j—  =  44!  pounds  per  inch. 


,  3  x  400  x  1802  .    , 

b  =  — s2 2 =  a.c.1.  inches. 

4  X  9  X   1060  X   IS2 

99.  If  the  cross-section  of  the  beam  of  uniform  strength  be 
of  either  form,  Fig.  91,  then,  by  assigning  values  to  three  of 
the  dimensions,  h,  ku  b,  b„  we  may,  from  equation  (161)  and  the 
equation  expressing  the  moment  due  the  given  load,  find  the 
fourth  dimension  of  the  cross-section,  which,  therefore,  becomes 
known  at  every  point. 

In  like  manner  may  we  determine  any  one  dimension  of  any 
cross-section  whose  moment  of  resistance,  R,  is  known. 
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Example.  —  Take  a  tubular  plate  girder  of  the  dimensions 
given  in  example  i,  article  96;  viz.,  /  =  50  feet,  h  =  5  feet,  i?, 
=  8,400,  uniform  strength  and  height.  Cross-section  as  in 
Fig.  91,  where  let  b  =  12  inches,  b1  =  i\\  inches;  the  side 
plates  being  $  inch  thick  each,  h  =  60  inches. 

From  (49)  and  (161),  we  have 


1      U  *A       J'  (33) 


equal  to  58  inches  if  wl  =  123,508  pounds,  the  total  uniform 
load  on  beam,  and  x  =  \l  =  300  inches. 

At  the  centre,  therefore,  the  top  and  bottom  plates  must 
have  the  thickness  of  1  inch  each ;  while  at  the  ends,  where 

*  =  0,  (331)  gives 

hx  =  hi y  —  1.02 1 74A  =  61.3044  inches, 

which  renders  h  —  kt  =  —1.3044  inches  negative,  showing- 
that  the  cross-section  of  the  side  plates  is  more  than  sufficient 
at  the  ends  to  resist  the  moment. 

We  may  find  at  what  distance  from  either  end  of  this  beam 
the  top  and  bottom  plates  begin  to  be  needed,  by  putting  /?,  = 
h  =  12  in  (331),  and  finding  x.  This  gives  x  —  69.19  inches, 
for  which  the  side  plates  alone  are  sufficient  if  properly  braced 
laterally.  Now,  the  shearing-strain  at  each  end  of  the  beam 
supporting  this  load  is  \  X  123,508  =  61,754  pounds;  and, 
calling  the  allowed  shearing-strain  8,000  pounds  to  the  square 

•  ,  .     61754 

inch,  we  require  „         =  7.72  inches  in  cross-section  of  the  two 

plates,  whereas  we  have  2  X  f  X  60  =  45  square  inches.    But 
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in  order  to  have  sufficient  bearing-surface  on  the  abutments, 

allowing  the  iron  to  bear  8,000  pounds  to  the  square  inch  in 

compression  also,  the  beam  must  be  supported  for  at   least 

7.72 

-g  =  10.3  inches  of  its  length  at  each  end. 


2  X  1 

The  semi-girder  of  uniform  strength  and  continuous  web  is 
to  be  treated  in  the  same  manner  as  the  girder  just  considered 
when  we  seek  its  variable  cross-section. 

100.  Beam  of  Uniform  Strength  fixed  Horizontally  at 
Both  Ends.  —  By  definition  the  beam  of  uniform  strength  is 
equally  efficient  at  all  sections  to  resist  the  strains  generated 
by  the  external  forces.  Hence,  when  this  beam  is  horizontally 
fixed  at  both  ends,  and  loaded  with  a  concentrated  or  with  a 
continuous  load,  the  points  of  contrary  flexure  are,  for  any  style 
of  beam  or  girder,  practically  midway  between  the  centre  of 
gravity  of  the  load  and  the  ends  of  the  girder ;  since  there  is 
as  much  reason  for  their  being  on  one  side  of  this  midway 
point  as  there  is  for  their  being  upon  the  other  side  of  it,  and 
no  more.  And  the  beam  of  uniform  strength  is  such  only  with 
reference  to  a  particular  mode  of  loading.  That  is,  if  the  unit 
strain  is  uniform  throughout  the  girder  for  a  given  position  of 
the  load,  a  change  in  the  position  of  the  load  causes  a  change 
in  the  relative  values  of  the  total  strains  in  the  members  or  parts 
of  the  girder,  and  therefore  a  change  in  the  unit  strain  on  each 
member,  if,  as  is  assumed,  the  cross-sections  of  the  members  be 
not  changed. 

In  general,  we  have  for  any  girder,  from  equations  (184) 
and  (187), 

Moment  due  internal  forces,  Mx  =  — ~  —  — I — >     (332) 


where  i?,  =  allowed  unit  strain  in  bending,  5  =  area  of  any 
cross-section,  r  =  radius  of  gyration  of  the  section  about  its 
neutral  axis,  h  =  height  of  section. 
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By  equating  the  last  member  of  (332)  to  the  known  moment 
due  the  external  forces  applied  to  the  girder,  any  one  of  the 
four  quantities  Blt  S,  r,  h,  may  be  found.  But,  when  the  girder 
is  fixed  at  one  or  both  ends,  we  need  to  know  the  point  or 
points  of  contrary  flexure,  in  order  to  determine  the  end 
moments. 

101.  For  the  girder  of  uniform  height  and  strength,  fixed  at 
both  ends,  it  follows  from  the  uniformity  of  the  unit  strain  and 
height,  which  causes  a  uniformity  of  curvature,  that,  as  already 
stated,  each  point  of  contrary  flexure  is  sensibly  midway 
between  the  centre  of  gravity  of  the  load  and  the  correspond- 
ing end  of  the  girder. 

Assuming  that  the  height  and  strength  are  uniform,  and 
that,  for  any  required  form  of  cross-section,  the  necessary 
variation  in  its  area  is  attained  by  varying  the  thickness  of 
the  beam  only,  we  shall  have,  in  (332),  r,  h,  and  B,  constant, 
so  that  the  variable  area,  S,  may  be  found  at  once  for  any 
section  of  the  beam ;  and  from  S  the  thickness  is  to  be 
determined. 

102.  Beam  of  Uniform  Strength  and  Height  fixed  at 
Both  Ends,  and  bearing  a  Concentrated  Weight,  W,  at  the 
Distance  «'  from  the  Left  End.  —  The  moment  at  any  point 
between  the  weight  and  left  end  of  the  beam,  that  is,  when 
x  is  not  greater  than  a',  is  given  by  equations  (40),  (93),  and 
(332),  thus, 

Mx=Wl-^x-^Mx  +  Ml=,^^.      (333) 


Now,  Mx  =  o  when  x  =  \a', 


0  =  wl~^fa'  ~  7^Ml  ~  M^  +  M'-      (334) 
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Also,  when  x  is  not  less  than  a',  we  have,  from  (43),  (93), 
and  (332), 

Mx=Wl^a>-»L^x  +  M^^.      (335) 
Mx  =  o  when  x  =  £(/  +  a1), 


o  =  wL-±J  -  \{Mt  -  M2)  -  *(Mt  -  M2)  +  Ms.     (336) 

21  21 


From  (334)  and  (336),  we  find 

Mt=  M2=  -\wt(j  _  a').  (337) 


That  is,  the  e*nd  moments  are  equal  and  negative  for  any 
given  position  of  the  load. 

Eliminating  Mz  and  M2  from  (333)  and  (335),  we  obtain 


x  t-  a 


£J,  M,=  Wl-=^-(x  -  fO  =  ^.  (338) 


S-Sg^-H)-  <^) 


x  7  a',  Mx  =  W-4  — ^ x\  =       lh     ,  (340) 
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Example  i.  —  If  the  varying  cross-section  is  a  rectangle  of 
the  breadth  b,  and  constant  height  h,  we  have  r2  =  -^k2,  and 
(339)  and  (341)  become 

x  Z  a',  S=bh  =  6W{lB~a,)  (*  -  K),  (342) 

6  WU  -a'),  ,   ,v  ,       , 

*  =         BM       {X~^-  (343) 

*7«.        •s  =  Me=^— — 7      '     (344> 
*  =  i^7^  _  A  (345) 

If,  further,  the  weight,  W,  is  at  the  centre  of  the  girder, 
a'  =  \l,  and  when 

*^«',  <*  =  |g(*  -  J/).         ^  (346) 

*7^  ^  =  l^(|/"^-  (347) 

In  (346),  for  x  =  o,  b  =  b1  =  -  3™Lt  at  left  end. 

^BJ? 

x  —  \l,           b  =  o,  at  quarter  point. 
x  =  i/.  £.  =  -3- at  centre. 

In  (347).  for  x  =  £/,  3,  =  -3— /-,  at  centre. 

«  =  f /,  £  =  o,  at  quarter  point. 

x  =  1,    b  =  b2=  —  JilZ.,  at  right  end. 
4i?I#! 
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If  the  beam  is  of  oak,  and  i?,  =  ^B  —  1,060  pounds,  E  = 
2,150,000,  /  =  180  inches*  ^  =  15  inches,  W  =  4,000  pounds, 

3  X  4000  X  180 


then  bt 


b,  =  -bc  = 


=  —2.264  inches ; 


4  X  1060  X  152 
the  algebraic  sign  only  indicating  the  direction  of  the  inclina- 
tion of  the  vertical  planes  forming  the  sides,  to  the  vertical 
longitudinal  plane  of  the  beam. 

Fig.  99  shows  this  beam  thus  loaded,  in  plan  and  elevation. 

It  is  evident  that  the  deflection  of  the  part  BD  =  \l,  or  of 
the  part  AB  =■  \l,  as  a  semi-beam,  is  equal  to  the  deflection 
of  a  beam  of  uniform  strength  and  height  supported  but  not 
fixed  at  the  points  B  and  D,  and  bearing  the  concentrated 
weight  W.  But,  by  equation  (307),  the  deflection  of  the  part 
AB  or  BD  is,  since  for  x  we  must  put  \l, 


D  = 


i6Eti 


Fig.  99. 

Therefore  the  total  deflection  at  C,  the  centre  of  AE,  is 

Bl2 


2D  = 


ZEti 


(348) 


eqUa.l  to Io6°  X-IJfe! —  =  0.1331  inch  in  the  present  case. 

8  X  2150000  X  15 
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At  the  points  of  contrary  flexure,  where  b  =  o,  the  beam, 
of  course,  must  be  enlarged,  to  resist  with  safety  the  shearing- 
strains. 

The  shearing-strain  at  each  of  these  points  is  now  £  W  — 
2,000  pounds.  By  Table  I.,  article  42,  the  ultimate  shearing- 
strength  of  oak  across  the  grain  is  4,000  pounds  to  the  inch ; 
or  the  working-strength  is  400  pounds  to  the  square  inch  of 
cross-section. 

We  require,  therefore,  at  least  *$$■  =  5  square  inches  of 
area  at  each  point  of  contrary  flexure ;  that  is,  the  beam,  being 
15  inches  deep,  must  be  at  least  ^  inch  thick  at  these  points, 
even  when  restrained  from  moving  laterally. 

103.  Beam  of  Uniform  Strength,  Height,  and  Load,  fixed 
Horizontally  at  Both  Ends.     Rectangular  Cross-Section. 

Equations  (49)  and  (93)  give 

Mx  =\w{l  -  x)x  -  Ml  ~  M*x  +  M,=  \BM2.    (349) 
Make  x  =  o,  then 

M "  =  M2  =  \BJ>JP. 
But,  as  in  article  102,  b  =  o  when  x  =  \l  or  ■§/, 

...   !«,(/  _  1/)  1/  +  Ml  =  o, 

Mt  =  M2=  --fowl', 
Mc  =  \w{l  -  \l)\l  -  W  =  iswl*, 
Mx  =  \w{l  -  *)*  -  &wl*  =  IB,  bh\  (330) 

b  =  H[(/  - x)x  -  */2]-        (3S° 
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When  x  =  0,  or  x  =  /,  (351)  gives 

i6Blnz 

which  is  the  width  of  beam  at  either  fixed  end ; 

,  =  _go_\(l  _  1A1,  _  3_/2\  =    yt>P 
c      BJ?\\        2  J2        16   )       itBtf' 

which  is  the  width  of  the  beam  at  centre,  being  one-third  of  the 
width  at  either  end. 

Equation  (351)  being  that  of  a  parabola  with  respect  to  the 
variables  b  and  x,  the  plan  of  this  uniformly  loaded  beam,  of 
uniform  strength  and  height,  fixed  at  its  ends,  is  shown  in 
Fig.  100. 


Fig.  100. 


Example.  —  Oak  beam.  /  =  180  inches,  h  —  15  inches, 
ends  fixed. 

Take  BI  =  1,060,  E  =  2,150,000,  w  =  $£$■  =  44$  pounds 
to  the  linear  inch. 

Then 

Mt  =  M2  =  — 2-  X^X  1802  =  —135000  inch-pounds. 
32         9 

Mc  =  45000  inch-pounds. 
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bx  =  b2  =  — -§ 3_ =  —3.3962  in.  =  thickness  at  ends. 

16  X  1060  x  is2 

bc  =  1 .13  2 1  inches,  at  centre. 

The  maximum  deflection  is  evidently  given,  as  in  article 
302,  by  equation  (348),  and  is 

D  =  0.1331  inch. 

104.  Concentrated  Weight,  W,  at  the  distance  d  from 
the  Unfixed  End  of  a  Beam  of  Uniform  Strength,  fixed  at 
the  Right  End,  but  simply  supported  at  the  Left.  —  The 
point  of  contrary  flexure  must  be  at  the  distance  xa  =  ^(/  -\-  d) 
from  the  unfixed  end,  in  order  that  the  greatest  positive 
imoment  may  be  equal  to  the  greatest  negative  moment. 

Equations  (43)  and  (93)  apply,  giving,  since  Mx  =  o, 

Mx  =  Wl-=^d  +  M2j  =  \BJ>h*  (352) 

if  the  cross-section  be  rectangular,  and  x  7  d. 
For  x  =  I,  M2  =  \BJ>JP. 

.For  *  =  \(l  +  d),    M2  =  -  Wa'^  ~  f  >  when  b  =  o. 

For  x  =  d,  M*  =  Wa'V  ~  f  \ 

I  +  d 

When*  =  /,  b  =  b,=  -*E/*1L=JA 
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When  x  =  a', 


b  =  6W(a'{l  -a')\ 
B,h\    I  +  a!    )' 


Which  shows  that  the  width  at  D,  Fig.  101,  is  the  same  as  the 
width  at  C 'for  h  constant. 

When  x  ^  a',  use  (40)  and  (93),  giving 

Mx  =  Wl-=^x  +  M*t  =  \BJ,h\  (354) 

To  find  the  lowest  point,  E,  in  the  curve,  Fig.  101,  we 
equate  the  deflection,  D„  between  the  lowest  point  and  left  end 
of  the  beam,  to  the  total  deflection,  A  -f-  Dv  between  the 
same  point  and  the  right  end  of  the  beam,  and  solve  the  equa- 
tion A  =  A  +  Dy 

For  the  length  AE  =  z,  (307)  gives 

A  =  ^-2. 
Eh 

bR±jL  - .)' 

EB  =  !(/  +  a')  -z,  A  =       V     2m '-■ 

BD  =  W  -  a'),  A  =  *W-  ^- 


=  (^  -  .)'  +  w  -  ay 


_     /2  +  a'2 
Z  ~  2(/  +  a')' 

^  =  A  +  A  =  B^fL  (355) 

^Eh(l  +  ay 

which  is  the  deflection  at  the  lowest  point,.  E. 
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Example.  —  Given  W  =  4,000  pounds  at  the  distance 
a'  =  \l  from  the  unfixed  end,  A,  Fig.  101 ;  /  =  180  inches; 
h  =  15  inches  =  uniform  height  of  beam ;  B1  =  -^B  =  1,060 
pounds  =  working  inch  strain  for  oak  ;  E  =  2,150,000.  Cross- 
section  rectangular. 

Then  width  of  beam  is, 

At  left  end,  (354), 

x  =  o,  b  =  o. 

At  the  weight,  (353), 

4000  x  180  =  inches_ 

*'  1060  X  152 

(353), 

#  =  ■§/,  6  =  0. 

At  fixed  end,  (353), 

*  =  /,  b  =  -  4°00  x  l8°  =  -3.019  inches ; 

1060  x  15* 

the  negative  sign  simply  showing  that  the  lines  cd,  ctda  have 
crossed  somewhere  between  x  =  \l  and  x  =■  I. 
Moment  at  fixed  end, 

1    v    27 

M2  =  —4000^       '    =  —120000. 

Moment  at  the  weight, 

Ma>  =  120000  inch- pounds. 
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The  deflection  at  the  lowest  point,  E,  is  given  by  (355), 

r,  1060    X   (V1)2  X    1802  „        .      , 

DI  =  L-2-z —  =  0.1849  i^ch. 

4  X  2150000  X   15   X  (|)2 


C      E 


Fig.  ioi. 


105.  Continuous  Uniform  Load,  wl,  on  a  Beam  of  Uni- 
form Strength,  fixed  at  the  Right  End,  and  simply  sup- 
ported at  the  Left,  Fig.  101. — The  figure  shows  the  curvature 
and  the  plan,  when  the  section  is  rectangular ;  and  equations 
(49)  and  (93)  give,  since  Mz  =  o, 

Mx  =  \w(l  -  x)x  +  M2j  =  \BJ>h?  (356) 

for  these  conditions. 

For  x  =  I,  M2  =  \BJ>J?, 

M2  =  —\wl2,  b  =  o. 


wl2 
BJf 


For  x  =  §/, 
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For  x  =  \l,  M  =  Arf,  b  =   -^-. 

"  w      '  3^ 

Hence  the  breadth  at  C  is  one-third  of  that  at  D  when  the 
height  is  uniform,  as  seen  in  the  parabolic  plan,  Fig.  101, 
derived  from  equation  (357). 

The  deflection  at  E  is  given,  by  (355),  for  this  case  also, 
provided  we  put  \l  for  «'. 

Example.  —  Let  /  =  180  inches,  h  ==  15,  B1  =  j-^Z?  =  1,060 
pounds  =  working  unit  strain  for  bending  oak,  E  =  2, 1 50,000. 
Cross-section  rectangular ;  load  ze>/  =  8,000  pounds  uniformly 
distributed  continuously,  44^  pounds  to  the  inch. 

From  (356)  and  (357), 

X  =   O,        Mr   =   O. 

a:  =  -J/,    M  =  -fa  x  ^{P  X  1802  =  80000  inch-pounds. 

x  =  \l,    M  =  o. 

x  =    /,    J£  =  —  %  x  ^^P  X  1802  =  —240000  inch-pounds. 

Width  at  left  end, 

b  =  o, 

by  (357)- 

Width  at  \l, 

*#fi  x  180* 


3  x  1060  x  is2 

Width  at  f /, 

b  =  o 
Width  at  right  end, 


=*=  2.0126  inches. 


b2  ==  6.0378  inches. 
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Put  \liox  a' in  (355),  and  find  the  deflection  D  =  0.1849  at 
lowest  point. 

106.  Beam  of  Uniform  Strength  and  Uniformly  Varying 
Height,  fixed  at  Both  Ends.  —  The  end  moments  MT  =  M2 
are  determined  for  this  case  as  in  articles  102  and  103,  for  the 
same  kind  of  load. 

To  find  the  deflection  of  this  beam,  we  may  regard  it  as 
composed  of  four  semi-beams,  Fig.  102. 

1  st,  AB,  fixed  at  A ;  deflection  Ds. 

2d,  BC,  fixed  at  C,  the  lowest  point;  deflection  D2. 
3d,  CE,  fixed  at  C,  the  lowest  point ;  deflection  Dy 
4th,  EF,  fixed  at  F;  deflection  DA. 

Now  we  must  have  DT  +  D2  =  Dz  +  Dv  from  which  the 
lowest  point  and  its  deflection  may  be  found. 

Example  i.  — Take  one-half  of  the  girder  shown  in  Fig.  65, 
and  suppose  the  ends  of  this  half  to  be  immovably  fixed.  Call 
the  length  /  =  100  feet  =  1,200  inches  ;  and  height  at  left  end, 
ha  =  180  inches;  height  at  right  end,  kt  =  300  inches.  Let 
the  girder  be  of  wrought-iron,  and,  as  in  article  93,  take  B1 
—  !(£  -|_  7;)  =  9,000  pounds,  E  =  25,000,000 ;  and  suppose 
the  load  to  be  a  concentrated  weight,  W  —  200,000  pounds 
at  the  centre,  no  account  being  here  taken  of  the  girder's  own 
weight. 

By  article  100,  the  points  of  contrary  flexure  are  ^\$-  =  25 
feet  from  the  centre  of  the  beam;  and  from  equation  (337), 
since  d  =  \l, 

Mj  =  M2  =  —Mc  =  —  \  X  200000  xfX^X  1200, 
=  —  30000000  inch-pounds. 
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The  area  .S  of  any  cross-section  on  the  left  of  the  weight  is 
given  by  (339),  and  on  the  right  by  (341).  But  these  equations 
suppose  the  section  of  the  top  chord  to  be  equal  to  that  of  the 
bottom  chord  in  the  same  vertical  plane  of  section,  and  at 
the  centre  give 

Sc  =  2OOO0°  X  24°  X  6o°  X  i  X  I2°°  =  27.777  inches: 
2   X  9000  X   1200  X  I  X   2402 

at  left  end,  (339), 

o         200000  X   180  X  600  X    —  i  X   1200  .     , 

Si  = ,    * — =  —37.037  inches: 

2  x  9000  x  1200  x  i  X  1802  , 

at  right  end,  (341), 

S2  =  sooooo  X  300  X  600  x  j  X  1200  =  22222  .^ 
2  x  9000  x  1200  x  i  x  3002 

the  negative  sign  indicating  only  a  difference  in  the  direction 
of  the  lateral  faces  of  the  chords,  that  is,  change  of  slope 
laterally. 

But  if  S'  =  'area  of  section  of  chord  in  compression,  S"  = 
area  of  section  of  chord  in  tension,  we  have 


ClS'  =P  =  J*-,  (358) 


TtS"  =  u  =  -*L.  (359) 

cos/J 


H       =  M  -=-  h, 
according  to  the  notation  and  equations  of  article  49. 
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From  which, 

■*'  =  7T^— ,  (36o) 

C,h  cos  a  VJ     ' 

•S"  =       M      .  (361) 

TJcos/3  u     ' 

Calling  C,  =  8,000  pounds,  7",  =  10,000  pounds,  cc  being  the 
inclination  of  the  top  chord  for  all  parts  between  the  points  of 
contrary  flexure,  while  f3  =  o,  and  /3  being  the  slope  of  top 
chord  for  the  remainder  of  the  beam,  while  a  =  o,  we  have,  at 
either  end, 

Un^  =      too1    =  ai>    cos^  =  °-995°3> 
tana  =  o,  cos  a  =  1. 

At  centre, 

tan«  =  0.1,     cos  a  =  0.99503; 

tan/3  =  o,       cosjS  =  1. 

T 

At  left  end,  (361),  area  of  top  section, 

S"  = 30000000 =  inches> 

10000  X  180  x  0.99503 

At  left  end,  (360),  area  of  bottom  section, 

s,  =  30000000 =  2  iDdbe^ 

8000  X   180  X   1 

At  centre,  (360),  area  of  top  section, 

s,  = 30000000 =  I5.703  incheS. 

8000  X   240  X  0.99503 
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At  centre,  (361),  area  of  bottom  section, 

30000000 

S   = —  =  12. goo  inches. 

10000  x  240  xi  3 

At  right  end,  (361),  area  of  top  section, 

30000000 
S   =  10000  x  300  x  0.99503  =  IO-°S°  iaches- 

At  right  end,  (360),  area  of  bottom  section, 

P/  •jooooooo  .    , 

o  =  - — a =  12.500  inches. 

8000  x  300  xi 

The  totals  are  :  — 
At  left  end, 

•Si  =  37'S82  inches; 
at  centre, 

Sc  =  28.203  inches ; 
at  right  end, 

S2  =  22.550  inches; 

differing  somewhat,  as  was  to  be  expected,  from  the  areas  com- 
puted on  the  supposition  of  equal  top  and  bottom  sections. 

The  deflection  for  each  part  of  this  girder  is  given  by  (311). 
See  Fig.  102. 

1st,   AB,  fixed  at  A;  h^  =  180  inches,  h  =  ha  =  210, 

-y-  =■  -,  hQ  —  h,.  =  30,  and  we  have 
ft       7 


_  2  x  9000 
u1  — 


25000000 

9 
—  X  2.3715  =  0.171  inch. 


X  3002  (  /  7\ ) 

x  302  \I&0  ~  2ICY  ~  2-302585  log gj  J 
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4th,   EF,    fixed   at   F;     h±  —  300,  h  —  kQ  =  270, 

K  —  hi  =  —30,  -i  =  — , 

h        9 

=  2x9000x3°°°  {      _  270/2.302s85iogi?  +  M 

25000000  x  (-3o)2l  \  9  n 

9 

= X  1.^28  =  0.1 1 2  inch. 

125  " 

Now,  in  equation  (311), —  is  constant,  since  the  length, 

K  —  hi 

I,  varies  as  the  height,  h.     Therefore,  — 

2d,  BC,  fixed,  at  C;  h  =  210, 

y  =  A  =  xlbO^  —  2I°  x  2-302585log^i 

+  210  x  2.302585  log 210  —  210). 

3d,  CE,  fixed  at  C;  h  =  270, 

y  =  A  =  xf^O^  -  270  x  2.302585  logy^ 

+  270  X  2.302585  log  270  —  270), 
and 

A  +  A  =  A  +  A- 

After  making  the  substitutions,  and  reducing,  we  find 

hi  =  236.15  inches, 

which  is  the  depth  of  the  girder  at  lowest  point,  C.    Hence  dis- 
tance of  lowest  point  from  left  end  is 

10(236.15  —  180)  =  561.5  inches. 

D2  =  0.108  inch,    A  =  0.167  incn- 

2?r  +  D2  =  Z>3  +  A  =  0.279  incn  at  c- 
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Example  2.  —  Take  the  same  girder  as  in  the  preceding 
example,  but  let  the  load,  W  =  200,000  pounds,  be  75  feet  from 
the  left  end.  Then  the  points  of  contrary  flexure  are,  where 
x  =  f /,  and  x  =  \l,  and  by  (337),  since  now  a'  =  \l, 

M1  =  Mz  =  —  £  X  200000  X  f  X  J  X  1200 
=  —22500000  inch-pounds. 

At  the  weight,  x  =  a'  =  f /,  (338)  gives 

M  =  200000  xjxfx  1200=  22500000  inch-pounds. 
At  the  centre,  x  =  \l, 

Mc  =  200000  X  \  X  \  X  1200  =  7500000  inch-pounds. 

At  left  end,  by  (361),  area  of  top  section, 

c,,,  2 2 ■; 00000  _,  •    , 

S    = a =  12.56  inches. 

10000  x  180  x  0.99503 

At  left  end,  by  (360),  area  of  bottom  section, 

cv  221:00000  ,     .     , 

S  =  2 =  15.63  inches. 

8000  x  180  x  1 

At  the  weight,  (360),  area  of  top  section, 

a,  221JO0OOO  .       v    _ 

S  = 2 —  10.47  inches. 

8000  x  270  x  0.99503 

At  the  weight,  (361),  area  of  bottom  section, 

s„  =  22500000 =  8      ,  fcches. 

10000  X  270  X  1 
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At  right  end,  (361),  area  of  top  section, 


S"  = 


22500000 


10000  X  300  X  0.99503 
At  right  end,  (360),  area  of  bottom  section, 


=  7.54  inches. 


c,  22500000  0  .    , 

o   = 2 =  0.38  inches. 

8000  x  300  xi 


_r/: 


Since  equations  (338)  and  (340)  are  of  the  first  degree  with 
respect  to  M  and  x,  and  since  h  varies  uniformly  with  x,  we 


PLAN  OF  TOP  CHORD. 


plan  of  bottom  chord. 
Fig.  102. 


have  M  and  5  in  (360)  and  (361),  varying  uniformly  from  the 
ends  of  the  girder  and  from  the  weight  to  the  points  of  con- 
trary flexure,  as  shown  in  plan  of  chords,  Fig.  102,  where  the 


270  MECHANICS  OF  THE  GIRDER. 

depth  of  each  chord  is  supposed  to  be  uniform,  and  the  varia- 
tion in  size  of  chord  attained  by  varying  the  thickness  only. 

The  deflection  for  each  of  the  four  semi-beams  into  which 
the  girder  now  becomes  divided,  is  to  be  found  as  in  the  preced- 
ing example,  where  the  load  was  at  the  centre. 

We  now  have,  for  the  part  AB  =  §/,  fixed  at  A,  kT  =  180, 
h  =  h0  =  225,  hx-h-  k0  =  -f,  hQ  —  kt  =  45  ;  and  (311)  becomes 


_         2  X  9000  X 

y  =  A  = 


25000000  x 


—  J180  -  225(1  -  2.302585  log |j  J 


9 

=  — —  X  5.206  =  0.37486  inch. 
I25 

For  the  fourth  part,   EF  =■  \l,   fixed  at  F;    A,  =  300, 
k  =  ha  =  285,      h%  4-  K  =  f$,      hQ  —  hx  —  —15  ; 

y  =  A  =  ifs  {3°°  -  285(1  +  2.302585  log ^J  J  =  ^  x  0.382 

=  0.0275  inch. 

For  the  second  part,  BC,  k  =■  ka  =  225, 

y  =  A  =  tIttC^i  -  22S  X  2.302585^^ 

+  225  x  2.302585  log 225  -  225). 

For  the  third  part,  CE,  h  =  ha  =  285, 

y  =  A  =  dfe(Ai  -  285  x  2.302585  log K 

+  285  x  2.302585  log  285  -  285). 

And  since  A  +  D2  =  D3  +  Dv  we  find 

hi  =  234.761  inches; 

that    is,    the    lowest    point,    C,    is    now    at    the    distance 
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10(234.761  —  180)  =  547.61  inches  from  the  left  end  of  the 
beam.  Using  this  value  of  /z„  we  find  Dz  and  D3,  and  have 
finally, 

A  =  0.3749,    Di  =  0.3622, 

Dz  —  0.0148,    Z>4  =  0.0275, 


Deflection  at  C    =  0.3897  inch  =  0.3897  inch; 

an  apparently  paradoxical  result,  since,  when  the  same  load, 
W  —  200,000  pounds,  was  at  the  centre  of  the  girder  of  uni- 
form strength,  and  having  the  same  varying  height  and  same 
length,  /  =  100  feet,  the  deflection  was  only  0.279  inch  at  the 
lowest  point.  The  paradox  vanishes,  however,  when  we  take 
into  account  the  difference  in  the  length  of  the  component 
semi-beams  for  the  two  cases.  Indeed,  it  may  be  easily  shown 
that  a  girder  of  uniform  height  and  strength,  bearing  a  concen- 
trated load,  both  ends  being  fixed,. deflects  least  when  that  load 
is  at  the  centre,  and  the  four  component  semi-beams  are  of 
equal  length. 

Suppose  that,  in  (307),  we  have,  for  — 

First  semi-beam, 

x  =  \a',  according  to  article  100 ; 

second  semi-beam, 

x  =  \\l-  la'  -  \(l  -  «')]  =  Vi 
third  semi-beam, 

fourth  semi-beam, 

x  =  !(/-«')• 
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Then,  if  u  is  half  the  sum  of  the  four  deflections,  that  is,  if 
u  —  the  total  deflection  of  the  beam,  we  have 

*  =  J^(K>2  +  *{¥Y  +  W  -  «')2]-      (362) 

Put 

da'      tEhK  '  Ki  6) 

Therefore  a'  =  \l  renders  u  a  minimum,  since  2«'is  positive 
and  /  constant. 

In  a  similar  manner,  from  (311),  may  the  position  of  the  load 
be  found  on  the  beam  of  uniform  strength  and  uniformly  vary- 
ing height,  the  ends  being  fixed,  when  it  is  required  to  know 
what  position  of  a  given  load  gives  the  least  deflection. 

Example  3.  —  Continuous  uniform  load  wl  =  400,000 
pounds  upon  the  same  girder,  Fig.  102.  Since  the  moments 
of  the  external  forces  are  independent  of  the  height,  equation 
(350)  applies  here,  giving  for 

x  =  o,     Mx  =  —fa  X  400000  X  1200  =  —45000000  inch-pounds; 
x  =  \1,    Mc  —  \  X  400000  X  1200  +  Mi  =  15000000  inch-pounds; 
x  =    I,    M2  =  Mt. 

By  equations  (360)  and  (361),  we  find  — 

At  left  end,  section  of  top  chord, 

45000000  . 

S    =  ioooo  x  180  x  0.99503  =  25-I25  mches- 

At  left  end,  section  of  bottom  chord, 

a,  4s 000000         .  , 

5  = 23 =  31.250  inches. 

8000  x  180  X  1 
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At  centre,  section  of  top  chord, 

c,/  ICOOOOOO  .  a         ■       1 

S  = a — -  =  7.85 1  inches. 

8000  x  240  x  0.99503 

At  centre,  section  of  bottom  chord, 

15000000  . 

S    = —  =  6.250  inches. 

10000  x  240  x  1  J 

At  right  end,  section  of  top  chord, 

45000000  . 

S   = - =  15.075  inches. 

10000  x  300  x  0.99503         3    '3 

At  right  end,  section  of  bottom  chord, 

45000000  . 

S  =  f ; —  =  18.750  inches.. 

8000  x  300  XI  '3 

The  deflection  must  be  the  same  as  in  example  1  ;  viz., 
Ds  -f-  Z>2  =  0.279  inch,  since  the  centre  of  gravity  of  each  of 
the  two  loads  is  at  the  same  point,  and  the  unit  strain  the 
same. 

107.  Beam  of  Uniform  Strength  and  Uniformly  Varying 
Height,  fixed  at  One  End,  and  simply  supported  at  the 
Other.  —  Since  the  position  of  the  point  of  contrary  flexure 
depends  upon  the  moments  due  the  external  forces,  which 
moments  are  independent  of  the  height  of  the  girder,  we 
already  have,  in  articles  104  and  105,  the  point  of  contrary 
flexure,  and  the  moment  at  the  fixed  end,  M„  for  the  present 
case  of  uniformly  varying  height,  if  the  load  be  either  concen- 
trated or  uniform  and  continuous. 

The  cross-section  at  any  point  is  given  generally  by  equation 
(332),  the  deflection  of  each  of  the  three  component  semi-beams 
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by  (311),  and  the  equation  D,  =  D2  +  D%  fixes  the  lowest 
point. 

Example  i. — Take  a  girder  of  the  same  varying  height 
■and  same  length  as  in  the  examples  of  article  106,  Fig.  102,  of 
wrought-iron,  but  now  fixed  at  the  right  end  and  simply  sup- 
ported at  the  left ;  that  is,  let  E  =  25,000,000,  i?,  =  9,000, 
Cj  =  8,000,  TT  =  10,000,  /  =  1,200  inches,  ha  =  180  inches 
=  height  at  left  end,  h1  =  300  inches  =  height  at  fixed  end, 

25  —  15 
tana  =  — — — —  =0.1=  tan  of  slope  of  top  chord,  cos  a  = 

0.99503,  tan/3  =  o,  cos/?  =  1,  since  bottom  chord  is  horizontal. 
Let  the   load    W  =   200,000  pounds   be   at   the  distance 
«'  =  f/  from  the  unfixed  end,  the  point  of  contrary  flexure 
.being  at  x  =  \{l  +  a')  =  \l.     Then,  from  (352), 

Moment  at  fixed  end  =  M2    =  —  200000^ —    ? 

1  +  s 
=  —32000000  inch-pounds. 

Moment  at  weight,  Ma>  =      32000000  inch-pounds. 

Moment  at  left  end,        Mx    =      o. 

At  the  left  end,  (360)  and  (361)  give  the  chord  cross-sec- 
tions =  o ;  but,  of  course,  as  before  shown  and  exemplified  for 
all  such  cases,  the  end  must  be  enlarged  to  bear  the  shearing 
.and  crushing  strains  with  permanent  safety. 

At  the  load,  (360)  gives 

S'  =  15.46  inches  =  section  at  top. 

At  the  load,  (361)  gives 

S"  =  12.31  inches  =  section  at  bottom. 
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At  fixed  end,  (361)  gives 

S"  =  10.72  inches  =  section  at  top. 

At  fixed  end,  (360)  gives 

S'  —  13.33  inches  =  section  at  bottom. 

Applying  equation  (311)  to  the  three  parts  of  this  beam, 
AB,  BD,  DE,  we  find  the  deflection,  Fig.  103, — 

AB,  fixed  at  B ;  ha  =  180, 
y  =  A  =  tM^i  -  l8°  x  2.302585 (log  J,  —  log  180)  -  180]. 

BD,  fixed  at  B ;  ha  =  280, 
y  =  Z>2  =  xfrC^i  -  28°  X  2.302585 (log At  —  log  280)  —  280]. 

DE,  fixed  at  E ;  hQ  =  280,   Az  =  300,  ha  —  h1  =  —20, 

h,  —  11 
K  ~  14' 

J  =  A  =  tM3°°  -  280(2.302585 log \\  +  1)]  =  tIt  x  0.681 
=  0.049  inch. 

From  the  equation  Dt  =  D2  -\-  D3  we  have 

hz  =  229.731  inches, 
/.    Dx  =  0.419  inch  =  deflection  at  lowest  point,  B. 

Example  2.  — Take  the  same  girder,  with  the  same  condi- 
tions, as  in  example  1,  except  that  the  load  is  now  wl  =  400,000 
pounds,  uniformly  distributed. 
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The  moments  are  found  by  (356) ;  thus, 

x  =  o,  M  =  Mt  =  o. 

M  =  400000  x  1200  =  26666666 
¥  18 

x  =  /,    M2  —  —80000000  inch-pounds. 


plan,  uniform  load. 
Fig.  103. 

Using  these  moments,  we  find  the  required  cross-sections, 
by  means  of  equations  (360)  and  (361),  as  follows : 

x  =  •§/,  section  of  top  chord,        S'  =  15.23  square  inches. 

x  =  ■§/,  section  of  bottom  chord,  S"  =  12.12  square  inches. 

x  =    I,  section  of  top  chord,        S"  =  26.80  square  inches. 

x  =    I,  section  of  bottom  chord,  S'  =  33.33  square  inches. 
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Deflection  for  the  three  parts,  by  (311) :  — 
FG,  fixed  at  G ;  hQ  =  1 80  inches, 

/  =  A  =  dfelA  -  l8°  X  2.302585  (log ^,  -  log  180)  -  180]. 

GH,  fixed  at  G ;  /z0  =  260  inches, 

>  =  A  =  TfrC^i  _  260  x  2.302585 (log ^,  —  log 260)  —  260]. 

HI,  fixed  at  /;  hQ  =  260,  A,  =  300,   ha  —  hY  =  —40, 
K_.  £5 
4>       13' 

J'  =  A  =  TM300  -  260(2.302585  log  £§  4-  1)]. 

From  Z>,  =  Z>2  +  Z>3,  we  find  kt  =  226.547  at  the  point 
#  =  10(226.547  —  180)  =  465.47  inches, 


at  C,  Fig.  103. 


.•.    Z>!  =  0.37  inch 

Section  5. 

Camber. 

108.  Camber  is  the  -slight  upward  curving  or  crowning  that 
is  sometimes  given  to  a  girder,  in  order  to  obviate  the  sagging 
which  would  otherwise  result  from  the  deflection  of  the  same 
girder  made  without  this  slight  arching.  The  effect  of  camber 
is,  therefore,  to  keep  the  track  line  straight  under  the  working- 
load,  and  thereby  prevent  that  increase  of  stress  which  would 
otherwise  be  developed  by  the  falling  and  rising  of  loads  mov- 
ing rapidly  along  a  line  originally  straight.    In  no  other  respect 
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does  camber  augment  the  efficiency  of  the  structure.  Some- 
times, however,  a  greater  upward  curvature  than  that  here  con- 
templated is  given  to  the  floor  line  of  highway  bridges,  as  being 
more  pleasing  to  the  eye ;  but  so  large  a  convexity,  if  effected 
in  the  girder  itself,  is  always  at  the  expense  of  material  or  of 
efficiency,  as  will  appear  from  a  comparison  of  the  capabilities 
of  two  girders  shaped  like  Figs.  23  and  80,  of  equal  length  and 
equal  height  between  axes  of  chords. 

It  is  evident  that  camber  may  be  given  to  the  floor  or  track 
line  in  three  ways :  — 

1st,  The  girders  may  be  made  in  normal  shape,  and  the 
floor  or  track  line  be  raised  sufficiently  to  counteract  the  deflec- 
tion due  the  total  load.  In  this  case  the  two  chords  of  each 
girder  will  sag,  while  the  cambered  floor  line  becomes  straight 
under  load. 

2d,  The  chord  which  carries  the  floor  line  may  be  cambered, 
while  the  other  is  built  in  normal  shape.  In  this  case  the 
uncambered  chord  will  sag,  while  the  other  assumes  its  normal 
shape  under  load. 

3d,  The  girder  may  be  so  built,  that,  before  the  load  is 
imposed,  its  proper  floor  line  will  have  a  deflection  equal  and 
opposite  to  the  deflection  due  the  total  load,  and  that  the  whole 
girder  will  assume  its  normal  shape  under  load. 

We  need  examine  and  exemplify  only  the  second  and  third 
cases. 

109.  Change  of  Length  calculated  from  the  Unit  Strain. 
—  If  A.,  =  total  contraction  for  the  original  length  /„  and 
Aj  =  total  elongation  for  the  original  length  4,  of  any  strained 
member,  we  have,  within  the  elastic  limit  where  the  amount  of 
displacement  per  unit  of  length  varies  as  the  stress,  — 
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For  compressed  member, 


for  extended  member, 


x«  =  -^i  (364) 


^  =  ^r2i  (365) 


C\  and  Tz  being  the  allowed  unit  strains,  and  Ec  and  Et  the 
moduli  of  compressive  and  of  tensile  elasticity  respectively. 

The  total  difference  between  the  lengths  of  the  two  chords 
of  a  girder  after  deflection  is,  therefore, 

x  =  x,  +  K  =  (%  +  £?y,  (366) 


provided  the  chords  were  of  equal  length,  /,  before  deflection, 
and  of  uniform  strength. 

If  an  originally  straight  girder  of  equal  and  parallel  chords 
,  take  the  circular  form,  Fig.  104,  after  deflection,  the  neutral 
line  being  midway  between  the  chords,  we  must  have  for  it, 

K  -  K  -  Ec  ~  Et  ~  \{EC  +  Et)-   £'     (367) 

,.    x=XI  +  X2  =  §-/+5/=?|^,  (368)" 

Jic        Jit         JtL 

if  E  =  \{EC  -f-  Et)  =  modulus  of  transverse  elasticity,  and 
BI  =  ^(C,  +  T^j  =  bending  unit  strain. 

no.  Elongation  and  Contraction  calculated  from  Deflec- 
tion. —  Let  ABCD,  Fig.  104,  represent  an  open-built  semi- 
girder  fixed  horizontally  at  A  and  C,  and  having  its  deflection, 
D  =  NH,  greatly  exaggerated  in  the  figure  ;  the  actual  lines 
NFM  and  HM  being  sensibly  equal  each  to  /,  the  original 
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length  of  the  parallel  chords  AB  and  CD  of  the  semigirder 
whose  height  is  AC  =  h. 


Fig.  104. 

We  may  without  appreciable  error,  for  the  present  purpose, 
regard  the  deflection  curve  as  circular. 

Take,  as  radii  of  curvature,  r  for  neutral  line  NM,  r  -\-\h 
for  the  extended  chord,  r  —  \k  for  the  contracted  chord. 
Then,  from  the  geometry  of  the  figure,  we  have 

/»  =  Z>(2J-  -  D), 


2D      2 


2D 


(369) 


since  D  is  very  small  compared  with  r. 
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Also,  from  the  figure, 

r  I 


r  +  &      I  +  A,' 
/.    l+K  =-H^>  (370) 


which  is  the  length  to  be  given  to  the  chord  in  compression, 
the  figure  being  inverted.     Again, 


,.    l-K    =l{r~Jh)>  (370 


the  length  required  for  the  chord  in  tension,  the  figure  being 

inverted. 

Subtracting  (371)  from  (370),  we  find  the  total  difference  in 

length  required, 

..        .     ,    >        hi      2DJ1  ,      x 

A  =  A.,  +  K  —  —  =  —r-,  (372) 

r  l 

after  eliminating  r  by  means  of  (369). 

B  I2 
It  may  be  noted  that  (368)  and  (372)  give  us  D  =  -=— - 

Eh , 

which  is  equation  (308)  for  the  semi-girder  of  the  length  /. 

In  (369)  and  (372),  we  must,  of  course,  put  \l  for  7,  when  we 
apply  these  equations  to  a  girder  of  the  length  /  supported  at 
both  ends. 

in.  Suppose,  now,  that  it  is  required  to  camber  only  the 
straight,  horizontal  bottom  chord,  to  which  the  moving-load  is 
to  be  applied.  This  supposition  includes  Classes  II.,  IV.,  VII., 
IX.,  X.,  and  XII.  of  article  49. 
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We  may,  by  the  formula  proper  for  the  given  girder,  find 
the  deflection  at  each  panel  point,  or  apex,  of  the  bottom  chord. 
If  we  now  assume  that  no  apices  of  the  bottom  chord  are  to  be 
moved  horizontally,  by  reason  of  the  adopted  camber,  we  must 
theoretically  increase  each  normal  panel  length,  c,  of  this  chord, 

C      I  ■    A/7  T 

in  the  ratio  — =!— —  = ;   B  being  the  inclination  to  the 

c  cosB 

horizon  of  any  panel  length,  c  +  Ac  of  the  bottom  chord  when 

cambered,  and  Ac  being  the  change  of  length  in  the  bottom 

chord  for  any  panel,  by  reason  of  the  adopted  camber.     Also, 


tan£  = 


D-D 


,  DI  and  D  being  the  deflections  at  any  two 


consecutive  apices. 


Fig.  105. 


Then  each  vertical  member,  as  FB,  Fig.  105,  coming  down 
to  a  lower  apex,  B,  must  be  shortened  by  the  amount  of  deflec- 
tion, Dt,  computed  for  the  apex ;  and  each  diagonal  or  brace, 
BE  =  v,  terminating  at  the  same  apex,  must  be  shortened  in 
the  ratio 

1/       \?  +  (h  —  Z>,)2 


c2  +  h? 


(373) 


where  h  is  the  normal  difference  of  level  between  the  ends  of 
any  diagonal. 
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In  this  case  the  effective  depth  of  the  girder  at  the  centre 
has  been  lessened  by  D. 

Example.  —  Let  us  find  the  changes  of  length  required  to 
effect  camber  in  the  bottom  chord  alone  of  a  wrought-iron  para- 
bolic bowstring,  where  /  =  2,400  inches,  h  =  225,  n  =  16 
panels  of  c  =  %\%-  =  15°  inches  each,  C,  =  6,698  pounds, 
Tr  =  10,000  pounds,  Bt  =  8,349  pounds,  and  E  =  24,000,000 
after  the  frame  has  taken  its  permanent  "set;"  but,  as  ex- 
plained in  article  90,  we  will,  for  the  present  purpose,  take 
E  =  16,000,000,  to  provide  for  any  sagging  that  might  other- 
wise be  caused  by  the  first  full  load,  beyond  what  the  elasticity 
of  the  frame  can  recover. 

By  equation  (319),  putting  \l  =  1,200  for  /,  we  have  deflec- 
tion at  centre, 

1.386295  x  8349  x  1200*  . 

D  =  z =  4.6297  inches. 

16000000  X   225  ^       yl 

Now  we  may,  by  using  equation  (318),  find  the  deflection  at 
each  panel  point ;  but  it  will  be  practically  accurate,  and  more 
simple,  to  regard  the  cambered  bottom  chord  as  a  parabola, 
having  the  central  height  D  =  4.6297  inches,  and  then  find,  by 
equations  (136)  and  (137),  both  the  normal  heights,  h,  and  the 
height  of  each  lower  apex  after  camber  is  effected.  Thus,  (136) 
now  becomes 

y=(i-  -4*1  \  x  4-6297 
\        24002/ 

for  bottom  chord,  and 

y  =  L-  4*-\  x  225 
\        24002/ 

for  top  chord;  the  origin  being  at  the  middle  of  the  bottom 
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chord  in  its  normal  shape.     From  these  equations  and  (373) 
we  compute  D,  if,  z!,  h,  in  inches. 


X 

h 

D 

AZ> 

h-  D 

h  —D 
r       r+i 

h       -D 
r+i       r 

1/ 

z> 

0 

225.00 

4-63 

—0.07 

220.37 

220.44 

216.85 

266.64 

263.67 

150 

221.48 

4.56 

—0.22 

216.92 

217.14 

206.38 

263.91 

258.I4 

300 

210.94 

4-34 

—0.36 

206.60 

206.96 

189.09 

255.60 

241.36 

450 

19343 

3-9» 

-0.51 

189.45 

189.96 

164.77 

242.04 

222.82 

600 

168.75 

3-47 

-0.65 

165.28 

I65-93 

I33-64 

223.68 

2OO.90 

750 

I37-" 

2.82 

—0.79 

134.29 

I3S-08 

95.62 

201.86 

177.88 

900 

98.44 

2.03 

-0.95 

96.41 

97-36 

SO-7I 

174.76 

I58-34 

1050 

5274 

1.08 

— 1.08 

51.66 

52.74 

— 

— 

- 

Theoretically,  the  end  panel  lengths  of  bottom  chord,  where 
the  inclination,  y3,  is  greatest,  would  become 

(150*  +  i.o8s2)^  =  150.0039  inches. 


But  this  is  practically  equal  to  the  normal  length,  150  inches ; 
hence  we  will  not  change  the  panel  lengths  of  the  bottom 
chord. 

It  will  be  perceived  that  the  girder  thus  cambered  becomes 
the  parabolic  crescent. 

Instead  of  computing  dimensions  as  above,  it  is  evident  that 
the  elevation  may  be  drawn  accurately,  on  a  large  scale,  from 
the  central  deflection  D,  and  h  and  /;  and  then  all  desired 
lengths  can  be  taken  off  as  accurately  as  the  work  will  be  "  laid 
out "  in  the  shop.  The  camber  curve  may  always  be  drawn 
circular  for  an  originally  straight  chord. 

112.  Similarly,  if  we  would  camber  only  the  straight  upper 
horizontal  chord  of  Classes  III.,  IV.,  VIII.,  IX.,  XL,  XII.,  of 
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article  49,  without  moving  appreciably  the  upper  apices  hori- 
zontally, we  must  increase  the  normal  length  of  each  vertical 


Fig.  jo6. 


member  by  the  deflection  due  at  its  place,  and  the  normal 
length  of  each  diagonal  in  the  ratio 


i-i 


c*  +  h?        )  " 


See  Fig.  106,  where  the  efficient  depth  of  the  girder  has  been 
increased  at  the  centre  by  the  value  of  the  deflection  D. 

Example.  —  Let  us  invert  the  uncambered  girder  of  article 
1 1 1,  and  effect  the  same  amount  of  camber,  D  =  4.6297  inches, 
in  the  straight  top  chord  alone.  We  have  the  same  values  of 
D  and  h  as  before,  and  readily  find  the  required  lengths  of  ver- 
ticals and  diagonals,  in  inches,  numbering  from  the  centre. 


(            /Ar  +  Dr  +  iY)* 
ff  =    [>  +    (kr  +  Dr  +  rYV  =   c\  I  +  [ 1~t-)    \   , 


(374) 


•  =[>•   +    (Ar  +  t  +  r>rY¥  =c\l+  (*,  +  ',+       J   }   •        (375) 
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- 

h 

D 

h  +  D 

1/ 

kr+x*Dr 

z' 

o 

225.OO 

4-63 

229.63 

229.56 

274.22 

226.II 

271-34 

'5° 

221.48 

4-56 

226.04 

225.82 

271.09 

215.50 

262.57 

300 

210.94 

4-34 

215.28 

214.92 

262.08 

197.77 

248.22 

450 

19343 

3-98 

197.41 

196.90 

247-53 

172-73 

228.77 

600 

168.75 

347 

172.22 

171-57 

227.90 

140.58 

205.58 

750 

I37-H 

2.82 

139-93 

r39-i4 , 

204.59 

IOI.26 

180.98 

900 

98.44 

2.03 

IOO.47 

99.52 

180.01 

54-77 

159.69 

1050 

52.74 

1.08 

53.82 

~~ 

— 

In  like  manner  may  we  effect  camber  in  a  straight  chord  of 
any  one  of  the  classes  cited  in  this  and  the  preceding  article. 
And,  if  it  is  required  to  preserve  the  normal  height  between 
chords  after  camber,  we  must  change  both. 

113.  When  it  is  desired  that  the  effective  depth  of  the 
girder  be  not  altered  by  the  camber,  then  both  chords  must  be 
displaced  vertically  by  the  amount  of  the  deflection  at  the  sev- 
eral apices,  and  in  the  opposite  direction. 

In  articles  in  and  112  we  have  made  no  appreciable 
change  in  the  length  of  either  chord  by  reason  of  camber; 
and,  of  course,  the  length  of  each  chord  will  be  changed  as  the 
load  takes  out  the  camber. 

Strictly,  regarding  camber  as  the  inverse  of  the  operation 
performed  by  deflection,  we  should  increase  the  normal  length 
of  the  compressed  chord  by  A„  equation  (364),  and  diminish 
that  of  the  stretched  chord  by  Aj,  equation  (365) ;  but,  since 
the  whole  change  of  length  required  in  either  chord  is  very 
small  for  each  panel,  we  shall  distribute,  in  the  present  case, 
the  whole  difference,  A.  =  A,  +  Xj,  of  length  due  to  deflection 
additively  among  the  panel  lengths  of  the  compressed  chord. 
Hence  camber  thus  produced  will  require  no  change  in  the 
normal  panel  lengths  of  the  chord  in  tension,  which,  under  the 
load,  will  resume  its  normal  line,  but  increased  in  length  by  A*. 
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At  the  same  time,  the  compressed  chord  loses  A,  of  its  incre- 
ment, and  retains  A.2. 

This  change  of  length  in  either  chord  which  rests  upon  the 
points  of  support,  may,  if  necessary,  be  provided  for  in  the  same 
manner  that  provision  is  made  for  the  effect  of  change  of  tem- 
perature. The  length  of  any  vertical  member  is  not  to  be 
altered  appreciably  for  camber  in  this  case,  since  the  vertical 
displacement  of  each  chord  is  assumed  to  be  the  same  for  any 
given  value  of  x ;  and  the  slight  change  in  their  length  caused 
by  the  spreading  of  the  verticals  to  fit  the  change  in  the  com- 
pressed chord,  is  hardly  measurable. 

But  the  length  of  any  diagonal  member  will  be  changed  as 
follows :  — 

Let  ABCE,  Fig.  107,  represent  any  one  of  the  n  normal 
panels  of  a  girder,  and  A'B'C'E'  the  same  panel  when  cambered 


Fig.  107. 


by  adding  -  to  -  =  c,  the  horizontal  projection  of  the  chord 
11      n 

AB  in  compression.  The  panel  points  in  both  chords  are  dis- 
placed vertically  by  the  deflections  Dr  —  CC  =  BB',  and 
Dr  +  Z   =  EE'  =  AA',  appreciably;   and  the  points  A  and  B 
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are  removed  horizontally  by  the  space  -.    Hence  practically  we 

n 

have 

E'C'  =  EC, 

A'B'  =  AB  +-, 
n 


A'E'  =  AE, 
B'C  =  BC, 
E'F  =  -,     FC  =  -tan  (S; 


/3  being  now  the  inclination  of  EC  or  E'C  to  the  horizon. 

,=  E'B'=[(i  +  ^+(kr-U^\  (376) 

*  -  ^'c'  ={&  +  £)'  +  (**•  +  £«tan^)T-  (377) 


Instead  of  -,  we  may  evidently  employ  equations  (364)  and 

11 

(365)  in  finding  the  proper  increment  for  any  panel  length  of 
compressed  chord. 

Example.  —  Take  BC  =  hr  =  240.inches,  AE  =  ftr  +  I  =  200 

inches,  ZT'-F  =  -  =  c  =  150  inches,  -  =    '  ~*~ — ?  =  0.12  inch, 
«  n  n 

A  =  0.06  inch,  tan  )8  =  I  X  24°  ~  2°°  =  -2-.     Then 

2«  2  ISO  15 

A'B'  —  AB  +  0.12, 

/=  [(150.06)2  +  (240  -  150  X  ?V)2]*  =  266.304  =  if 
=  [(150.06)2  +  (200  -+-  2o)2]s  inches. 
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CHAPTER  VII. 

PILLARS. 

Section  i. 
Strength  of  Pillars,  by  Rational  Formula. 

114.  Under  the  general  term  pillars  we  shall  include  col- 
umns, posts,  struts,  props,  braces  in  compression,  and,  in  a 
word,  every  member  in  a  structure  whose  function  it  is  to  resist 
compressive  force  applied  at  its  end,  and,  in  general,  in  the  line 
of  the  longitudinal  axis  of  the  member. 

It  is  assumed  that  a  pillar  has  no  lateral  support  or  pressure 
applied  between  its  ends,  except  when,  owing  to  an  unavoidable 
existing  lateral  force  (as,  for  example,  the  weight  of  a  horizontal 
strut),  a  counter-force  is  applied  as  a  balance.  But  a  pillar  may 
have  its  ends  in  the  conditions  known  as  round,  hinged,  flat, 
imbedded,  fixed ;  the  two  ends  being  in  the  same  or  in  differ- 
ent conditions.  Pillars  may  be  long  or  short,  solid  or  hollow ; 
may  have  a  uniform  or  variable  cross-section  of  any  desired 
form. 

Long  pillars  yield  chiefly  by  bending  and  breaking  across  ; 
short  blocks  of  ordinary  building  material  yield  by  being 
crushed  without  bending,  properly  so  called.  At  what  exact 
ratio  of  length  to  diameter  bending  first  takes  place  in  a  given 
material,  is  not  at  present  very  definitely  ascertained ;  but  it  will 
be  safe  to  assume,  in  the  present  state  of  our  knowledge,  that 
bending  will  occur  when  this  ratio  is  as  low  as  three  for  such 
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material  as  wrought-iron.  Experiment  has  shown  what,  per- 
haps, we  might  have  inferred  from  a  stalk  of  wheat,  —  that 
material  is  saved  by  using  hollow  instead  of  solid  pillars  to 
support  a  given  load. 

115.  Pillars  of  Uniform  Cross-Section. 
Let  /  =  length  of  pillar, 
h  =  least  diameter, 

r  =  least  radius  of  gyration  of  cross-section, 
5  =  area  of  cross-section,  , 

D  =  greatest  deflection  of  pillar ; 
■all  in  inches. 

E  =  modulus  of  transverse  elasticity, 
C  =  crushing-strength  of  standard  specimen  of  the  ma- 
terial, 
P  =  breaking-weight    applied  at  the  end  of  the  pillar 

and  in  the  line  of  its  axis  before  deflection, 
p 
Q  =  -^  =  breaking-weight  per  square  inch  of  cross-section; 

all  in  pounds  per  square  inch. 

I  =  Srz  =  least  moment  of  inertia  (so  called)  of  cross-section. 
Mx  =  moment  of  forces  developed  in  any  normal  cross- 
section  by  the  given  load  P. 
-Mj  =  the  end  moment  at  the  lower  end  when  that  end  is 

fixed. 
Jfz  =  the  end  moment  at  the  top  when  the  upper  end  is 
fixed. 
Suppose  the  pillar  vertical,  Figs.  108,   109,  no,  and  take 
the  origin  of  rectangular  co-ordinates  at  the  lowest  point  of  the 
pillar's  axis,  which  call  also  the  axis  of  x ;  that  of  y  being  hori- 
zontal. 

Then,  from  equations   (15),   (93),  and  (187),  we  have  the 
moment  at  any  height,  x, 

Mx^-EId-^  =  M^Lx-M^Py,     (378) 
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wherein  no  account  is  taken  of  the  modified  condition  of  every 

cross-section  due  to  the  longitudinal  pressure,  Q,  per  unit. 

Now,  since  the  full  unit  strength   of  the   cross-section  of 

the  unloaded  pillar  is  C,  and  the  remaining  unit  strength  of  the 

loaded  pillar's  cross-section  is   (C  —   Q),   it  follows  that  the 

expression  for  the  moment  of  the  internal  forces  developed  in 

C  —  0 
any  cross-section  must  be  diminished  in  the  ratio  — — — . 

We  then  have 

M*  =  ~^2S  =  Ml  7  M*x  -Mt  +  Py       (379) 
dx2  I 

if 

SI(C-Q)       Ef(C-Q) 

PC  QC 

There  will  be  three  cases,  according  as  we  consider  neither, 
both,  or  one  only,  of  the  ends  fixed. 

Case   I.  —  If  neither  end   can  produce  any  moment,  Mz 
=  M2  =  o;   and  we  have,  from  (379), 


e2£ = -y-  (38o) 


Multiplying  by  2dy, 


dyd(dy) 


Integrating  this  equation,  and  putting  a1  for  the  arbitrary 
constant  of  integration, 

die  J 

from  which 

dx  _         dy 

T  ~  {a7-  -  j/2)i' 
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Integrating  again  between  the  limits,  for  x,  o  and  /;  and 
for  y,  o  and  o ; 

/.    /  =  e\  sin-1-     =  emr, 

where  n  may  be  any  whole  number;  but,  in 
order  that  P  may  have  the  least  value  it  can 
have,  consistent  with  the  bending  of  the  pillar 
necessarily  assumed  in  establishing  equations 
(378)  and  (379),  n  must  be  equal  to  unity.  (See 
Rankine's  "Applied  Mechanics,"  p.  352.) 


t?z    = h^r 

QC 


Q  = 


0 


1  + 


(38i) 


Fig.  108. 


which  is  the  formula  for  pillars  with  rounded 
ends  that  can  generate  no  end  moments,  Fig.  108.  The  curved 
line  shows  the  deflected  axis. 

Case  II.  —  If  both  ends  of  the  pillar  are  equally  fixed, 
Fig.  109,  so  that  the  elastic  curve  at  each  end,  after  flexure, 
has  for  its  tangent  the  original  undeflected  axis,  then,  in  equa- 
tion (379), 

Mx  =  M„ 
whence 


Mt  -  Py. 


(382) 


Multiplying  by  2dy,  equation  (382)  becomes 


2Pe 


dyd{dy) 


dx2 


zM^dy  —  2Pydy. 
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Integrating,  we  find 


Pt?&-  =  2Mxy  —  Pf  +  a, 
dx2 


(383) 


where  a,  the  arbitrary  constant,  must  vanish,  since  -j-  =  o  when 
y  =  o.     Hence,  from  (383),  ^^^^Ifll 


dx 


dy 


tsjp       (2Mxy  —  Fy2)l 

Integrating  again,  with  the  condition  that 
y  =  o  when  x  =  o,  there  results,  after  can- 
celling \Jp  from  the  denominators, 

f=M^'K  <*> 

Also  we  have  j/  =  o  when  x  =  I,  so  that 
(384)  becomes 

_  =   Sin-M— i)   +  -   = 1 =    27T, 

g  222 

Fig.  109. 

to  be  consistent  with  the  permanence  of  /  and  with  the  least 
positive  value  of  P.     Therefore 


h  _  .^  _  ^Er2{C  -  Q) 
1  ~  4^£  "  QC 


Q  = 


1  + 


CI2  ■ 
/^Er2 


(385) 


which  is  the  formula  for  pillars  with  both  ends  equally  and 
fully  fixed. 
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Case   III. — When   only  one   end   of  the  pillar  is  fixed, 
Fig.  no,  and  the  other  end  can  cause  no  end  moment,  we 
have   (say)  MT  =  o,   and   derive,   from   equation 
■I      (379). 

^s = (f*  -  *h  (386> 

an  equation  whose  second  member  cannot  be  inte- 
grated "without  specific  connection  between  x 
and  y,"  unless  there  is  such  a  relation  among  the 
quantities  which  compose  it  that  the  member  shall 
be  wholly  a  function  of  x.  (See  De  Morgan's 
"  Differential  and  Integral  Calculus,"  p.  208.)  Not 
knowing  the  specific  connection  between  x  and  y, 
nor  what  relation  among  its  component  quantities 
there  may  be  to  render  the  second  member  a 
"function  of  x  only,"  I  shall  here  assume  a  con- 
nection expressed  by  the  equation  of  a  parabola ; 
viz., 

Fig.  iio.  >  =  *  +  **"»  (387) 

where,  since  y  =  o  when  x  =  I,  b  =  — ;   and  shall  attempt 

only  an  approximate  solution  for  this  third  case. 

Putting  this  value  of  y  into  equation  (386),  it  becomes 

P& — =2-  =  mx  —  Pbx? 
dx* 

Integrating,  with  the  condition  that  -2-  =.  o  when  x  =  I, 

ax 

since  the  upper  end  of  the  pillar  is  now  fixed, 

.-.     Pt?&  =  \m(o?  -  I2)  -  \Pb{x*  —  /3).         (388) 
dx 


w 


PILLARS.  295 

Integrating  again  between  the  limits  o  afid  y,  o  and  x, 
.:    P?y  =  %m(—  -  I*x\  -  \Pb{~  -  /*x\     (389) 

But  y  =  o  when  x  =  /;  hence,  from  (389), 

m  =  \Pbl.  (390) 

If  in  (388)  we  make  -f-  =  o,  we  may  find  the  value  of  x 
ax 

which  renders  y  =  D  a  maximum.     Dividing  by  x  —  /,  and, 

by  means  of  (390),  eliminating  m  and  Pb,  we  derive  from  (388), 

when  y  is  a  maximum, 

*  =  Tyo  ±  \Zii)  =  0.42153/, 

since  the  negative  value  is  not  here  admissible. 

Taking  x  =  0.42153/,  y  =  x  +  bx*f  and  b  =  —-,  we  find 

c 

from  (389),  after  restoring  s2  and  m,  and  reducing, 

C                              C 
Q  = = ,  (391) 

1  H 1  H 

22.5 1  i£r2  2.2&ir2£r2 

which  is  an  approximate  formula  for  pillars  having  but  one  end 
fixed. 

The  nearness  and  sufficiency  of  this  approximation  will  be 
examined  in  article  120. 

It  should  be  observed  here  that  equations  (381),  (385),  and 
(391)  are  applicable  to  all  pillars  that  yield  by  bending,  of 
whatever  uniform  cross-section,  and  of  whatever  material  con- 
structed. Examples  of  the  application  of  these  three  equa- 
tions may  be  found  in  the  tables  of  article  121. 


296  mechanics  of  the  girder. 

Section  2. 

Hodgkinson  's  Empirical  Formula  for  the  Strength  of  Cast-Iron  and 

Timber  Pillars. 

116.  The  eminent  English  experimenter  Mr.  Eaton  Hodg- 
kinson deduced,  from  his  experiments  upon  pillars  of  cast-iron 
and  pillars  of  timber,  formulae  which  have  found  place  in  all 
works  on  applied  mechanics. 

Using  the  notation  of  article  115,  and  taking  those  values  of 
the  constants  which  have  been  adopted  by  such  writers  as 
Rankine  and  Humber,  Mr.  Hodgkinson's  formulas  for  the  ulti- 
mate strength  of  cylindrical  cast-iron  pillars,  where  the  length 
of  each  is  not  less  than  thirty  times  the  diameter  if  the  ends 
are  flat,  and  not  less  than  fifteen  times  the  diameter  if  the 
ends  are  rounded,  become,  — 

Solid  cast-iron  pillars, 


'-JWr>i  (3's) 


hollow  cast-iron  pillars, 

p  =  Al^ '  (393) 

k1  being  the  pillar's  internal  diameter,  and  A  "  representing  the 
strength  of  a  pillar  1  foot  long,  and  1  inch  in  diameter,  and 
being  a  constant  for  a  given  quality  of  iron,  but  ranging  in 
value,  for  different  irons,  from  75,000  to  112,000."  The  mean 
values  of  A  adopted  by  Professor  Rankine  are,  — 
Solid  pillars  with  rounded  ends, 

A  =  14.9  tons  =  33376  pounds; 

solid  pillars  with  flat  ends, 

A  =  44.16  tons  =  98918  pounds; 
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hollow  pillars  with  rounded  ends, 

A  =  13  tons  =  29120  pounds; 
hollow  pillars  with  flat  ends, 

A  =  44.3  tons  =  99232  pounds. 

It  hence  results  experimentally  that  "  fixing  "  both  ends  of 
a  pillar,  Fig.  109,  enables  it  to  support  about  three  times  the 
load  which  would  break  it  were  the  ends  unfixed,  Fig.  108,  and 
incapable  of  developing  moment.  For  a  pillar  fixed  at  one  end 
and  rounded  at  the  other,  Fig.  1 10,  Mr.  Hodgkinson  found  the 
strength  to  be  a  mean  between  the  two  strengths  of  the  same 
pillar  when  both  ends  are  rounded  and  when  both  ends  are  flat. 
We  then  have,  for  cast-iron  pillars,  — 

Solid,  one  flat  and  one  round  end, 

A  =  66147  pounds; 

hollow,  one  flat  and  one  round  end, 

A  =  64176  pounds. 

When  the  length  is  less  than  30  or  15  times  the  diameter 
respectively,  Mr.  Hodgkinson  first  finds  P  by  equations  (392) 
and  (393),  and  then  corrects  P  by  means  of  this  supplementary 
formula ;  Pt  being  the  corrected  value  sought. 

*,  =  -££*=-£*  (394) 

A  AP 

aP  aQ 
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which  is  an  empirical  equation  identical  in  form  with  (381), 
(385),  and  (391),  analytically  established. 

117.  The  Hodgkinson  formula  for  the  ultimate  resistance  of 
pillars  of  oak  and  of  red  pine  to  crushing  by  bending,  as  adopted 
by  Professor  Rankine,  "Applied  Mechanics,"  p.  365,  is,  with 
our  notation,  article  115, 

Q  =  |  =  5ooc|,  (396) 

a  formula  to  be  used  only  when  Q  <  C,  the  crushing-strength 
of  the  material,  Table  II.,  article  60. 

Applications  of  the  Hodgkinson  formulae  are  given  in  tables 
of  article  121. 

Section  3. 

Gordon's  Empirical  Formula,  with  Rankine's  Modification. 

p 

118.  We   have,  in  article    115,  Q  =  —  =  the  direct  unit 

pressure  of  the  load  upon  every  cross-section  of  the  pillar. 

Now,  if  Bj  is  the  additional  unit  pressure  due  to  bending- 
moment  upon  'those  fibres  where  the  bending-moment  is  great- 
est, and  if  /  denote  the  greatest  intensity  of  unit  pressure,  we 
have 

f=Q  +  B„  (391) 

Regarding,  with  reference  to  the  central  moment,  a  loaded 
pillar  of  uniform  cross-section  as  in  the  condition  of  a  beam 
supported    at    both    ends,    and    carrying   the    central   weight 

W  =  ^— — ,  since  equations  (15),  (46),  and  (187)  give  us 

M  =  PD  =  \Wl  =  ^4  (398) 
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we  find 

h  P     ' 

from  (211) ; 


6Eh 

From  which,  for  a  given  value  of  — -, 

E 

But  (398)  gives 

„       PDh      PD  ,      x 

B,   ~ (  ■JQQ) 

if  7  =  M25,  k  being  a  constant  depending  upon  the  form  of 
the  pillar's  cross-section  (see  Table  III.,  article  62) ; 

Whence  (397)  becomes 

/  and  <z  being  constants  to  be  determined  by  experiment ; 

.     P-      f 


ah2 


(400) 


which  is  of  the  form  "proposed  by  Tredgold,"  and  is  now 
known  as  the  "Gordon  Formula,"  having  been,  after  some 
"disuse,  revived  by  Mr.  Lewis  Gordon,  who  determined  the 
values  "  of  a  and  /,  for  certain  materials,  from  the  results  of 
Mr.  Hodgkinson's  experiments. 
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119.  If,  in  equation  (399),  we  put  Sr2  for  /,  using  still  the 
notation  of  article  115,  we  find 

„       PDh      PI"  .      . 

Bt~-&-"s?  (40I) 

Therefore,  from  (397), 

'  "  ?('  +  -•> 


S       I+^ 


(402) 


which  is  Professor  Rankine's  modification  of  the  Gordon  for- 
mula ;  r  being  the  least  radius  of  gyration  of  the  cross-section. 
The  Gordon  (400)  and  the  Rankine  (402)  formulae  are  iden- 
tical if  we  make 

av      ft?  ,      x 

i,  =  «•  (403) 

a       r2 

120.  Supposing  f  to  be  constant  for  varying  conditions  of 
the  pillar,  both  a  and  «,  will  be  found  to  require  different  co- 
efficients, according  as  the  pillar  has  neither,  one,  or  both,  of  its 
ends  fixed. 

Assuming  that  equations  (400)  and  (402)  apply  to  a  pillar 
fixed  in  direction  at  both  ends,  Fig.  109,  we  see  that  the 
length,  /,  between  the  points  of  contrary  flexure,  is  in  the  con- 
dition of  a  pillar  not  fixed  at  its  ends,  and  has  only  the  strength 
of  a  pillar  of  twice  its  length,  2/,  fixed  at  both  ends ;  that  is, 
for  a  pillar  rounded  at  both  ends,  we  have,  — 
Gordon's  formula, 

g=       /      ;  (404) 

•S       i4-4£! 
ah? 
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Rankine's  formula, 

-  =  — - (405) 

Similarly,  in  Fig.  109,  the  length,  /,  between  either  point  of 
contrary  flexure  and  the  remoter  end  is  in  the  condition  of  a 
pillar  with  one  fixed  and  one  rounded  end,  and  has  only  the 
strength  of  a  pillar  ^/  in  length.  We  have,  then,  for  a  pillar 
fixed  at  one  end  and  rounded  at  the  other,  — 

Gordon's  formula, 

-  = ^ ;  (406) 


Rankine's  formula, 


P  -         f  (407) 


£ 


1 
1  +  "* 


a^r2 


This  is  Mr.  Hodgkinson's  ingenious  explanation  of  the  vari- 
ation among  the  strengths  of  these  three  classes  of  pillars,  a 
variation  which  he  discovered  by  a  comparison  of  the  results  of 
his  experiments. 

If  we  invert  the  three  numerical  co-efficients  of  the  fractions 
in  the  denominators  of  (400),  (404),  (406),  or  (402),  (405),  (407) 
(viz.,  1,  4,  -1^-),  and  multiply  the  inverted  numbers  by  4,  we  have 
the  relation,  4,  1,  2.25  ;  while  4,  1,  2.28,  is  the  relation  of  the 
corresponding  constants  in  equations  (385),  (381),  (391),  deter- 
mined analytically.  We  may  hence  infer  that  the  degree  of 
approximation  in  (391)  is  close  to  the  true  value.  Especially, 
since  we  can  seldom  tell  the  exact  amount  of  influence  which 
given  end  bearings  exert,  may  we  regard  (391)  practically  cor- 
rect. 
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TABLE    IV. 

Values  of  f  and  a  of  the  Gordon,  and  of  ft  and  at  of  the 
Rankine  Formula. 

A.,  American  Bridge  Company,  Chicago,  111. ;  K.,  Keystone  Bridge  Company,  Pittsburgh,  Perm. 


Material. 


Form 

of 

Section. 


Experi- 
menters. 


Authority, 


Gordon  Formula. 


/ 


Rankine  Formula. 


Iron,  Cast    . 
Iron,  Cast    . 
Iron,  Cast 
Iron,  Wrought 
Iron,  Wrought 
Iron,  Wrought 
Iron,  Wrought 
Iron,  Wrought 
Iron,  Wrought 
Iron,  Wrought 
Iron,  Wrought 
Iron,  Wrought 

Iron,  Wrought 
Steel,  Mild  . 

Steel,  Strong 

Steel,  Mild  . 
Steel,  Strong 
Timber  .  . 
Oak  and  Fir 
Stone  and  Brick 


4- 


LTJ4 


3d 


Hodgkinson. 
Hodgkinson. 
Hodgkinson. 
Hodgkinson. 
Hodgkinson. 
Hodgkinson. 
Hodgkinson. 
Hodgkinson. 
Davies. 

A.        K. 

A.       K. 
A. 

K. 


Hodgkinson1. 
Rondelet, 


Gordon. 

Gordon. 

Gordon, 

Gordon. 

Rankine. 

Stoney. 

Stoney. 

Stoney. 

Unwin. 

Lovett. 

Lovett. 

Lovett. 

Lovett. 
Baker. 

Baker. 

Baker. 

Baker. 

Rankine. 

Stoney. 

Rankine. 


80000 
80000 
80000 
36000 
36000 
35840 
30660 
40032 
42560 
49S8o 
43725 
38271 

3D523 
67200 

1x4240 

67200 

1 1 4240 

7200 

1.5  C  of 
Table  II. 

Cof 
Table  II. 


400 

267 

133 

3000 

3000 

3000 

3000 

3000 

900 

3000 

3000 

3000 

3000 
1400 

goo 

2480 

1600 
250 

250 
600 


36000 


36000 


42980 
38650 
37029 

33531 


36000 
36000 
36000 

36000 
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Section  4. 

Strength  of  Pillars  computed  by  the  Preceding  Formula,  and  compared 
with  the  Strength  experimentally  determined. 

121.  The  following  tables,  V.,  VI.,  VII.,  VIII.,  IX.,  X.,  XII., 
contain  data  derived  from  experiments  on  the  strength  of  pil- 
lars, probably  as  trustworthy  as  any  yet  made  and  published. 
To  these  tests  the  appropriate  formulae,  either  direct  or  in- 
verted, have  been  applied ;  and  the  values  of  f,  C,  or  Q  for  a 
given  pillar,  computed  by  different  formulae,  have  been  tabu- 
lated in  the  same  horizontal  line. 

In  Table  XL  no  experimental  values  are  given,  but  the 
assumed  values  of  E  and  C  are  within  the  limits  fixed  by 
experiments  upon  steel.  In  Table  VII.,  when  the  thickness,  /, 
of  the  metal  is  less  than  a  fifty-fifth  part  of  the  least  diameter, 
h,  of  the  pillar,  the  computed  value  of  Q,  the  breaking-weight, 
in  pounds,  per  square  inch,  has  been  diminished  in  the  ratio 

-j-,  as  seems  to  be  required  by  the  tests. 

For  columns  having  rounded  or  hinged  ends,  in  Table  V., 
the  formulas  for  those  having  one  flat  and  one  round  end  have 
been  used,  as  more  in  harmony  with  the  tests  than  the  formulae 
for  columns  having  no  end  moments. 

It  must  be  confessed  that  there  are  anomalies  of  consider- 
able magnitude  in  the  experiments  themselves  ;  and,  of  course, 
there  appear  corresponding  variations  from  the  test  values  in 
the  numbers  computed  according  to  the  laws  of  the  applied 
formulae. 

It  is  to  be  regretted  that  we  have  not,  accompanying  these 
tests  for  Q,  also  experimental  determinations  of  C  and  of  E,  for 
each  pillar  tabulated,  but  have  been  obliged  to  use  probable 
mean  values  of  C  in  all  the  calculations  of  Q,  and  probable 
mean  values  of  E  in  all  but  Table  V. 
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TABLE    VI. 

Solid  Rectangular  Pillars  of  Wrought-Iron. 

Flat  ends  well  bedded;   Hodgkinson's  Experiments. 

Data  from   Bindon   B.  Stoney's   Theory   of   Strains    in    Girders 


h*   : 


Similar  Structures. 

Assume  E  =  27,311,111,  and  C  =  50,000. 


No. 

5 

h 

I 

l  +  h 

£>  =  £ 

v    s 

Excess  over  Q  by 

Least 

Ratio  of 

Breaking- 

Gordon  Formula, 

Equation  (385), 

Sectional 

Length  to 

Weight, 

n  _.      35840 

.+  p 

300o£2 

Q         C 

,+    «2 

4ir*Er* 

Area. 

Diame- 
ter. 

Length. 

Least 
Diameter. 

by 
Experiment. 

sq.  ins. 

ins. 

ins. 

lbs.  per  sq.  in. 

lbs.  per  sq.  in. 

lbs.  per  sq.  in. 

30 

1.0465 

1.0230 

7-5 

7-331 

48682 

-*3473 

-     134 

31 

1.0465 

1.0230 

15.0 

14.663 

34554 

—   1 105 

+ 10103 

32 

1.0475 

1.0230 

30.0 

29.326 

25327 

+   2527 

+  8489 

33 

2.9880 

0.9960 

30.0 

30.121 

29655 

—  2137 

+   357° 

34 

2.2970 

0.7630 

30.0 

39-319 

27767 

-  4ii5 

—     890 

35 

z.0486 

1.0240 

60.0 

58.594 

17268 

-     555 

_       88 

36 

4.5900 

1.5300 

90.0 

58.524 

19987 

—   3343 

—  2896 

37 

1.5011 

0.5026 

30.0 

59.689 

16853 

—     470 

_      90 

38 

5.8166 

0.9960 

60.0 

60.241 

17698 

-   1479 

-  J138 

39 

2.9950 

0.9950 

60.0 

60.303 

18067 

-   1865 

—  1530 

40 

2.3090 

0.7670 

60.0 

78.227 

12969 

-   "79 

—  1619 

41 

4-53°o 

1. 5100 

120.0 

79.470 

10165 

+    1377 

+     9J4 

42 

1.0490 

1.0240 

90.0 

87.891 

9753 

+     Z73 

-     317 

43 

2.9915 

o.9955 

90.0 

90.407 

9912 

—     289 

—     900 

44 

5.8307 

0.9950 

90.0 

9°-452 

9280 

+     336 

—     276 

45 

1.4980 

0.5070 

60.0 

"8.343 

5653 

+     670 

+       33 

46 

j.5110 

0.5070 

60.0 

"8-343 

5604 

+     719 

+       82 

47 

2.9750 

0.9950 

120.0 

120.603 

4280 

+    1848 

+   1218 

48 

2.3060 

0.7660 

1200 

156.658 

3379 

+     5=5 

+       32 

49 

1.4980 

0.5023 

90.0 

179.176 

2410 

+     653 

+     240 

50 

x.4980 

0.5030 

120.0 

238.659 

816 

+     978 

+     714 

The  substance  of  section  1  of  this  chapter,  together  with  some  of  these  tables, 
appeared  first  in  a  contribution  by  the  author  to  Van  Nostrand's  "Eclectic 
Engineering  Magazine"  for  December,  1879,  New  York. 

It  is  confidently  expected  that  the  new  United-States  Government  testing- 
machine,  already  in  use  at  the  Arsenal  in  Watertown,  Mass.,  will  contribute  a  set 
of  values  for  the  constants  to  be  used  in  tension,  compression,  cross-breaking,  and 
torsion,  and  for  pillars,  much  more  in  agreement  with  the  capabilities  of  the  actual 
members  of  structures  than  any  values  of  these  constants  (if,  indeed,  they  shall 
turn  out  to  be  constants  at  all)  hitherto  determined. 
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table  viii. 

Hollow  Cylindrical  Pillars   of  Wrought- Iron. 

Ends  flat  and  well  bedded.    Hodgkinson's  Experiments. 

Data  from  Bindon  B.  Stoney's  "Theory  of  Strains    in    Girders   and 
Similar  Structures."     k*  —  8r2. 


No. 

5 

h 

l±h 

l  +  r 

h  +  t 

Q  =  Breaking-Wt.,  in  Lbs.,  per  Sq.  Inch, 

Sec- 
tional 
Area. 

Diame- 
ter. 

Ratio 
of 

Length 
to 

Diame- 
ter. 

Ratio  of 
Length 

to 
Radius 

of 
Gyration. 

Ratio  of 
Diame- 
ter to 
Thick- 
ness of 
Metal. 

Experi- 
ment. 

Gordon 

Formula, 

n_      40050 

Equation  (385), 
n         42290 

r+      '* 

CI2 
i+— 

47!-2£f2 

3000A2 

sq.  ins. 

ins. 

80 

0.444 

i-495 

80.00 

226.274 

15.00 

14673 

12782 

I2873 

81 

0.610 

1.964 

60.00 

172.816 

18.80 

23206 

18204 

l8l  27 

82 

1-435 

2.340 

51.28 

145.042 

10.80 

22T79 

21342 

2l8lO 

83 

■  1.605 

2.350 

51.00 

144.250 

9.70 

21572 

2I45I 

21926 

84 

0.804 

2.490 

47.80 

I35.I99 

23.27 

29798 

22735 

23289 

85 

0.444 

1-495 

40.00 

113-137 

15.00 

3Il8o 

26120 

26914 

86 

i-35o 

3.000 

40.00 

112.877 

20.00 

2767I 

26120 

26959 

87 

0.610 

1.964 

30.50 

86.267 

18.80 

33299 

30571 

31745 

88 

I-4I4 

3-035 

29.60 

83.721 

18.00 

29789 

30997 

32212 

89 

1.707 

4.050 

29.60 

83.721 

29.00 

27657 

30997 

32212 

90 

1.900 

4.060 

29.60 

83.721 

26.ro 

26263 

30997 

32212 

91 

I-371 

2-335 

25.70 

72.690 

11.40 

29998 

32823 

34219 

92 

1.472 

2.350 

25-50 

72.125 

10.60 

29330 

33024 

34321 

93 

0  804 

2.490 

24.10 

68.165 

23.27 

35IOO 

33554 

35025 

94 

1. 613 

4.052 

22.20 

62.791 

30.90 

33331 

34399 

35961 

95 

2.879 

4.000 

22.20 

62.791 

16.50 

26046 

34399 

3596l 

96 

2.897 

4.000 

22.20 

62.791 

16.00 

26503 

34399 

3596l 

97 

2.837 

4.000 

22.20 

62.791 

16.50 

27816 

34399 

35961 

98 

0.804 

2.490 

21.00 

59-397 

23.27 

36489 

34917 

36536 

99 

0.444 

1.495 

20.00 

56.569 

15.00 

34220 

35338 

37O04 

100 

1.800 

6.180 

19.40 

54-871 

65.00 

33375 

35586 

37280 

XOI 

2.540 

6.360 

18.90 

53-334 

49.00 

35985 

35789 

37524 

102 

0.610 

1.964 

15.30 

43-275 

r8.8o 

36980 

37I5I 

39O28 

103 

2.895 

3-995 

15.00 

42.426 

16.30 

30024 

37256 

39145 

104 

2.848 

3-995 

15.00 

42.426 

16.50 

34453 

37256 

39145 

105 

2-547 

6.366 

14.ro 

39-88r 

48.90 

4r664 

3756i 

39487 

106 

1.407 

2-343 

12.80 

36.204 

n. 10 

38214 

37976 

39953 

107 

1-435 

2-335 

12.80 

36.204 

11.40 

36639 

37976 

39953 

108 

1-435 

2-335 

12.80 

36.204 

11.40 

35389 

37976 

39953 

109 

1. 651 

2.383 

12.50 

35-355 

9.70 

■    33107 

38067 

40055 

no 

1-358 

2-343 

12.30 

34.790 

11.60 

39569 

38127 

40030 

III 

1-554 

2-373 

12.20 

34-507 

10.27 

36906 

38157 

40155 

112 

1.799 

6.175 

9.70 

28.075 

61.10 

38355 

38832 

40853 

II3 

I-4I4 

3.000 

9-3° 

26.305 

19.60 

37392 

38928 

41023 

114 

2.845 

4.000 

7.00 

19.799 

16.00 

47844 

39406 

41182 

"S 

2.850 

4.026 

6.95 

19.657 

16.00 

48567 

39415 

41573 

116 

1  799 

6.125 

4.90 

13.859 

62.50 

41361 

39732 

4I93I 

Assume  E  =  24,000,000. 


C  =  42,290,  f  =  40,050,  Means. 
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TABLE    IX. 

Solid  Cylindrical  Pillars  of  Cast-Iron. 

Ends  flat  and  well  bedded.    Hodgkinson's  Experiments. 

Data,  and  Per  Cent  of  Variation  from  Q,  by  the  Hodgkinson  and  Gordon  Formulae 

taken  from  William  E.  Merrill's  "  Iron  Truss  Bridges  for  Railroads." 

h2  =  i6r2,  E  =  12,213,000,  C  =  109,801,  f=z  80,000. 


No. 

l+h 

h 

Q 

Variation  from  Q,  per  cent,  by 

Ratio 

of 

Length 

to 

Diameter. 

Diameter. 

Breaking- 
Weight, 
by 
Experiment. 

Hodgkinson's 

Formula, 

Equations  (392), 

(394)- 

Gordon's  For- 
mula, 
Equation  (400), 
80000 

400A2 

Equation 

(385). 

ins. 

lbs.  per  sq.  in. 

n7 

4 

0.520 

107674 

-  6 

—29.000 

-  3-641 

118 

8 

0.500 

88964 

-  3 

2I.OOO 

+  0.085 

119 

10 

0.777 

67502 

+13 

—      4.000 

+19.227 

120 

13 

0.768 

559S9 

+13 

—  O.OOI 

+21.444 

121 

15 

0.500 

57321 

+  2 

—11.000 

+  5-267 

122 

IS 

0.785 

50182 

+11 

+   Wtnr 

+20.243 

123 

IS 

1. 000 

51248 

+  9 

+  7,000 

+17-741 

124 

20 

0.500 

45485 

—  1 

—13.000 

-  1-758 

125 

20 

0.775 

4559° 

—  1 

—10.000 

-  1.998 

126 

20 

1.022 

38770 

+12 

+  5-ooo 

+15-257- 

127 

24 

0.500 

36644 

+  2 

—11.000 

-  3.291 

128 

26 

0.777 

32860 

+     + 

—  9.000 

-  3-5°3 

129 

30 

0.510 

33m 

—10 

—25.000 

-22-497 

r!30 

30 

1. 010 

25350 

+  5 

—  3.000 

+  1.231 

131 

39 

0.770 

1 8921 

-  8 

— 13.000 

—11.284 

132 

39 

1.560 

ISI53 

+  6 

+11.000 

+10.777 

133 

4° 

0.510 

18749 

—  z 

—13.000 

-14.241 

'34 

47 

1.290 

12291 

—  3 

+  * 

—  1. 261 

135 

61 

0.500 

8464 

+  6 

—  7.000 

-10.881 

136 

61 

0.997 

799° 

+    i 

—  2.000 

-  5-58i 

137 

79 

0.770 

5274 

+  2 

—  8.000 

—12.286 

13B 

119 

0.510 

2384 

+19 

—  7.000 

—12.416 

Equation  (392),  as  used  in  Table  IX.,  is 


P  =  98922. 


A"* 


See  "  Iron  Truss  Bridges  for  Railroads,''  p.  26. 

For  E  —  12,215,000,  see  Stoney's  "Theory  of  Strains,"  p.  180. 
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TABLE    X. 

Solid  Cylindrical  Pillars  of  Cast-Iron. 

Ends  rounded.    Hodgkinson's  Experiments. 

Data,  and  Per  Cent  of  Variation  from   Q,  by  the  Hodgkinson  and  Gordon  Formula, 
taken  from  William  E.  Merrill's  "  Iron  Truss  Bridges  for  Railroads." 

A2  =  i6r2,  E  =  13,268,750,  C  =  109,801,  /  =  80,000. 


r 

l  +  h 

h 

Q 

Variation  from  Q,  per  cent,  by 

Ratio 

Hodgkinson's 

Gordon's  For- 

No. 

of 

Breaking- 

Formulae, 

mula, 

Equation, 

Length 

to 

Diameter. 

Diameter. 

Weight, 

by 

Experiment. 

Equation  (392), 
^"33379    *"* 

_        80000 
100A2 

n_       c 

I  +  -E1 

33379(A/r 

ins. 

lbs.  per  sq.  in. 

139 

8 

0.500 

76939 

-25 

-34 

—18.269 

140 

10 

0.770 

49280 

-  7 

-18 

+  2.877 

141 

13 

0.760 

38590 

-15 

-25 

-  4203 

142 

15 

0.497 

27124 

+    4 

— n 

+11-735 

143 

IS 

0.990 

25660 

+10 

_  6 

+18.110 

144 

20 

0.760 

20331 

-13 

—21 

-  4-633 

145 

20 

1. 010 

19642 

-  9 

-19 

-  1.288 

146 

20 

1.520 

17928 

+  3 

—10 

+  8.149 

147 

23 

1.290 

13187 

+  5 

-  7 

+16.175 

148 

26 

0.767 

14289 

-23 

-29 

-13.472 

149 

30 

0.500 

9697 

-13 

-19 

-  1.464 

150 

30 

0.990 

7931 

+  9 

V 

+20.477 

151 

31 

T.940 

7717 

+13 

—  3 

+16.599 

152 

31 

1.960 

8051 

+14 

-  3 

+11.763 

153 

34 

1-765 

6360 

+  5 

—10 

+19.262 

154 

34 

1.780 

7058 

+  6 

— 10 

+  7-467 

155 

39 

0.770 

5854 

-  5 

-17 

+  0.137 

156 

39 

1-535 

5755 

+    i 

-16 

+  1-859 

157 

40 

1.520 

598s 

-    i 

-14 

—  6.650 

158 

47 

1.290 

4367 

~    i 

-18 

—  6.000 

159 

47 

1-295 

4149 

~    i 

-18 

—  1.060 

160 

61 

0.500 

2745 

-  5 

-23 

_  9.872 

161 

61 

0.990 

2471 

+  8 

-16 

+  0.121 

162 

79 

0.770 

1675 

+  2 

-24 

—11. 105 

163 

121 

0.500 

728 

+10 

-25 

—12.083 

3io 
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TABLE    XII. 

Solid  Square  Pillars  of  Pine. 

Data  from   Bindon   B.  Stoney's  "  Theory  of   Strains   in   Girders  and 
Similar  Structures." 

A2  =  izr2.    Take  £  =  1460000,  C  =  f  =  5000. 


No. 

Ratio  of 
Length 

to 
Least 
Diam- 
eter. 

Q  =  Breaking-Weight,  in  Lbs.,  per  Square  Inch. 

Rondelefs 
Propor- 
tionals. 

Flat  Ends. 

Brereton's 

Tests. 

Ends  in 

Ordinary 

Manner. 

Gordon 
Formula, 

p_      5ooo 
250A2 

Hodgkinson's 
Formula, 

0  _  500C/2 

Equation 
(381). 

No  End 
Moment. 

Equation 
(39i)- 

One  End 
fully 
fixed. 

Equation 
(38S). 

Both 
Ends 

fully 
fixed. 

184 

185 
186 

187 
188 
189 
190 
191 
192 
193 
194 

1 

12 
=4 
36 
48 
60 
72 
10 
20 
30 
40 

5000 
4167 
2500 
1667 
833 
417 
209 

r867 
1789 

I4OO 
1244 

317° 
1513 
809 

489 
325 
230 

3571 
1923 
1087 
676 

5000 
5000 
4940 
1929 
1085 
693 

483 
5000 
5000 
2777 
1563 

3126 
1471 
782 
462 
313 
221 

3530 
1876 
1053 
653 

39S9 

=437 

148s 

960 

660 

478 

4228 

2889 

1891 

1273 

4349 
3126 

2135 
I471 
1076 
642 
45=9 
353° 
2581 
1875 
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CHAPTER  VIII. 

PROPORTIONS   AND   WEIGHTS   OF  ALL  THE   MEMBERS   OF  A  BRIDGE 
EXCEPTING  THE   GIRDERS   PROPER. 

122.  The  Floor. 

Let  /  =  length  of  floor,  in  feet. 
q  =  breadth  of  floor,  in  feet. 
t  =  thickness  of  floor,  in  feet. 
u  =  weight  of  one  cubic  foot  of  the  material,  in  pounds. 

•\    Volume  of  floor  =  Iqt  cubic  feet 

s=  o.o\2lqt  thousand  feet,  board  measure. 

k 

F  =  weight  of  floor  =  ulqt  pounds.  (408) 

123.  The  Joists,  Longitudinal. 

/  -T-  n  =  length  of  joist  in  each  panel,  in  feet. 
d  —  depth  of  joist,  in  inches. 
b  =  thickness  of  joist,  in  inches. 
n  =  number  of  equal  panels. 
g  =  distance  between  centres  of  joists,  in  feet. 
q  -7-  g  =  number  of  joists  in  any  panel,  each  of  the  two  out- 
side ones  having   the   thickness   \b,   and  being 
counted  as  one-half  a  joist. 
nq  -r  g  =  whole  number  of  joists  in  the  n  panels. 
L  =  panel  weight  of  uniform  load,  in  tons. 
ut  =  weight  of  one  cubic  foot  of  the  material,  in  pounds. 
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ulqt 
Weight  upon  the  joists  of  one  panel       = (-  2000Z  pounds, 

ultg  2000gZ, 

Uniformly  distributed  load  on  one  joist  = 1 pounds. 

bdlu1 
Add  weight  of  joist  itself  = pounds. 

Total  uniform  load  for  each  joist  is,  therefore, 

ultg       20oogL       bdlut       I 

1 '   A =  ~w, 

n  $  14472       n   ' 

where  w  is  the  number  of  pounds  per  linear  foot  to  be  sup- 
ported by  one  joist. 

Now,  by  equation  (52),  we  have  for  the  external  forces, 
greatest  moment  at  centre, 

/A2         lw       I       ul*tg       2<oglL        bdPu, 
M  =  >y   =*¥X-=-^|  +  -^-  +  j^z  foot-pounds ; 

and  for  the  internal   forces  of  a  rectangular  beam,  equation 
(160),  the  moment  of  resistance  is 

R  =  \Bbd*  inch-pounds  =  -^Bbd2  foot-pounds. 

Introducing*  /,  the  factor  of  safety,  and  equating  M  and 
R  -T-  f,  we  find 

Bbd7-       ul'lg       2$oglL       bdl*ux 
72/   =    2>n2   "*       nq       *"  H52«2'  {4°9) 

Taking  the  value  of  B  from  Table  II.,  and  assigning  a  value 
to  b  or  d,  we  may  find,  from  (409),  the  required  depth  or  thick- 
ness of  each  joist. 
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If  we  neglect  the  weight  of  the  joist  itself,  which  omission 
the  factor  of  safety  may  well  warrant,  the  last  term  in  (409) 
vanishes,  and  we  have  at  once 

Thickness  of  ioist  =  b  =  SJK — (uqlt  +  2O00nL). 
n*qd2£K  *  ' 

Depth  of  joist         =  d  =  j  9/f  (u?u  +  2000«Z)ll 

bdlqu1 
J  =  weight  of  (nq  -s-  g)  joists  =  pounds.    (410) 

In  a  similar  manner  may  the  dimensions  and  weight  of  any 

other  joist  or  beam  or  stringer  be  found ;  that  is,  by  equating 

the  greatest  moment  due  the  external  forces  acting  on  the 

beam,  to  the  greatest  allowable  moment  due  the  internal  forces 

resisting. 

124.    The    Wrought-Iron    I    Floor    Beams,  Transverse, 

supporting  the  Joists,  Floor,  and  Load. 

Let  d2  =  depth  of  beam,  in  inches. 

dt.  =  depth  of  web,  in  inches. 

d2  —  d ,  =  depth  of  two  flanges,  in  inches. 

b2  =  breadth  of  one  flange. 

b2  —  bl=-  thickness  of  web. 

g,  =  entire  length  of  beam,  in  feet. 

5  =  cross-section  of  beam,  in  square  inches. 

41  —  i  =  number  of  beams  in  bridge. 

■m  =  weight    of    one   cubic   inch   of    wrought-iron,  in 

pounds. 

^       F  +  J +  zooonL  ,     ,  , 

D  — =  uniform  load  on  any  beam, 

n  J 

in  pounds. 
Then,  by  equation  (52), 

Moment  of  external  forces  =  M  =  f  Dqt  inch-pounds. 
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And,  from  equation  (161), 

Moment  of  internal  forces  =  R  =  — ^  2  2    ~ — i-5-^-  inch-pounds. 

6d2 

Whence,  introducing  /  as  the  factor  of  safety, 

3  n     _  B{b2dJ  -  bjj) 
' *    q*  ~  6d2f  ' 

b2dj>  -  hdi       9DgJ 
•••     J2 =  ~B~'  (4II) 

Let  us  take  now  the  dimensions  of  the  cross-section  of  a 
well-proportioned  I-beam,  as,  for  instance,  d2  =  15,  d1  =  I2|, 
b2  =  S  |,  bt  =  4|,  and  express  the  relation 

d2  =  tfd,  =  ±££b2  =  W» 
.:    d>  =  ^d2,    b2  =  fhd2,    h  =  4K- 

Therefore  (41 1)  becomes 

[^  -  umyw  =  9-^> 

/.  d2     =     3.80I22  I— g- j    ■  (4I2) 

Area  of  section  =  S  =  b2d2  —  b^T  =  -Ufad^ 

=  i.28839(^-J-  (413) 

P  =  weight  of  floor  beams  =  \2q1m(n  —  i)S 

(DqJ\l  ,       s 

=  15.46068^ (n  —  i)l     g    j  ■  (4X4) 
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If  the  beam  actually  used  has  a  form  of  cross-section  varying 
materially  from  that  here  assumed,  the  co-efficient  of  (412)  must 
be  made  to  conform  thereto. 

We  may  compensate  for  the  omission  of  the  beam's  own 
weight  from  the  formula,  first,  by  selecting  from  the  manufac- 
turer's list  of  beams  that  one  whose  depth  agrees  most  nearly 
with  our  computed  depth  above  it ;  and  second,  by  using,  in 
the  calculation,  the  entire  length  of  beam,  instead  of  the  net 
length  between  bearings. 

Having  thus  employed  the  formula  to  determine  the  depth 
of  beam  required  for  the  given  load,  the  weight  may  be  taken 
from  the  manufacturer's  tables.  Indeed,  the  manufacturer's 
tables  of  strength  may  be  used  without  this  calculation,  when- 
ever they  are  known  to  be  trustworthy,  by  selecting  the  depth  of 
beam  corresponding  to  the  required  length  and  "  safe  load." 

125.    The    System    of    Lateral    Support.  —  This   system' 
includes  whatever  arrangement  of  struts,  ties,  and  braces  is 
employed  to  prevent  a  lateral  bending  of  the  girders,  and  their 
rotation  about  their  points  of  support. 

The  arrangement  must  manifestly  vary  with  the  form  and 
height  of  girder  ;  a  high  girder  with  straight  chords  allowing  a 
complete  horizontal  trussing  overhead  and  under  the  floor,  while 
arched  top  chords  allow  only  a  partial  head-bracing,  and  low 
girders  for  "  through "  bridges  can  only  be  laterally  braced 
from  below. 

In  all  cases,  the  horizontal  systems,  top  and  bottom,  should 
be  rigidly  connected  with  the  girders,  whether  angle  braces  are 
employed  or  not.  For  high  girders  with  straight  chords,  there 
are  generally  used,  a  strut  at  every  pair  of  opposite  top  joints, 
n  -f-  1  in  number,  and  a  pair  of  diagonal  ties  at  the  top  and  bot- 
tom of  each  panel,  472  in  number. 

The  proportions  of  these  members  may  be  computed  in  the 
same  manner  as  the  proportions  are  found  for  a  girder  uni- 
formly loaded,  using  the  assumed  pressure  of  wind  against  the 
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side  of  the  bridge  and   load   as  the  uniform  horizontally  (or 
otherwise)  acting  load. 

For  girders  admitting  full  head-bracing,  we  thus  compute : 


vMi)' 


q  =  length  of  horizontal  strut,  in  feet, 
length  of  horizontal  diagonal,  in  feet. 


.S,  =  cross-section  of  each  strut,  in  square  inches,  ]    Assumed 
S2  =  cross-section  of  each  diagonal,  in  square  j-         or 

inches,  J  computed. 

m  =  weight  of  one  cubic  inch  of  wrought-iron. 

U  =  weight  of  horizontal  struts         =  izqmin  +  i)^x.         (415) 


X  =  weight  of  horizontal  diagonals  =  ^SmnSA/q2  -\ .      (416) 

126.  Finally,  there  should  be  added  whatever  weight  of  wood 
or  iron  is  not  included  in  the  foregoing  specifications,  but  is 
employed  in  the  actual  completion  and  equipment  of  the  struc- 
ture.    Call  this  weight  p  pounds  to  the  panel ;  then  we  have 

Y  =  weight  of  residue  =  np  pounds.  (41?) 

127.  Take  If.  =  weight  of  bridge  exclusive  of  the  girders, 
in  pounds ;  then 

K  =  F  +  J  +  P+U  +  X  +  Y  pounds.     (418) 
And  if  G  =  weight  of  girders,  in  pounds, 

Weight  of  bridge  =  2000«JF  =  K  +  G  pounds.  (419) 
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CHAPTER    IX. 

OPEN    GIRDERS   WITH   EQUAL   AND    PARALLEL   STRAIGHT   CHORDS. 

CLASS    IX. 

Section  i. 

The  Pratt  Truss  of  Single  System  and  Uniform  Live  Load.  —  Wind 

Pressure. 

128.  Strains  in  Terms  of  the  Structure's  Unknown 
Weight.  —  Let  Fig.  1 1 1  represent  a  girder,  or  built  beam, 
having  a  discontinuous  or  open  web,  and  its  flanges  or  chords 


in  straight  horizontal  lines,  AB,  CD.  Let  the  vertical  mem- 
bers, or  posts,  be  in  compression,  and  the  inclined  members,  or 
diagonals,  be  in  tension.  We  then  have  a  girder  which  has 
been  called  the  Murphy,  Whipple,  or  Pratt  truss  of  single 
intersection,  since  the  diagonals  traverse  but  a  single  panel  or 
division  of  the  girder. 
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Take  n  =  number  of  panels. 

/  =  length  of  girder,  in  feet. 
/  -f-  n  =  c  =  length  of  one  panel. 

h  =  height  of  girder  between  centres  of  chords,  in 

feet. 
<£  =  inclination  of  diagonals  to  chords. 


,         .  h         ,nh        ■    ,  h  ,  c 

tan<4  =  ±-  =   ±—r,       sin<£  =  ,      cos<£  = 

c  I  sjc2  +  h2     -''  yc*  +  h2 


yjc1-  4.  h2  =  =  — —  =  =  length  of  a  diagonal. 

sin  <f>       cos  </>       «  cos  ^> 


V^2  +  h2  =  \/—  +  h2  =  -V/2  +  «2^2  =  length  of  a  diagonal. 
V  n2  n 


Assume  the  entire  weight  of  the  structure  supported  by  the 
girder,  including  the  girder's  own  weight,  to  be  uniform  through- 
out, and  equal  to  n  W  tons  applied  at  the  lower  joints  ;  viz.,  J  W 
at  C,  \W  at  D,  and  W  at  each  of  the  other  n  —  1  joints, 
apices,  or  panel  points,  a„  b„  c„  etc.  W  is  called  the  panel 
weight,  or  apex  load,  due  to  the  permanent  weight  of  the  struc- 
ture. 

Total  pressure  at  C  or  D  =  \n  W  —  resistance  of  pier  to 
the  permanent  load. 

Assume  also  a  uniform  moving-load,  nL,  advancing  by  apex 
loads,  Z,  from  left  to  right,  upon  and  over  the  girder.  We 
then  have  total  weight  =  «( W  +  L)  tons  ;  weight  at  each 
apex  =  W  +  L  tons  when  fully  loaded. 

With  these  data,  we  proceed  to  find  the  greatest  strains 
developed  in  each  member  of  the  girder  by  the  permanent 
load  n  W,  and  the  uniform  moving-load  nL. 
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(a)  To  find  the  moment  at  each  joint  due  the  entire  weight 
n(W  +  L),  and  thence  the  horizontal  strain  in  chords  by  equation 
(95)- 

H  =  M  -r-  h  =  moment  divided  by  height. 

Equation  (65)  applies  here  if  for  W  we  put  W '  -f-  L,  and  we 
have 

Ma  = ^-{n  -  1)  X  1, 

{W  +  L)l 
.'.     Ha  =  —r (n  —  1)  x  1  =  strain  on  Aa,  azbz ; 

__        {W  +  L)l 
Mb  =  — {n  -  2)  X  2, 

(W  +  L)l, 
.'.     Hi  =  j {n  —  2)  X  2  =  strain  on  ab,  bzcl; 

__        (W  +  L)l 

Mc  = i^ (*  -  3)  x  3, 

(W  +  L)l 
.•.    Hc  =  -t (n  —  3)  X  3  =  strain  on  be,  czdz ; 

Md  = 2^ — <"  -  4)  X  4, 

(W  +  L)l 
:.     Hj,  = j (n  —'4)  X  4  =  strain  on  cd,  </,«,; 


(W  +  L)l 

Mk  =  In        Lg  "  <»  "  W"  -  *>, 

(W  +  L)l 
.:    Hh  = -7 [«  —  («—  1)]  (»  —  1)  =  strain  on  ^2?,  £A ; 


where  H  is  the  greatest  horizontal  strain,  in  tons,  at  the  suc- 
cessive joints  ;  the  strain  on  each  chord  being  assumed  to  act 
at  the  centre  or  axis  of  the  chord,  whose  depth  is  small  com- 
pared with  h. 
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(b)  To  find  the  compression  on  verticals,  and  the  tension  on 
diagonals,  due  to  permanent  load,  nW,  alone. 

From  equation  (65),  dividing  by  h,  and  from  the  formulae 
for  Class  IX.,  article  49, 

HA  =  o; 

Ha  =  M(«  -  1)  x  1, 

inn 

:.    AH  =  Ha  —  Ha  =  — («  —  1)  =  hor.  component  of  Aat ;. 
2nh 

IT  Wl  ,  s     „ 

Hi  =  — -(«  —  2)  X  z, 
2nn 

.-.  Hi  —  Ha  =  — -  («  —  3)  =  hor.  component  of  abl  ■„ 
2nh 

Hc   =  -5Z(«  -  3)  X  3, 

ink 

:.    Hc  —  Hi  =  (n  —  5)  =  hor.  component  of  be*  •„ 

inh 


Hk=™[n-{n-  i)](«-  1), 
inn 

.•.    Hb  —  Hh  = —  (»  —  1)  I  =  hor.  component  of  h,B. 

znh  L  J 

Therefore,  from  the  triangle  of  forces,  equations  (3),  the 
vertical  components  are 

Z  =  &Htan<f>  =  ±AH?j;  (420) 

.•.    Za  =  \W(n  —  1)  =  compression  on  AC  or  BD, 
Za  =  \  W(n  —  3)  =  compression  on  aa1  or  M„ 
Z^   =  \W(n  —  5)  =  compression  on  <5£,  or  $ji, 


ZB  =  \W{n  —  1)  =  compression  on  BD  or  ^4C. 
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And  the  strain  Y  along  any  diagonal  is 

AZf  -f-  cos<£, 

or 


^sm*  = nh '  (42I) 


Ya  = (n  —  i)  =  tension  on  Aat  or  Bht, 

2  sm  ^> 

P^    =  — :— (»  —  3)  =  tension  on  a£,  or  ^g-„ 
2  sin  <£ 

Pi    =  — : — (n  —  5)  =  tension  on  ^  or  gf„ 
2  sin  0 


Yb-W 


2  sin<j!> 


I  —  (»  —  1)     =  tension  on  Bhl  or  Aay. 


(c)  Maximum  strain  on  verticals  and  diagonals  from  moving- 
load,  nL,  alone.  * 

To  find  this  strain  ZL,  we  subtract  equation  (64)  from  (68), 
divide  remainder  by  h  for  greatest  difference  of  horizontal 
strains  at  adjacent  joints,  and  multiply  the  quotient  by  tan  <j>; 
thus,  after  putting  L  for  W,  the  difference  between  (68)  and 
(64)  is 

—  X  r(r  +  1)  =  maximum  b.Hh  (say), 


...    Zl  =  *5L*  x  ^  x  r(r  +  1)  =  ^  X  liL±_il,     (422) 

A  2«2  »  2 

where  r  is  the  number  of  apex  loads  on  the  girder  as  the  mov- 
ing-load advances,  and  ZL  is  the  compression  on  the  (r  +  i)th 
vertical ; 
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.-.    Zj,    =  -   X  1  =  compression  on  bblt  r  ==  1 ; 
n 

Zc   =  —  X  3  =  compression  on  ccIy  r  =  2  ; 

2^  =  —  X  6  =  compression  on  dd„  r  =  3 ; 

Ze    =  —  X  10  =  compression  on  «„  r  =  4 ; 
n 


Z  v,   («  —  i)«  .  __ 

Zg  =  —  x  =  compression  on  ZZ>,    r  =  »  —  1. 

The  greatest  strain  on  diagonals  due  to  moving-load,  nL, 

is 

Y  =  ZL  -*-  sin<£;  (423) 

.-.     J^  =  X  1  =  tension  on  aj>,  r  =  1 ; 

n  sin  '<£ 

Yc  =  X  3  =  tension  on  £2f,  5*  =  2  ; 

«sin<£ 

P^  =  x  6  =  tension  on  <■,</,  r  =  3 ; 

#sin<£ 

''       x  10  =  tension  on  dye,  r  =  4; 


«sin<£ 


Z  (n  —  \)n         .     .  ,  _ 

Ffl  =  — , — ;  x —  =  tension  on  /?,/?,     r  =  «  —  1. 

^       «sm0  2 

(a?)  Combining  the  strains  due  n  W  and  nL,  and,  for  conven- 
ience, writing  N  for  ^J^  we  find'  for  an^  number  of 
panels :  — 
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Maxima  Strains  in  Pratt  Truss. 

(il-1)  S. 2(n-2)N.  3(n-S)N. j  (n-t)  N. 


Uniform  Dead  and  Live  Loads. 

Loads  applied  at  lower  joints  :  — 
W  =  panel  weight  of  dead  load. 

L  =  panel  weight  of  live  load. 

/  —  length  of  truss  from  centre  to  centre  of  end  pins. 

h  =  height  of  truss  from  centre  to  centre  of  pins. 

11  =  number  of  panels. 


sin<£  = 


nh 


Sll*  +  ri*h* 


N 


_  (W  +  L)l  _  W  +  L 


2tih 


2  tan<£ 


129.  Weight  of  the  Structure  determined.  —  (a)  To  find 
the  weight  of  the  top  chord. 

Suppose  Q  -T-  /  to  be  the  greatest  allowable  pressure  to  the 
square  inch  of  section  of  top  chord,  and  Q  to  be  of  the  same 
denomination  with  W  and  L  ;  and  suppose  /  to  be  a  number 
called  the  factor  of  safety.     Q  is  known  as  the  breaking-weight 
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of  a  column  of  the  given  material,  having  the  length  of  one 
panel,  and  the  cross-section  of  the  top  chord  for  any  given 
panel. 

Let  m  =  weight  of  one  cubic  inch  of  the  material,  in 
pounds. 

We  then  have,  for  each  one  of  the  equal  panel  lengths  of 
the  top  chord, 

Area  of  section  =  1—  square  inches, 

Volume  of  one  panel  length  =  l^L —  cubic  inches, 

Qn 

i  2ffiTl 
Weight  of  one  panel  length    =        J  ■  H  pounds, 

Weight  of  top  chord  =  1^-%H  pounds. 

Qn 

From  («)  of  the  preceding  article  we  find 

n\\  +  2  +  3  +  4  +  .  ..(»—  i)  terms] 

-  [i2  +  22  +  32  +  42  +  ...(»-  i)  terms] 

+  \ri>  for  n  even,     +  J(ra2  —  i)  for  n  odd. 

_  (W  +  L)l  x    n_(2n*  +  3n  -  2),  n  even; 
2nh  12 

=  {w  +  LV  x  A(2«3  +  3«2  -  2«  -  3),  n  odd. 
2nh 

Substituting  these  values  for  %H,  we  have 

Weight  of  top  chord  =  ^(W  +  L)  (2»2  +  3«  -  2) 
m  2Qnh 

(n  even), 

=  mfl*{W  +  L) ,     3  +  3n2  _  2fl  _  3) 
2Qn2h 

(n  odd). 


2nh 


(424) 
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{b)  Similarly,  if  T  -4-  /  =  the  greatest  allowable  tensile 
strain,  we  find 

Weight  of  bottom  chord  =  I2mJ  %ff  pounds. 

Tn 


2nh 


+  2(n  —  i)  for  two  end  panels, 

«[i  +  a  +  3  +  4  +  .  .  .  («  —  i)  terras] 

—  [i2  +  22  +  32  +  ...(«—  i)  terms] 
—  \n2  for  n  even,     —  \(n*  —  i)  for  n  odd. 

=  ^ — — —  X  -j^(2»3  —  3»2  +  22n  —  24)  when  n  is  even, 

2,nh 

=  -i — — '—  X  ^(zn*  —  3«2  4-  22»  —  21)  when  n  is  odd. 

2Tlh 

.-.     Weight  of  bottom  chord 

=  -*■ — ^— — ; i(2#3  —  3«2  +  22n  —  24) 

2Tn2h 

(»  even),  [  (42S) 

=   -^ »-— ■ i(2«3  —    Zfl2  +   22«   —   21) 

{n  odd). 

(c)  In  finding  the  weight  of  the  verticals,  let  QL  -j-  /  be  the 
allowed  working  unit  strain  in  compression ;  then 

Area  of  section  =  -*\ square  inches, 

„  .           ,                         \2fh(Zw  +  ^i;)      .  .    .    , 
Volume  of  one  strut     = — -^. cubic  inches, 

\2mfhiZw  +  Z£) 
Weight  of  one  strut      = -^ pounds, 

Weight  of  all  verticals  = — ^ pounds. 
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Hence,  from  the  strain  sheet,  Fig.  112,  using  the  proper  limits 
of  summation,  we  derive,  when  n  is  even, 

1ZW  =  2  X  —  $»(**)  -  [1  +  3  +  5  +  7  +  . .  .  (in)  terms]; 
2 

_  Wn2 
4 

%ZL  =  2  x  —  |»2(i«)  -  «[i  +  3  +  5  +  7  •  •  •  (i»)  terms] 

2?Z  ( 

+  21+3  +  6  +  10  +  ...(-  —  1  J  terms  L 


+  \(n  -  -\[n  -  (-  +  iY]   for  middle  strut 


=  -  X  ^T(7»3  +  3«2  —  lon)- 
n 


But  when  n  is  odd,  we  thus  sum, 

%ZW=  2  x  f  {«^  -  (1  +  3  +  5  +  7  +  •  •  •  ^  terms)J 


W(n*  -  1) 


2ZL   =  2  X  —  j  «2- -  n(  1  +  3  +  5  +  7  +  . . .  2 1  terms\ 

2M  (  2  \  2  / 

+  2(1   +  3  +  6  +   IO   + 


2 I  terms']  I 


=  -  X  A(7«3  ~  3«2  -  7»  +  3)- 
n 


Wherefore 

xmfhWtf       mfhL 
Weight  of  verticals  =  — q 1-  -^n~\1n2  +  3n  ~  I0) 

(n  even), 

2,mfhW(rp  —  1) 


fhL 

(n  odd). 


+  ^^(7«3  -  3«2  -   7»  +  3) 


(426) 
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(d)  In  determining  the  weight  of  the  diagonals  in  terms 
of  the  unknown  weight  of  the  structure,  n  W,  we  shall  disregard 
the  effect  of  the  permanent  weight,  n  W,  upon  the  strains 
developed  in  the  counter  diagonals  by  the  moving-load,  nL. 

By  so  doing,  the  value  of  W  comes  out  a  little  greater  than 
strict  theory  requires ;  but  in  general  practice  the  "  counters  " 
are  inserted  somewhat  in  excess  of  theoretical  demands. 

When,  however,  W  shall  have  been  thus  determined,  the 
strains  upon  all  the  members  are  to  be  computed  according  to 
the  strain  sheet,  Fig.  112. 

Strain  on  any  diagonal  due  to  L  is  YL. 

fYr 
Area  of  cross-section        =  -i- — -  square  inches, 

T>fh 

Volume  of  one  diagonal  =  — - —  Yl  cubic  inches, 

y'sin^ 

Weight  of  one  diagonal    =        /     Yz,  pounds. 

T  sin  <j> 

From  Fig.  112, 


%YL  =  2  x      L     [1  +  3  +  6  +  10  +  . .  .  (n  -  1)  terms] 
nsui<f> 

zL  n(ri*  —  1) 

nsm<j>  6 

therefore  weight  of  diagonals  due  uniform  moving-load,  nL, 
alone  is 

1  sin2<£ 

The  weight  of  the  diagonals  due  to  the  dead  load,  n  W,  is 
manifestly  to  be  derived  from  the  weight  of  the  verticals  due 
dead  load  if  for  h  we  put  h  -7-  sin2  <£,  and  for  Qt  we  put  T. 
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Weight  of  diagonals  =  4"^(**  -  1)       ^mfhW* 

Tsia2^  :Tsm2</> 


{n  even), 

_  4mfhL{t?  —  1)       3w/%PF(w2—  1) 
rsin2^  ~      Tsin2^ 

(s>z  odd). 


(428) 


(e)  Taking  the  sum  of  the  weights  thus  found,  we  have,  when 
n  is  even,  total  weight  of  girder,  in  pounds, 


37Z2   +   2  272  —   24A 


„  _  mfl7-(W  +  L)(2ri*  +  3«  —  2    ,    2?z3  — 

2»a        v-      (T^  Tfc  / 

+  3^^  +  _J-_) 

+  ^{7*  +  3«-i°  +  4*^il}.      (429) 
(  2@2  ^sin2$    ) 


But  when  »  is  <?fl5s£  total  weight  of  girder,  in  pounds,  is 

n  _  mfl*{  W+  L)/2n*  +  3%2 — 2?z —  3   .   2?z3  —  3^  +  2272  —  21 

2^       V  <2  ""2" 

+  2,mfh(n*  -  1)  JF^  H ^ 

6  J    K  '      \Qi        T  sin*  <j>J 

+  n 


^{7*-3*-7«  +  3+4*=j)l.       (43Q) 


Example  i. — Wrought-iron  girder  of  6  equal  panels.  Take 
n  =  6,  I  =  60  feet,  /£  =  10  feet,  f  =  4,  m  =  -^  pound,  L  =  8 
tons,  r=  24  tons,  <2  =  16  tons,  gi  =  12  tons,  tan<£  =  1, 
sin<£  =  \^2  =  0.7071 1.     Therefore,  from  (429), 

£  =  483-333^  +  4267  pounds, 

equal  to  2000»  W  if  n  W  is  the  girder's  own  weight  in  tons. 

.-.     Panel  weight  of  girder  =  W    =0.3704775100, 
Total  weight  of  girder  =  nW  =  2.2228650  tons. 


330  MECHANICS  OF  THE   GIRDER. 

130.  But  if  the  structure  is  a  bridge  having  two  equal  gir- 
ders whose  combined  weight  is  G,  and  an  additional  permanent 
weight  of  K  pounds,  then  the  weight  of  the  bridge  is 

zooon  W  =  K  +  G  pounds, 

as  shown  by  equation  (419). 

Continuing  the  first  example  of  article  129,  we  compute  K 
as  follows :  — 

For  the  floor,  we  have  /  =  60  feet  =  length. 

Take  q  =  18  feet  =  breadth. 

2.5 
t  =  —  feet  =  thickness. 
12 

u  =  54  pounds  =  weight  of  one  cubic  foot  of  oak. 

From  (408), 

2.5 
Weight  of  floor  =  54  X  60  X  18  X  —  =  12150  pounds  =  F. 

The  joists  :  — 

/-=-«=  10  feet  =  panel  length  of  joist. 

Take  b  =  3  inches  =  thickness. 

g  =■  2  feet  =  space  between  centres. 
q  -f-  g  =  9  =  number  of  joists  in  each  panel. 
nq  —  g  =  54  =  number  of  joists  in  bridge. 
ut  =  54  =  u. 
B  =  10,600. 
/  =  9- 

Then,  by  article  123,  we  have 

d  =  (       9  X  9  X  60  X  2      /  6q       M       2Q00      6  x  g\|» 

(62  X  18  X  3  X  io6oo\J  12  /) 

=  7.1424  inches. 
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Call  d  —  8  inches, 

„,  .  ,      ,  •  •           3  X  8  x  60  x  18  x  54 
.•.    Weight  of  joists  = =  4860  pounds  =  J. 

For  the  iron  I-beams,  we  have,  from  article  124, 

F  +  J  +  20oonL 
D  =  =  18835  pounds. 

Take  q1  =  19  feet  =  entire  length  of  beam. 
f  =  4  =  factor  of  safety. 
2?  =  52,567,  from  Table  II. 

Whence,  by  equation  (412), 

/18835  x  19  x  4V 
Required  depth  of  beam  =  d2  —  3.801 22I ,  I 

=  11.435  inches. 
Call  d2  =  12  inches ;  then,  by  (413), 

Area  of  section  =  5  =  i.28839f  l8835  *  ^  X  4V  x  /_^_Y 

V  52567  /        \II-435/ 

=  12.84  square  inches, 

since  similar  sections  are  to  each  other  as  the  squares  of  their 
like  dimensions. 

Now  this  cross-section,  12.84,  agrees  very  nearly  with  that 
of  the  "  12-inch  light  I-beam"  of  the  Union  Iron  Mills,  Pitts- 
burgh, Penn.,  whose  weight  is  42  pounds  to  the  foot,  and 
area  =  42  X  i3o  =  I2-6  square  inches. 

Using  this  beam,  we  then  have 

Weight  of  5  floor  beams  =  5  X  19  X  42  =  399°  pounds  =  P. 

Use  full  head  trussing ;  the  struts  to  be  composed  of  two 
T-bars,  each  5  J  pounds  to  the  foot,  latticed  with  1^  X  |  inch 
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braces,  at  45  degrees,  the  whole  weighing  12^  pounds  to  the 
running  foot ;  length  =18  feet. 

Weight  of  (n  +  1)  horizontal  struts  =  7  x  18  x  12J 

=  1575  pounds  =  U. 

Let  the  horizontal  diagonal  ties  be  \\  inches  in  diameter, 
weighing  3.359  pounds  to  the  foot.     Then 


Weight  of  24  horizontal  ties  =  24  x  3.359V102  +  182 

=  1660  pounds  =  X. 

Call  the   residue    100  pounds   to   the    panel ;    that  is,   in 
all  =  600  pounds  =  Y. 

.-.    K=F+J+P+U+X+Y=  24835  pounds, 
G  =  weight  of  girders  =  4267  +  483.333/^ 
K  +  G  =  weight  of  bridge  =  29102  +  483.333  JF 
=  1 2000  W  pounds ; 
/.    Panel  weight  of  bridge  =  W  =  2.526947  tons, 

Total  weight  of  bridge  =  nW  =  15. 161 68 2  tons. 
Panel  weight  of  dead  load  on  each  girder  =  1.26347  tons, 
Panel  weight  of  live  load  on  each  girder    =  4  tons. 
\(W  +  L)  =  5.26347  tons  =  total  panel  weight  for  one  girder. 

Putting  this  value,  5.26347  tons,  for  W  +  L,  in  the  expres- 
sion for  N,  article  128,  (d),  we  find 

5.26347/      5.26347  x  60 
N  =  —^JT  =    2  x  6  x  10  =  2-63T74  tons. 

And  from  the  strain  sheet,  Fig.  112,  the  greatest  chord  strains 

are 

Ht  —  2.63174  X  5  X  1  =  13.15870  tons, 
Hz  =  2.63174  x  4  X  2  =  21.05392  tons, 
H3  =  2.63174  x  3  X  3  =  23.68566  tons. 
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Putting  \W  =  1.26347  f°r  W,  and  \L  =  4  for  L,  the  same 
strain  sheet  gives,  for  each  of  two  girders  :  — 
Greatest  compression  on  verticals  : 

Z,  =  0.63174  X  s  +  0.33333  X  s  X  6  =  13.15870  tons, 

Z2  =  0.63174  X  3  4-  0.33333  X  4  X  5  =  8.56188  tons, 

Z3  =  0.63174  X  1  +  0.33333  X  3  X  4  =  4-63174  tons, 

Z4  =  0.33333  X  2  x  3  =  2.00000  tons. 


Also,  for  the  diagonals  : 
L 


72sin<£ 


becomes  — 4 —     =  0.94281  ton, 


6  sin</> 


0.89342  ton. 


becomes       .     ' 

2  sin  </>  sin  <£ 

And,  from  Fig.  112  : — 

Greatest  strain  on  diagonals  : 

Y„  counter,  =  0  —  0.89342  X  5   < 

F2,  counter,  =  0.94281   X     1  —  0.89342  X  3  < 
Yv  counter,  =  0.94281  X     3  —  0.89342  X  1  = 


o  ton; 

o  ton; 

1. 93501  tons; 


y4,  main,       =  0.94281  X     6  4-  0.89342  X  1  =     6.55028  tons; 
K,  main,       =  0.94281   X   10  +  0.89342  X  3  =  12.10836  tons; 


Y6)  main,     •  =  0.94281  X  15  + 

Greatest  Strains,  in  Tons. 

0.89342  X  5  =  18.60925  tons. 

Required  Sections,  in  Square  Inches. 

\  .  18.159    y 
/     0     \ 

\        21.064         / 
/        13.159         \ 

\          23.686      / 

to               \f              CJ 
*    4/     X?o- 
/        21.054        \ 

\            6.922      / 

\    Y 

/          8, 509        X 

\          6.264         / 

\      V 
x    w 

y           *^X 

/         2.194        \ 

\           3.29          / 

\    Y 

X     y 

«•      /\       * 

y          "\. 

/        2. 194        X 

Load  applied  at  Bottom  .Joints.     Diagonals  in  Tension.  —  Class  IX 

Fig.  113. 

131.  Now,  it  is  very  evident  that  the  bridge  would  depend 
entirely  upon  the  floor  system  for  stability  in  a  longitudinal 
direction  if  we  should  omit  the  bottom  chords  and  the  counter 
ties,  which  are  marked  as  receiving  no  strain  in  the  end  panels. 
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It  is  therefore  usual  to  insert  these  members  in  the  end 
panels,  and  also,  in  this  style  of  girder,  to  stiffen  the  bottom 
chords  by  cross-bracing  in  the  end  panels,  so  that  each  bottom 
chord  may  there  act  as  a  strut. 

Some  builders  place  counters  in  all  panels,  even  where  the 
assumed  behavior  of  the  given  load  does  not  require  them.  By 
so  doing  they  provide  for  concentrated  loads  greater  than  the 
assumed  uniform  apex  load,  as  well  as  enhance  the  symmetry 
of  the  structure. 

In  short -span  bridges,  as  in  the  present  example,  some  of 
the  vertical  struts  require  a  greater  cross-section  than  the 
actual  downward  pressure  upon  them  would  indicate ;  for, 
besides  this  pressure  along  the  axis  of  the  strut,  it  should  be 
able  to  resist  probable  lateral  blows  from  the  travel  of  the  road, 
even  though  every  strut  be  protected  from  ordinary  collision 
with  hubs. 

To  provide  for  the  increase  of  bridge  weight  from  these 
sources,  above  the  weight  computed  from  the  given  load  nL,  we 
have  added  the  last  term,  Y,  of  K,  which  term  should  be  large 
enough  to  cover  every  thing  not  otherwise  included. 

No  absolutely  definite  rule  can  be  given  for  the  size  of  these 
parts,  but  the  smallest  counter  ties  should  be  so  large  as  not  to 
look  wiry,  say  not  less  than  one  inch  in  cross-section ;  the 
bottom  chord  in  the  first  panel  may  equal  in  size  that  of  the 
second  panel ;  and  the  size  of  any  vertical  strut  should  enable 
it  to  resist  such  lateral  shocks  as  are  probable  in  the  situa- 
tion. 

132.  Thus  far  the  panel  weights,  W  and  L,  have  been 
assumed  to  be  applied  at  the  lower  joints  only.  In  the  nature 
of  the  case,  however,  it  is  plain  that  the  weight  of  the  top 
chords  and  the  system  of  head-bracing,  as  also  the  weight  of 
the  girder  diagonals,  can  only  reach  the  bottom  joints  through 
the  vertical  struts.  But  as  the  weight  of  these  members  is 
small  compared  with  the  whole  weight  of  the  bridge,  and  as 
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the  calculation  is  a  little  more  simple  when  W  is  applied  at  one 
point  instead  of  two,  it  is  usual  to  make  the  above  assumption. 
It  is  proper,  however,  in  this  place,  to  indicate  the  changes 
to  be  made  in  the  strain  sheet,  Fig.  112,  by  changes  in  the  dis- 
tribution of  the  loads. 

1st,  Suppose  the  panel  weight,  L,  of  live  load,  and  the 
panel  weight  of  the  floor  system,  and  half  the  panel  weight  of 
the  girders,  to  be  applied  at  each  lower  joint,  and  the  other 
half  of  the  girders'  weight,  and  the  system  of  head-trussing,  to 
be  uniformly  distributed  at  the  upper  joints. 

We  have  G  =  weight  of  girders,  in  pounds. 

G  -=-  2?2  =  one-half  panel  weight  of  girders,  in  pounds. 

Take  A  =  panel  weight  of  head-bracing, 

,\     Load  at  each  lower  joint  =  L  +  W  —  A , 

in 

Load  at  each  upper  joint  =  A  -\ pounds. 

2n 

The  strain  sheet,  Fig.  112,  applies  to  this  case  if  to  the 

G 

compression  on  each  vertical  we  add  A  -\ •  pounds,  but  to 

each  end  post  \(a  -\ ).     And  the  additional  weight  of  the 

verticals  due  to  this  change  of  loading  is 


™5&/a  +  f\  pounds 


which  is  to  be  added  to  the  weight  of  verticals  in  equation 
(426),  and,  of  course,  to  the  second  member  of  (429)  and  (430), 
and  thence  a  new  expression  for  G  be  found. 

2d,  Suppose  we  have  a  "deck"  bridge,  and  that  both  W 
and  L  are  applied  at  the  upper  joints. 
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Then  to  each  vertical  compression  given  in  strain  sheet, 
Fig.  112,  we  must  add  W  -j-  L;  and  the  additional  weight  of 
the  verticals  is,  with  \(  W  -f-  L)  on  each  end  post, 

™?&(W  +  L)n  pounds, 

to  be  placed  in  the  second  member  of  (429)  and  (430),  provided 
the  bridge  has  its  points  of  support  at  the  bottom,  as  in  the 
figure ;  but  if  the  points  of  support  are  at  the  ends  of  the 
upper  chords,  then  no  end  posts  are  required,  and  their  weight 
may  be  deducted  from  the  second  member  of  (429)  and  (430), 
and 

\2mfht 

be  added. 


-{W  +  L){n-  1) 


3d,  In  case  of  the  deck  bridge,  if  we  suppose  half  the 
weight  of  the  girders,  and  the  weight,  nA„  of  the  bottom  hori- 
zontal bracing,  to  be  applied  uniformly  at  the  bottom  joints, 
while  the  remainder  of  the  loading  is  applied  at  the  upper 
joints,  we  must  then  add  to  the  pressure  on  each  vertical, 
Fig.  112, 

L  +  W  —  Al pounds, 

211 

instead  of  W  +  L.    And  the  additional  weight  of  girders  from 
this  source  is 

&£  +  w  -  A,  -  —\n  -  1)  pounds,--' 


or 

\2mfl1 


minus  the  weight  of  the  end  posts,  according  as  the  girders  are 
supported  at  bottom  or  at  top. 
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133.  The  deck  bridge  requires,  especially  when  its  points  of 
support  are  at  the  bottom,  a  thorough  system  of  lateral  sway- 
bracing,  which  may  be  made  by  inserting  diagonals  between* 
each  top  chord  and  the  bottom  chord  of  the  opposite  girder  at 
the  panel  joints,  in  addition  to  the  horizontal  systems  already 
provided  for. 

The  proper  size  of  these  diagonals  can  be  determined  by 
calculation  when  the  applied  external  forces  are  given,  so  as  to 
conform  to  the  magnitude,  situation,  and  uses  of  the  structure. 

Their  weight  is  to  be  included  in  the  value  of  K,  the  con- 
stant part  of  the  bridge  weight. 

134.  To  determine  the  best  number  of  panels,  n>  and  the 
best  height,  h,  of  girder,  for  a  bridge  of  given  span,  /,  and  given 
moving  panel  load,  L,  we  may  find,  by  means  of  equations  (419), 
(429),  and   (430),  an  expression  for   W,  the  panel  weight  of 

bridge,  in  terms  of  n  and  h;   then,  putting  (—1—)  =  o,  and 

(——J  =  o,  we  shall  have  two  simultaneous  equations  which 

will  yield  those  values  of  n  and  h  that  will  render  W  a  mini- 
mum. But  in  practice  it  will  be  found  more  convenient,  since 
11  is  always  an  integer,  and  the  two  simultaneous  equations  are 
of  a  high  degree,  to  find  W  in  terms  of  h  alone  for  several 
different  values  of  11,  presumably  including  the  best,  and  then 

to  find  from  - — —  =  o,  for  each  value  of  n,  the  value  of  h  which 
ah 

renders  W  least.      It  is  evident  that  the  values  of  n  and  h 

which  simultaneously  render  W  least   are  the  values  sought. 

For  the  present  purpose,  we  must,  of  course,  retain  n  and  k,  or 

their  equivalents,  wherever  they  occur  in  both  K  and  G.     Let 

us,  therefore,  re-examine  the  several  terms  of  K  and  G,  and  put 

them  into  suitable  form  for  general  application. 

The  value  of  F,  the  weight  of  floor,  (408),  is  independent  of 

n  and  h,  and  requires  no  change. 
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If  for  joists  we  call 

d  =  6»,  (43I) 

we  shall  have  a  good  ratio  of  breadth,  b,  to  depth,  d;  and,  in 
(410),  bd  =  fr,  and 

\qfgl  )i 

b  =  \¥^B^ulqt  +  2000nL)\  '  (432) 

•  •     /  =  l^S\^iB^    q    +  200°nL)  \  '  (433) 

which  is  the  weight  of  the  joists,  in  pounds. 
Restoring  the  value  of  D,  we  write,  for  (414), 


j,  *  ao       /  A(F+  J+  20oonL)qjn 

P  =  i546o68»*$'1(«  —  1)  < ^g J    pounds, 


(434) 


equal  to  weight  of  (»  —  1)  wrought-iron  I-beams  having  the 
proportions  assumed  in  deriving  equation  (412). 

135.  If  we  take  into  account  the  greatest  probable  pressure 
of  wind  horizontally  against  the  side  of  each  open  girder  and 
its  moving-load,  or  against  the  entire  side  of  each  wholly  cov- 
ered structure,  we  find  the  strains  due  to  wind,  in  the  chords 
and  entire  lateral  system,  by  making  the  proper  changes  in  the 
strain  sheet,  Fig.  112. 

For  any  through  bridge  of  Class  IX.,  let  the  uniform  wind 
pressure  to  be  resisted  by  the  top  or  bottom  lateral  system  be 

W,  =  \hw-  tons  per  panel ;  w  being  the  horizontal  pressure 
« 

of  wind  per  square  foot,  in  tons.     And  for  the  bottom  lateral 

system,  which  alone  is  affected  by  the  wind  pressure  against 

the    moving-load,  let   the  uniform  moving  wind  pressure  per 

panel  be  Z,  =  iw~  tons ;  s  being  the  height  of  train  or  other 
n 

moving-load,  in  feet. 
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From  (424)  we  derive  the  additional  weight  of  top  chords 

due  to  wind  pressure  by  substituting  2Wl  =  -^L  f  or  ( W  4-  L) ; 

n 

since,  in  order  to  provide  for  the  wind  coming  either  way,  we 

must  increase  each  chord  for  increased  compression,  and   by 

putting  q  for  h,  and  formulating  thus, 


Weight  of  top  chords)        mffihw ,     ,    ,  , 

due  to  wind  J         2  QrPq 

(n  even), 

mJPhw ,     ,    ,        ,  ^ 

=     J  (2fl3  4-  3«2  —  2»  —  3) 

2  (?«3^ 

(«  odd). 


(435) 


Similarly,  from  (425),  putting  (2  H^  +  2ZJ  =  — (^  +  2s) 

n 

lor  (W  -\-  L),  and  q  for  A, 

Weight  of  bottom  )        mf/iw(/i4-2s) ,     -,         ,  ,  .  ' 

,     ,  •    ,  >  =      ™ — ! — '-(irfi—  3«2+  22«—  24) 

chords  due  to  wind)  zTntq 


(n  even), 
m//3w(k  +2s),,         ,  .  n 

=    — -= ! M2«3  —  ■in2+  2271—  21) 

(«  odd). 


(436) 


And,  from  (426),  we  derive  the  weight  of  the  horizontal  struts 

between  the  top  chords  by  putting  Wz  =  \hw~  for  W,  o  for  L, 

11 

q  for  h,  Q2  for  Qlt  and  adding, 

US&JV,n, 


by  reason  of  the  load  being  applied  to  the  compressed  chord, 
as  explained  in  article  132. 
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Weight   of  top  horizontal)        ^mfqwlh 
struts  due  to  wind       j  Q2 

(n  even), 

$mfqwlh[n2  —  I  \ 

=  —QTV^r  + 2) 

(n  odd). 


=  U.     (437) 


The  floor  beams  which  carry  the  moving  load  generally  act 
as  the  horizontal  struts  between  the  loaded  chords ;  and  they 
are  usually  so  large,  in  comparison  with  the  struts  actually 
required  to  resist  the  wind  pressure,  that  we  may  with  little 
error  make  no  further  allowance  for  these  beams  acting  as  hori- 
zontal struts  than  that  already  suggested  in  article  124. 

But,  if  it  is  required,  we  can  find  the  additional  metal  to 
compensate  the  floor  beams  for  this  end  pressure  by  treating 
each  beam  as  a  pillar  whose  least  diameter  is  its  depth,  since 
the  longitudinal  joists  or  stringers  prevent  deflection  sideways. 

Thus,  qy  being  the  length,  d  the  depth,  of  the  wrought-iron 
I  floor  beams,  and  S  the  cross-section  due  to  the  total  effect  of 
wind  pressure,  P,  in  tons,  applied  longitudinally  at  the  end  of  a 
beam,  we  have,  from  equation  (400), 


\  ad2    ) 


S  =  f square  inches, 

to  be  added  to  section  of  each  beam,  in  order  to  neutralize 
effect  of  wind  upon  the  loaded  horizontal  system  of  struts. 

ad1 
%S  =  -. /ZP 

equals  total  additional  section  of  I-beams  ;  /  being  the  factor  of 
safety. 
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Now,  in  this  case,  %P  takes  the  place  of  %ZW  and  %ZL> 
found  by  summing  the  vertical  strains,  Fig.  112,  and  used  in 
equation  (426),  provided  we  put  W1  for  W,  LT  for  L.  For, 
adding  n(Wl  +  -£1),  since  the  load  is  applied  on  the  windward 
side  in  the  direction  of  the  wind's  motion,  and  subtracting  the 
pressures  then  upon  the  end  struts,  since  no  struts  or  I-beams 
are  used  on  the  abutments,  will  not  alter  %P. 


:.  Weight  of  I-beams 
due  to  wind,  from 
(426), 


where 


Q3  = 


1  + 


(«  even), 

=3*/fr  »"»(*■ -0  MSih(1n?  _  3„s_  ln  +  3) 
(n  odd), 

(i2^,)2  2«  n  18 


(438) 


a^2 


/  =  length,  in  feet,  between  centres  of  end  pins. 
fz  =  numerator  of  Gordon  formula  (400). 
n  =  number  of  panels. 
u  =  constant.     (See  Table  IV.) 

h  =  height  of  girders,  in  feet,  between  centres  of  chords. 
qz  =  entire  length  of  floor  beam,  in  feet. 
d  =  depth  of  beam,  in  inches. 

t  =  height  of  train  or  moving  wind-resisting  surface. 
w  =  pressure  of  wind  per  square  foot,  in  tons. 

136.  In  finding  the  diagonals  of  the  horizontal  systems,  top 
and  bottom,  due  to  wind  pressure  applied  on  either  side,  we 
must  plainly  make  all  the  diagonals  mains,  and  the  two  in  any 
one, parcel  each  equal  to  the  original  main  tie  in  that  panel. 

Using  the  strain  sheet,   Fig.  112,  as  a  horizontal  system 

now,  putting  WI  for  W,  Lz  for  L,  q  for  h,  sin  <£,  =  q       -. 

for  sin  0,  Yt  for  Y,  the  strain  in  any  horizontal  diagonal  tie  due 
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to  wind,  we  have,  for  the  horizontal  system  between  the  loaded 
chords, 


Sum  of  horizontal 
diagonal  strains 
due  to  wind 


=  srI=.  M  *" 


2  Sin  0,  (  2        \  2  /  ) 

+  -j£±—\^-n(i  +34-5-1-7+  .  . .  ? terms') 

2»  sin  9i  (  2  \  2  / 

+2[i+3+6+io+  .  .  .  (~n  terms"!  | 


= — t \- — (7»  — 4) 

2  sin  0i     12  sin  0Z 

(«  even), 


(439) 


=  ZY1  =  ^\?LZ±„-(1  +3  +  i  +  7  +  ...t=l  terms)! 

2SH10,(       2  \  2  /) 

4Z!      In  —  I,/                                       « —  I  \ 

+         '     \ **  -(I+3  +  S+7  +  --- terms) 

2»  sin  0r  (       2  \  2  / 

+  2f  i  +  3  +  6  +  io. . ^-3  terms) 

+  the  (n~l  \    term  of  the  series  (i  +  3  +  6  +  10  H ) 


for  the  middle  panel 


WJn'-i)   |  7Z,(«'-i) 

2sin^!  12  sin  0! 

(«  odd). 


(440) 


Therefore,  for  horizontal  system  uniting  loaded  chords, 


Weight  of  horizontal 
diagonals  due  to 
wind  pressure 


=  SF,  X 


i2mfg 
T  sin  $! 


=  ^TXC6^2  +  Z-(7«2  -  4)] 

7sin2^, 

(n  even), 

y  sin2<£, 

(«  odd). 


(44i) 
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137.  It  may  be  noted  here,  that,  however  complete  and  effi- 
cient the  horizontal  systems  are  made,  they  will  be  unable  to 
maintain  the  stability  of  the  bridge  under  the  action  of  wind 
if  the  posts  and  horizontal  struts  at  the  ends  of  the  bridge  are 
not  sufficient  to  resist  the  lateral  pressure  transmitted  to  them 
from  these  horizontal  systems.  That  is  to  say,  the  end  frame- 
work of  the  bridge  must  be,  with  regard  to  the  wind  force, 
incapable  of  lateral  motion,  whether  of  translation,  rotation,  or 
distortion. 

The  required  stability  may  be  secured  by  making  sufficiently 
large  end  posts  fast  to  the  abutments  for  light  and  high  struc- 
tures, and  by  attaching  these  end  posts  to  rigid  head  struts  by 
means  of  diagonal  braces.  But  as  all  this  excess  of  weight 
over  the  ordinary  panel  weight  rests  directly  upon  the  abut- 
ments, it  does  not  enter  into  the  formulae  for  strains  due  to  the 
uniform  panel  pressures,  W,  L  ;   W„  Lt. 

This  excess  of  weight,  however,  has  an  influence  on  the  best 
values  of  n  and  h ;  and,  calling  the  excess  £w  pounds,  we  here 
proceed  to  formulate  its  value,  and  find  the  conditions  of 
stability. 

138.  To  find  the  additional  strains  and  weights  of  the  end 
members  of  a  bridge  of  two  girders  of  Class  IX.  required  to 
resist  a  given  wind  pressure,  let  Fig.  1 14  represent  the  elevation 
of  the  end  frame  of  a  through  bridge  of  this  class,  together  with 
its  full  moving-load. 

Then,  according  to  our  previous  notation,  the  total  hori- 
zontal pressure  at  A  is 

P2  =  \nW,  =  \wlh;  (442) 

and  at  B, 

Pi  =  %n(Wl+Ll)  =  \wl{h  + 2t).  (443) 

The  vertical  pressure  on  each  abutment  is  \n(W  +  L). 
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Now,  supposing  these  ends  of  iron  rest  upon  a  plane  stone 
surface,  and  calling  the  "  co-efficient  of  friction  "  for  iron  upon 
stone  \  (see  any  good  treatise  on  elementary  mechanics),  we 
must  have,  according  to  the  received  law  of  friction, 


P2+P3<\n{W  +  L), 


(444) 


which  is  the  condition  that  prevents  lateral  translation  along  a 
plane  stone  surface,  BE,  Fig.  1 14. 


Fig.  114. 

For  stability  against  overturning,  — 

1st,  Without  live  load.     Take  the  moments  about  E;  we 
need,  since  AF  =  q,  and  FE  =  h,  as  above, 


PJi<\nWq; 


(445) 
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or,  if  each  end  of  the  girders  is  tied  to  the  abutment  with  a 
force,  t, 

PJl<\nWq  +  qt,  (446) 

the  condition  that  prevents  rotation  of  unloaded  bridge  about 
the  points  of  support. 

2d,  With  live  load  resting  upon  a  beam  attached  to  the 
girders  at  the  ends  B  and  E,  we  require  the  condition 

PJl<\W  +  L)q,  (447) 

4 

girders  not  tied  down  ;  or 

P2h<?(W  +  L)q  +  qt  (448) 

4 

when  they  are  tied  with  the  force  t. 

But,  if  the  end  of  the  live  load  rests  directly  on  the  abut- 
ment, and  is  not  connected  with  the  girders,  the  condition  of 
stability  is 

PJi  <  \q{Wn  +  Z(«  -  1)],  (449) 

or 

PJi  <  \q\.Wn  +  Z(«  -  1)]  +  qt.  (450) 

3d,  For  the  stability  of  the  load  itself  against  turning  on 
its  own  points  of  support,  we  must  have 

P4e<L2g;  (451) 

s  being  the  height  of  movirtg-load,  g  the  gauge  or  breadth  of 
base,  and  P4  the  wind  pressure  acting  upon  the  part  L2  of  this 
load. 

The  strains  developed  in  the  frame  BAFE  will  be  greatest 
when  the  end  posts  cannot  move  laterally  at  the  bottom  nor 
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are  truly  fixed,  so  that,  when  under  wind  pressure,  the  tangents 
to  their  elastic  curves,  at  the  bases,  will  be  vertical. 

Let  b  =  length  of  brace,  GGIt  in  feet,  and  /3  =  the  angle  it 
makes  with  the  vertical  post ;  then  — 

Shearing-strain  at  any  cross-section  of  BC  or  GE  is 

S  =  \PV  (4S  a) 

Moment  at  any  point,  x,  above  B  or  E,  is  equal  to 

\P2x  =  M  =  \P*{h  —  icos/3),  at  C  or  G.      (453) 
Taking  moments  about  A  for  the  post, 
\PJi  =  Hb  cos  p, 

•'•   H  =  -irht  (454) 

2^  cos  /3 
which  is  the  horizontal  component  of  the  brace  strain  D. 

•"•    D  =  ^Lk=    a    Pi      a  (455) 

sinp       2<?sin/scos/j 

in  tension  or  compression. 

Moment  at  any  point  between  C,  and  G„ 

M  =  ^P^.  (456) 

To  enable  each  end  post  to  resist  this  additional  moment, 
(453),  it  would  require  R  =  Bacd  as  the  moment  of  the  inter- 
nal stresses  on  the  added  material,  if  it  be  added  to  the  outsides 
of  the  post,  at  the  distance  \d,  in  inches,  from  the  neutral  axis ; 
B  being  the  ultimate  bending  unit  strength  of  section,  a  =  width 
of  post,  in  inches,  and  c  =  the  uniform  thickness  of  additional 
iron  on  each  side  due  to  the  greatest  moment  at  C  or  G. 
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Hence 

^P2{h  -  b  cos  ft)  =  B""' 


=  **K<fi-*«»M  inches. 
aBd 


/   ' 

Whole  thickness  of  added  1 
iron 

Cross-section   of  added  1  =  ^  =  1 aP,  (A  -  b  cos  /?)/  gquare  incheg> 
iron  J  Bd 

Volume  of  4  posts   due  \  =  4  X  12^(7?  -  b  cos /3)/h  mhic  inches# 
to  wind  I  ifa? 


Weight  to  be  added   to  ' 
4  posts  at  end  due 
wind  bending, 


=  i2^>^(^-^cos/3)poundSj      (4S7) 


Similarly,  from  (456),  for  the  two  top  horizontal  end  struts, 
of  length  q  feet,  and  depth  d1  inches, 


Weight  to  be  added  to  2  end  struts  to  1  _  2  x  i2*mfP2qh 
resist  bending  from  wind  force    J  Bd, 

=  l^MUl  pounds. 
zBd,       L 


■  (458) 


If  d2  is  the  least  diameter,  in  inches,  of  a  brace  of  length 
b  feet,  with  fixed  ends,  to  resist  the  longitudinal  pressure  D, 
(455),  then,  by  the  Gordon  formula,  (400),  we  have 


\         300042 1 


Cross-section  of  brace,  S  = -? square  inches ; 

f,  as  before,  being  the  factor  of  safety,  and  /,  the  numerator  of 
Gordon  formula. 


4  J   \      3000^  j 


.-.    Volume  of  4  braces  =  48&S  =  7 cubic  inches. 
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[         300oa22 ) 

Weight  of  4  braces  =  -r—. — 5 5 

6  ^  /,  sin  p  cos  p 

(         3000^/ ) 


/,  sin  /2  cos  (3 


pounds. 


(459) 


Ew  =  1 22mflh?w 


1  + 


(l2^)2 


h  —  bcosfi  q  3000(/22 


Bd  2Bd±       24/,  sin  /3  cos  ft 


(460) 


which  is  the  excess  of  weight,  in  pounds,  of  wrought-iron,  on 
the  two  abutments,  due  to  wind  pressure,  and  not  affecting  the 
uniform  panel  weight  of  bridge,  W. 

139.  In  the  preceding  investigation,  we  have  assumed  that 
the  entire  effort  of  the  wind  to  distort  the  rectangular  cross- 
section  of  the  bridge  is  to  be  resisted  by  the  two  end  frames 
alone. 

Instead  of  this  provision,  however,  we  may  fix  firmly  each 
horizontal  strut  of  the  unsupported  lateral  system  throughout 
the  bridge  to  the  ends  of  the  posts  abutting  upon  it,  and  thus 
transfer  the  whole  wind  pressure  to  that  lateral  system  which 
is  between  the  chords  resting  upon  the  supports.  The  same 
transfer  would  also  be  accomplished  should  we  connect  the 
posts  rigidly  to  the  other,  or  supported,  lateral  struts.  This 
procedure  would  enable  us  to  dispense  with  the  horizontal 
diagonals  of  the  unsupported  system  but  for  the  necessity  of 
retaining  them  to  keep  the  chords  they  connect  from  deflecting 
horizontally. 

In  this  case,  of  course,  the  horizontal  diagonals  and  struts 
of  the  supported  system  will  have  twice  as  great  horizontal 
pressure  to  resist  as  in  the  former  case,  and  (438)  and  (441) 
must  be  multiplied  by  2. 

The  horizontal  struts  of  the  unsupported  system  must  be 
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able  to  resist,  in  a  vertical  direction,  the  bending-moment  found 

by  (456),  when  for  P2  we  put  W„  or  its  value  \wh-,  giving 

n 

M  =  \wh*1-  =  ?^  (461) 

n         12/ 

for  each  strut ;  dx  being  the  depth  of  horizontal  strut,  in  inches, 
a  the  width,  and  c  the  thickness  of  each  of  two  plates  of  iron 
added  at  the  distance  \d^  from  the  neutral  axis  of  the  strut. 
B  -r-  /  =  allowed  bending  unit  strain,  in  tons,  per  square  inch, 
since  w  is  in  tons.  Then  the  weight  of  all  these  horizontal 
struts  due  to  the  bending-moment,  (461),  must  be  the  same  as 
in  (458)  if  we  put  d2  for  d„  and  regard  the  two  extreme  struts 
as  one,  since  each  sustains  but  half  a  panel  pressure. 

At  the  same  time,  these  horizontal  struts  must  resist,  in  the 
direction  of  their  least  diameters,  the  bending-moment  due  to 
the  longitudinal  strain  brought  upon  them  by  the  attached  hori- 
zontal diagonals  in  adjusting  the  bridge. 

Now  these  horizontal  diagonals,  between  unsupported  chords, 
may  be  of  uniform  size,  having  a  cross-section  S,  (say)  of  not 
less  than  about  1  square  inch.  Then,  if  the  allowed  unit  strain 
upon  them  is  T  -i-  f,  and  if  their  inclination  to  the  plane  of 
the  girder  is  </>„  we  have  the  longitudinal  pressure  of  two  diag- 
onals, from  adjustment,  to  be  provided  for,  equal  to 


A-^«n*,  =  ^    /— V-  <"h2> 


And  if  —  =  -^ =  the  allowed  pressure  per  square 

J\       300042/ 
inch  upon  a  strut,  Q„  Pm  f„  and  T  being  of  the  same  denom- 
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ination,  and  /,  =  numerator  of  Gordon  formula,  /  =  factor  of 
safety,  then 

Pa  +  £  =  2TS^  =  Su  (4fi3) 

which  is  the  cross-section  of  the  strut  due  to  the  end  pressure 

Pa- 

Hence,  from  (461)  and  (463),  — 

Total  section  of  a  horizontal  strut  between  the  unsupported 
chords  is,  in  square  inches, 

2ac  +  s'  =  -±f:  +  — a   ■       (464) 

And  the  weight  of  n  horizontal  struts  between  the  unsupported 
chords,  to  resist  the  adjustment  and  distortion  strains,  is 

i2mng(2ac  +  St)  =  ?2OT>^  +  ^TSsm^m^    ^ 
Bdx  Q2 

in  pounds,  where  n  is  used  instead  of  {n  4-  1),  since  the  two 
extreme  struts  suffer  only  the  strain  due  to  any  one  of  the 
others. 

For  the  additional  iron  required  in  the  posts  to  resist  distor- 
tion by  the  wind,  we  have,  from  (453),  by  putting  for  P2, 

211 

and  taking  the  moment  at  the  centre  of  post  where  x  =  \h, 

M  =  I™#!  =  ?"*  inch-tons  (466) 

2   X  4«  / 

as  the  bending-moment  allowed  at  the  weakest  part  of  the  post, 
each  end  post  having  but  \M  instead  of  M.     Therefore 


Whole  thickness  of  added  iron  for  1 
post 


=  2e  =  3«^!  inches. 
anBd 
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Cross-section  to  be  added  to  each 
post 

Weight  to  be  added  to  zn  posts  to 
resist  distortion  of  rectangular 
cross-section  of  bridge 


■vwflh?  .     , 

=  2ac  =  i3-^ —  square  inches. 
nBd    H 


■  =  ^7—  pounds.      (467) 

2  H a 


Finally,  the  weight  of  2n  wrought-iron  braces  for  this  case 
also  is  given  by  (459) ;  and  the  cross-section  of  one  brace  is 

0         (       30004' ) (       300042  (     .     . 

/,  ~      4^  sin /3  cos /3    '    U     } 

since  D  in  (455)  now  becomes 

wh'l 


^nb  sin  /3  cos  /S 


140.  ^e  will  now  exemplify  the  method  of  article  138,  which 
provides,  in  the  end  frames  alone,  the  means  of  resisting  the 
distorting  influence  of  the  wind. 

Example.  — To  find  the  best  number  of  panels,  n,  and  the 
best  height,  h,  for  the  two  wrought-iron  girders  of  a  highway 
"through"  bridge  "of  100  feet  span  =  /,  and  18  feet  wide 
between  centres  of  chords  =  q,  single  system  of  Class  IX., 
Pratt  Truss,  under  a  uniform  rolling  load  of  1  ton  =  2,000 
pounds  per  running  foot,  in  addition  to  the  weight  of  bridge. 
Also,  to  find  the  weight,  n  W,  of  the  bridge  corresponding  to 
the  best  values  of  n  and  h,  using  4  as  the  factor  of  safety  for 
iron,  and  10  for  wood,  and  taking  account  of  wind  pressure. 

Let  us  compute  for  n  =  5,  6,  7,  8,  9,  10,  11,  12,  in  succes- 
sion, as  explained  in  article  134,  retaining  h  and  W  in  all  the 
expressions  for  weight. 
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ist,  The  floor  of  pine,  called  50  pounds  per  cubic  foot. 

2.5 
Thickness  t  =  —  foot. 

Width  q'       =17.5  feet. 
Length  /       =100  feet. 

2.5 
Weight  of  floor  F  =   —  X  17.5  X  100  x  50  =  18229  pounds. 

2d,  The  joists  of  pine  at  50  pounds  per  cubic  foot. 

g  =  2  feet  between  centres. 

B  =  7,000  pounds  per  square  inch  =  ultimate  resistance  to 

cross-breaking. 
/  =  10,  factor  of  safety  for  pine. 
/-f-  n  =  panel  length  of  joist,  in  feet. 

d  =  If  =  depth  of  joist,  in  inches,  by  (431). 
Then,  by  (432),  we  have 

Thickness  of)       (9  x  10  x  2  x  100,  „  ^  H     7.96544. 

.  .  A   ,}  =  <— (18229  + 200000)  >  = j—  .ins.; 

a  joist,  b)       [n2  X  17.5  X  7000 v         *■  >)  n$  ' 

and,  from  (433),  j 

w  •  v    t  ■  ■  *     t-       100  X  17-5  X  50^7.96544^      IS3S48 
Weight  of  joists,  /  =  j^-^-j ^— f— /  =  ~^~  Pounds. 

3d,  The  wrought-iron  I-beams,  n  —  1  in  number,  supporting 

the  joists,  floor,  and  moving-load  L  =  -  =  —  tons  per  panel. 

«—»    ;z 

Take  i?  =  50,000  pounds,  Table  II. 

Length  of  beam  q±  =  18.5  feet. 

r.     *w  a         J f '53548  \i^5Xj)£ 

Depth  rf=  3.80122  j^-^r  +  218229 J  5000QW  [ 

//  +  218229V  .     , 
=  o.433i885( J  inches, 

from  (412),  using  the  proportions  assumed  in  finding  that  equa- 
tion. 
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By  (434). 

Weight  of  I-beams,  P  =  15. 46068  (n  —  1)  x  \ 

18 

X  i8.5(/+"8aa9  X  l8"5   *  4V 
J\  n  50000    / 

. //+  218229V 
=  1.031824(8  —  i)( )  pounds. 


4th,  The  horizontal  struts  of  the  top  lateral  system  of  this 
"through"  bridge. 

In  this  example  of  a  highway  bridge,  let  us  assume,  as  actual 
pressure  of  wind  per  square  foot,  the  large  value  75  pounds ; 
also  that  the  two  open  girders  offer  a  resisting  surface  equiva- 
lent to  I  of  the  surface  presented  if  the  bridge  were  covered, 
that  is,  equal  to  -f/z/.  Then  the  whole  wind  force  to  be  resisted 
is  I  X  75&Z  =  45^  pounds. 

Wind  force  per  running  foot  =  45^  pounds. 

Wind  force  per  square  foot    =  w  =  2iHfo  =  0.0225  ton. 

Although  this  wind  force  is  actually  applied  to  both  girders;, 
we  shall  regard  it  as  distributed  equally  to  the  panel  points  of 
the  two  windward  chords,  no  account  being  here  taken  of  the 
action  of  wind  on  passing  carriages. 

Suppose  the  top  horizontal  struts  to  be  I-beams,  the  square 
of  whose  least  radius  &i  gyration  is  r2  =  0.5  inch,  which  cor- 
responds to  a  six-inch  beam  of  ordinary  make.  Then,  using 
equation  (385),  and  calling  C  —  40,000,  E  =  27,300,000,  we 
have,  in  (437), 

20 

Q2  = =  4.680056  tons; 

40000  X   2  io2 

47T2  X  27300000  X  0.5 
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and  (437)  gives 

Weight  of  top 

horizontal      _        _  3  x  5  X  4  X  18  X  0.0225  X  ictohfn  , 
struts  due  "      "  ^  x  4.680056  \2 

to  wind 

=  28.84581/W  -  +  2^  (n  even), 

=  28.8458i/z^2  ~  *  +  2~\  («  odd). 

5th,  The  horizontal  diagonals,  top  and  bottom.  From  (44 
where  now  Lr  =  o,  since  we  take  no  account  here  of  wi: 
against  live  load  on  this  highway  bridge,  we  have,  maki: 
T  =  24  tons,  q  =*  18  feet,  m  =  -^  for  wrought-iron  (as  abov 

Wt  =  —, 
2n 

Weight  of  horizon- 
tal diagonals,  top 
and  bottom, 


.  x  _  2x5X4X18x6  w  ( n*  (n  even), 
18  X  24 sirf  <ftt         l\  (n2—  i)(«od 


■■where                       1               ,     /2  ,   10000 
=  1  -\ =  H — - — . 

sm2^  n2g*  i82»2 

6th,  Let  the  residual  weight,  Y,  be  1,000  pounds  for  all  v 
ues  of  11. 

7th,  The  additional  weight  of  iron  needed  in  the  I-bean 

by  reason  of  their  acting  as   horizontal  struts   for  the  wi: 

pressure  on  lower  chord,  is  found  by  (438),  after  computing 

Ifwl 
as  already  formulated  for  the  floor  beams.    Here  W1  =  —  ton 

Z,  =  o;  /,  =  18  tons;  gt  =  18.5  feet;  a  =  750,  since  the  en 

18 
are  not  fixed.     Hence,  from  (438),  where  Q3  = -> 

I  +  7So7J 
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Weight  to.  be  added 
to  floor  beams 
due  to  wind 


=P'= 


3X5  X4X  18.5  XO.O225XlO0(  I+-    2222\ 


«»(l 


I8XI8X2 


Xn  (n  even), 


(n  odd); 


f  X  n  (n  even), 
/*=  3.8S4i66M(i  +  ^_2)      x  -LU  (,  odd). 


Collecting  the  terms  of  isf  thus  found,  we  have,  in  terms 
of  h,  — 

Weights  of  the  Components  of  K,  in  Pounds. 


« 

5 

6 

7 

8 

Floor  .  .  . 

Joists  .  .  . 
(  I-Beams  .  . 
1  Do.  wind  .  . 

Hor.  struts 

Hor.  diags.  . 

Residual  .  . 

'■■{ 

18229.000,0 
22258.0000 
5459.OOOO 
23.39844 
126.9216/$ 
120.66624 
1000.0000 
46946.0000 
+  270.9862,4 

18229.0000 
17884.OOOO 
5969.0000 
30.1245,4 
144.2291/2 
125.37044 
IOOO.0000 
43082.0000 
+  299.7240,4 

18229.0000 

14864.0000 

6408.0000 

35.3701/' 

156.5914,4 

y  125.7336/* 

1000.0000 

40501 .0000 

+317.69514 

18229.0000 
I 2663.0000 
6796.0000 
42.30864 

173.0749/2 
1334025/' 

1000.0000 

38688.0000 

+348.78604 

n 

9 

10 

11 

12 

Floor  .  .  . 

Joists  .  .  . 
( I-Beams   .  . 
1  Do.  wind  .  . 

Hor.  struts 

Hor.  diags.  . 

Residual  .  . 

r..\ 

18229.0000 
10994.0000 
7146.0000 
,  48. 1 18 1/' 
185.8950/' 
1 38. 1 040/4 
1000.0000 
37369.0000 
+372.1171,4 

18229.0000 
9688.0000 
7465.0000 
55-3312/' 
201.9207,4 
147.2220/' 

1000.0000 

36382.0000 

+404.4739,4 

18229.0000 

8641 .0000 
7760.0000 
61.6226/' 
215.0294/' 

154-0325/' 

1000.0000 

35630.0000 

+430.6845/5 

18229.0000 
7784.0000 
8035.0000 
69. 1 2894 
230.76654 

163.93584 

1000.0000 

35048.0000 

+463.8312/2 
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8th,  The  top  chords,  of  2  channels  and  2  plates  of  wrought- 


lron. 


In  each  panel  let  the  ratio  of  chord's  length  to  least  diam- 
eter be  15. 

Then,  in  (424), 


1  + 


by  (400). 


152 
3000 


=  16.7442  tons, 


T  I  IOO  . 

L  =  -  =  —  tons. 


Weight  of  top  chords  due  to  ver- )  _       5  x  4  X  ioo°     /  w  ,   ioo\ 
tical  pressures,  in  pounds,      )      2  x  18  x  i6.7442/fc\  n  ) 


2«z  -f  3« 


(«  even), 


2n   +  3n  —  2n  —  3 


(«  odd). 


And,  from  (435), 


Weight  of  top  chords  due )  _  5  x  4  X  ioo3  X  0.0225/& 
to  wind,  in  pounds,      J       2  x  18  x  16.7442  x  18 


X  2"°  +  3"  ~  2  („  even), 
«2 


2«3  -f-  3«2  —  2»  —  3 


(»  odd). 


9th,  The  bottom  chords,  of  flat  links  or  I-bars. 
From  (425), 


Weight  of  bottom  chords  due  to )  _  5  x  4  X  ioo2/ yy   ,    ioo\ 
vertical  forces,  in  pounds,       )        2  X  18  X  24^\  n  ) 

2#3  —  xn*  4-  22«  —  24  _,  . 

X 5 («  even), 

2»3  —  xn*-  4-  2211  —  21  ,       ,,. 
X  ^— ^ (»odd). 
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And,  from  (436),  s  being  zero, 

Weight  of  bottom  chords )        5  X  4  X  ioo'  x  0.0225A 
due  wind,  in  pounds,  )• —        2  X  18  X  24  x  18 

2«3  —  3«2  +  22n  —  24 
X  ^ (n  even), 

2«3    _    typ    -)-    22»    —    21     , 

x  -- — 2—5 (» odd). 

ioth,  The  verticals.     Take  ratio  of  length  to  least  diameter 
30;  then,  in  (426), 

Qx=    _^_  =  8.i8 


1  + 


3°2 
75° 


if  the  ends  are  not  fixed,  and  we  have 
Weight  of  verticals,  in  pounds, 

=  AJLULA-Whte  +    *  x  4  x  iooh  hn*  +  %n  -  io\ 
18  X  8.1818  2  X  18  X  8.i8i8\  n  ) 

(n  even), 

~  18x8.1818    n         ;     2X  18X8.1818V  »2  / 

(«  odd). 

nth,  The  girder  diagonals,  by  (428). 


«2A2 


Weight  of  girder 
diagonals,  in 
pounds, 


3X5x4^ 


Wn2 


sin2<£ 

_  4X,SX4XiooA/«2— 1\  +     3* 

i8X24sin2(£  \    n    )       i8X24sin2<£ 

(«  even), 

_ 4 XjjX 4X100/^/^-1^  j      3x5x4^    /y/(ff2_T) 
i8X24sin2^>  \    n    J      i8X24sin2<£ 
(n  odd). 
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Computing  for  the  different  values  of  n,   collecting,  and 
arranging,  we  have,  including  the  values  of  K  above,  — 


Weights  est  Pounds,    W  in  Tons,    h  m  Feet. 

Live  load  =  nL  =  100  tons,    I  =  100  feet. 


« 

5 

Top  chords     .  1  Load  ' 
'  Wind . 

Bottom  chords  i  Load  ■ 
'  Wind. 

K.    . 

4140.742 
2444.444 

1333-333 

IV 
h 

9.77778 
3-33333 

Wh 

82815 
48889 

35555 

1 
h 

46946 
+46946 

h° 

103.5185 

6z.nn 
208.5926 

88.8889 
270.9862 

h 

2ooonW  = 

7918.519 

+I3.mir 

+167259 

+733-0973 

6 

Top  chords     .  j  Load  • 
*                   1  Wind . 

Bottom  chords  {  Load  • 
I  Wind. 

Verticals          .    .    .    . 
K  .    . 

4866.256 
2777.778 

1388.889 

14.66667 
5.00000 

81104 
46296 

30007 

43082 

,  101.3803 

57.8704 
294.2387 
108.0247 
299.7240 

20OO«  W  = 

9032  923 

+19.66667 

+157407 

+43082 

+861.2381 

7 

Top  chords     .{Load- 
t  Wind . 

Bottom  chords  \  Load  " 
t  Wind . 

Verticals     .    .         .    . 
K  .    . 

SS3S.323 
3174.604 

1360.544 

I9-55S56 
6.66666 

78933 
45351 

25915 

40501 

98.6665 
56.6894 
126.9841 

317.6951 

2000«  W  = 

10060.471 

+26.22222 

+150199 

+40501 

+906.0064 

8 

T°p-chords  -1^: 

Bottom  chords  j  Load  • 
'Wind. 

Verticals     ..... 

6221.067 
3559-°27 

26.07408 

77763 
44488 

- 

97.2042 

55.6098 

392.1296 
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Weights  in  Pounds,     W  in  Tons,    h  m  Feet. 


Live  Load  =  nL  =100  tons,    /  =  100  feet. 


n 
9 

Top  chords     .  j  Load  * 
v                   (  Wind . 

Bottom  chords  \  Load  * 
*  Wind . 

K  .    . 

6881.576 
3978.051 

1371-742 

w 

h 

32.59260 

II.ZIZXI 

Wh 

76462 
44201 

20322 

1 
h 

37369 

h° 

95-5774 

55.2507 
402  3777 
164.6090 
372.1171 

h 

2000K  W  = 

12231.369 

+43.70371 

1 

+140985 

+37369 

+1089 .9319 

10 

Top  chords     .  |  Lmi  ■ 
1  Wind . 

Bottom  chords  j  Load  • 
(  Wind . 

K  .    . 

7564.819 
4388.889 

1388.889 

40.74075 
13.88889 

75648 
43889 

18333 

36382 

94.5602 

54.8611 
488.8889 
183.3333 
404.4739 

2ooonlV  = 

13342.597 

+54.62964 

+137870 

+  36382 

+1226. 1174 

XI 

Top  chords     .  J  Load  " 
'  Wind . 

Bottom  chords  \  Load  " 
1  Wind . 

K  .    . 

8226.202 
4820.936 

1377.410 

48.88888 

16.66667 

74784 
43827 

16696 

-  \ 

35630 

93.4796 

547834 
498.3164 
202.0202 
430.6845 

20<x>nJV  = 

14424.548 

+65-55555 

+135307 

+35630 

+1279. 2841 

12 

Top  chords     .  j,Load- 
f  Wind . 

Bottom  chords  i  Load  ■ 
'Wind. 

Verticals      .         ... 
K  .    . 

8903-037 
5246.912 

1388.889 

58.66667 
20.00000 

74192 
43724 

15325 

35048 

92.7400 

54.6553 
585.0823 
220.6790 
463.8312 

2000/z  W  = 

15538.838 

+78.66667 

+133241 

+35048 

+1416.9878 

360  MECHANICS  OF  THE   GIRDER. 

h 

Multiplying  each  of  these  eight  equations  by ,  we  find 

20000 

the  uniform  panel  weight  of  bridge,  W,  in  terms  of  h ;  thus  : 
8.36295  +  2.3473/%  +  0.03665487^ 


«=  5,  W  = 

n  =  6,  W  = 

n  =  7,  Jf  = 

n  =  8,  JF  = 

n  =  9,  JF  = 

«  =  10,  fF  = 

«  =  11,  f^  = 

«  =  12,  Jf  = 


-°-3959259  +  °-SA  -  °-00°65S5SS^ 

7.87035  +  2.1541/2  +  0.04306191/^ 
— 0.4516461  +  o.iih  —  0.000983333^ 

7-5°995  +  2-Q25°5^  +  Q-Q4530032^ 
—0.50302355  +  0.7^  —  0.0013111111A2 

7.2519  +  1.9344A  +  o.Q5i978i4^2 
—0.55844915  +  0.8^  —  0.0017481485^ 

7.04925  +  1.86845^  +  0.05449659A2 
—  0.61 15684  +  0.9^  —  0.002185 185A2 

6.8935  +  1.8191^  +  0.06130587A2 
—0.6671298  +  h  —  0.002731482A2 

6-76535  +  1-7815^  +  0.06396421^ 
—0.7212274  +  1.1A  —  0.0032777777A2 

6.66205  4-  1.7524^  +  0.07084939A2 
—0.7769419  +  1.2A  —  0.00393333A2 


In  differentiating  these  and  similar  expressions  for  W,  it 
will  be  convenient  to  have  a  typical  form  or  mode  of  operation. 
Let 

W  =    a+f\+c*  (469) 

be  a  type  of  these  equations  ;  then,  after  putting  — — ■  =  o,  and 

ah 

reducing,  we  have  the  equation 

o  =  abl  —  aj>  +  (air,  —  «r<r)  {2K)  +  (ict  —  bic)h*,      (47°) 
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from  which  h  is  easily  found :  and  there  is  no  need,  in  these 
cases,  of  taking  the  second  differential  to  ascertain  whether  the 
positive  value  of  h,  to  be  found  from  (470),  renders  W  a  maxi- 
mum or  a  minimum  ;  for  the  substitution  of  a  member  a  little 
less  or  a  little  greater  than  the  positive  value  of  h  so  found 
will  at  once  serve  to  verify  the  work,  and  show  W  to  be  a  mini- 
mum in  (469)  when  h  takes  the  value  given  by  (470). 

Taking  the  case  where  n  =  g,  and  using  logarithms,  we 
may  solve  thus  :  — 


»  =  g. 

Logs. 

Log  Co-efficients. 

Co-efficients. 

Equation  (470). 

a  = 

7.049250000 

0.8481429 

\o%dbx  =  0.8023854 

ab-i  =     6.3443300 

a,= 

—0.61 1 568400 

g.7864451 

log«i#  =  0.0579266 

— a-Jj  =.     1. 1426900 

7.4870200 

i   = 

I. 868450000 

0.2714815 

logbci  =7.6109697 

bc-i  =  —0.0040829 

- 

h  = 

0.900000000 

9.9542425 

log^ic  =  8.6906118 

— b\c  =  —0.0490469 

=  o.053i2g8^2 

c    = 

0.054496590 

8.7363693 

log  en  1  =  8.5228144 

— ca\  =  +0.0333284 

C 1  = 

— 0.002185185 

7.3394882 

logcja  =  8.1876311 

C\a  =—0.0154039 

— 0.0179245  (zk) 

log  co-efficients, 
log  quotients, 

2  log  0.33737, 

log  (141.0332)* 
4  co-efficient  of  h, 


0.0531298^  —  0.0179245(2/$) 
8.7253382  8.2534471 

9.5281089 
<&2  —  0.33737(2^) 
9.0562178    * 
2.1493213 
1.0746607 


—  7.4870200 

0.8743090 

2.1489708 

=  140.9194000 

=  log    +0.1 138000 

=:  log    I4L0332OOO 

=  log  ±11.8757400 

+0.3373700 


When  W  is  a  minimum,  h  =  12.213 11  feet- 


log^, 
log  bh, 
log/52, 
log  c/12, 

log^h2, 


1.0868263 
1.3583078 
2.1736526 
0.9100219 

9.5131408 


a       =        7.049250 

bh     =  22.819590 

cb?  =       8.128720  37.997560   1-5797557  =  log  num. 
dh* 


—  0.325942 
as  —  —  0.61 1 568 

bji  =  0-9/4  =      10.991799    10.054289  1.0023513  =  logdenom. 

nW  -  34.013151  tons.     W-    3.779239  0.5774044  =  log W. 
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Computing  h  and  Wn  for  the  other  values  of  n,  we  find 
them,  when  Wn  is  a  minimum,  as  follows  :  — 


Span  =  /  =  100  Feet.    Uniform  Live  Load  =  nL  =  100  Tons. 


No.  of 
Panels, 

7i. 

Panel 
Length, 
I  -±  n  feet. 

Best  Height 

in  Feet, 

h. 

Ratio  of 
Length  to 
Height, 

Inclination  of 
Diagonals 
to  Horizon, 

Minimum 

Bridge  Weight, 

nW  Tons. 

Ratio  of 
Dead 

to  Live 
Load. 

Ratio  of 
Dead 

to  Total 
Load. 

5 

20 

16.50041 

6.0604 

390  31'  26" 

37.177990 

0.37178 

0.27102 

6 

iei 

14 

7I481 

6 

7959 

410  26'  30" 

35.930016 

0 

35930 

0.26433 

7 

14?" 

13 

89555 

7 

1966 

44°  12' 24" 

34.642979 

0 

34643 

0.25730 

8 

12I 

12 

74O32 

7 

8491 

45°  32'  44" 

34.509872 

0 

3451° 

0.25656 

9 

»i 

12 

2I3II 

8 

1879 

47'  4='  18" 

34-013151 

0 

34013 

0.25380 

10 

IO 

II 

39809 

8 

7734 

48°  44' 18" 

34.302300 

0 

343°2 

0.25541- 

11 

9-rV 

II 

02062 

9 

0739 

50°  28' 51" 

34.156870 

0 

34157 

0.25460 

12 

Si 

IO 

40797 

9 

6080 

51°  19'    1" 

34.635012 

0 

34035 

0.25725 

Hence  34.01315 1  tons  is  the  least  of  these  least  weights,  or 
the  minimum  minimorum. 

By  observing  the  first  differences  of  the  values  of  n  W,  we 
may  perceive,  that,  in  addition  to  the  fact  that  the  pdd  number 
n  =  9  gives  the  lowest  value  of  n  W,  the  odd  number  n  =  1 1 
gives  a  lower  value  oinW  than  either  of  the  even  numbers,  10 
and  12,  adjacent  to  it,  and  that  n  =  7  renders  n  W  nearly  as 
small  as  n  =  8.  We  may,  therefore,  almost  infer  from  these 
eight  cases,  that,  when  near  the  best  value  of  n,  an  odd  number 
of  panels  is  preferable  to  an  even  number.  And  this  conclusion 
harmonizes  with  the  fact,  that,  in  case  of  an  odd  number  of 
panels,  there  is  no  weight  applied  at  the  centre  of  span  as  there 
is  when  n  is  even.  We  may  further  observe  that  the  difference 
between  the  greatest  and  least  values  of  n  W  in  these  eight 
cases  is  only  3.164839  tons,  provided  the  best  values  of  h  are 
used  ;  but,  if  other  values  of  h  are  employed,  n  W  departs  more 
widely  from  its  least  value. 
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Also  in  the  present  case,  when  nW  is  least,  the  inclination, 
$,  of  the  girder  diagonals  to  the  horizon  is  about  2|  degrees 
above  45  degrees  ;  and  from  this  point  <j>  increases  or  decreases 
with  11  if  the  best  value  is  given  to  h. 

The  best  ratio  of  length  to  height  of  girder  for  this  span 
and  load  is  8.1879;  an^)  near  the  best  simultaneous  values  of 
n  and  h,  we  have  approximately 

*  =  '-.  (470 

1 2th,  Let  us  now  find  the  value  of  Ew.  equation  (460),  the 
quantity  of  wrought-iron  to  be  added  to  the  end  framework  to 
resist  wind  force  tending  to  produce  distortion,  assuming  that 
the  bridge  is  so  fixed  to  the  abutments  that  neither  sliding  nor 
overturning  can  take  place. 

In  equation  (460),  take  b  =  4  feet  =  length  of  brace, 
d2  =  6  inches,  /3  =  45  degrees  =  inclination  of  brace  to  post. 

,•.     sin/3  =  cos/3  =  0.70711,    ^cos/3  =  2.82844  feet- 
Take  d  =:  12  inches,  width  of  end  post  to  resist  bending. 
dt  =  12  inches,  depth  of  end  horizontal  strut. 
/,  =  18  tons. 
B  =  25  tons. 
q  =  18  feet. 
m  =  -fg  pound. 

/  =  4- 
I  =.  100. 
w  =  0.0225  ton. 

Then,  computing  Ew  for  the  eight  values  of  h  already  found, 
we  obtain,  from  (460)  and  from  the  table  just  given,  the  follow- 
ing results :  — 
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W  in  Tons,    h  in  Feet. 


No.  of  Panels,  «. 


Height,  h 

n  times  panel  weight,  n  W  . 
Added  iron,  Ew  tons  .  .  . 
Weight  o£  bridge,  nW -(-  Ew 

Weight  of  wood 

Weight  of  iron 

Cost  of  iron,  at  $1 50  .  .  . 
Cost  of  wood,  at  $15  ^  .    .    . 

Cost  of  bridge 

Excess  over  least 


16.500 

37-I78 

3-935 
41.113 

20.244 
20.869 

#313°  35 

303  66 

3434  01 

98  05 


14.715 

35-927 

2.898 

.  38-825 

18.057 
20.768 

$3"  5  20 

270  86 

3386  06 

50  10 


13.896 

■  34-643 
2.489 

37-I32 

16.547 
20.585 

$3087  75 
248  21 

3335  96 


12.740 

34-51° 

1.980 

36.490 

15.446 
21.044 

$3156  60 

231  69 

3388  29 

52  33 


No.  of  Panels,  n. 


10 


11 


.  12 


Height,  h 

k  times  panel  weight,  n  W  . 
Added  iron,  Ew  tons  .  .  . 
Weight  of  bridge,  nW +  Ew 

Weight  of  wood 

Weight  of  iron 

Cost  of  iron,  at  JS150  .  .  . 
Cost  of  wood,  at  $1 5     .    .    . 

Cost  of  bridge 

Excess  over  least 


12.213 

34-013 

1-773 

35-786 

14.612 

21.174 

JS3176  10 

219  18 

3395  28 

59  32 


n-398 

34- 3°2 

1.480 

35-782 

13-959 
21.823 

$3273  45 

209  39 

3482  84 

146  88 


11.021 

34-157 

,      1-357 

35-514 

13-435 
22.079 

$33"  85 
201  53 

35'3  38 
177  42 


10.408 

34-635 
1. 170 

35-805 

13.007 
22.798 

$3419  70 

195  " 

3614  81 

278  85 


Here  we  see  that  n  —  11  and^  =  11. 021  are  the  conditions 
yielding  least  total  weight  of  bridge,  while  the  whole  cost  is  a 
minimum  if  n  =  7,  h  =  13.896,  and  (/  -j-  n)  =  I4f. 

Notice  that  both  of  these  minima  of  weight  and  cost  corre- 
spond to  an  odd  number  of  panels,  and  that  the  excess  of  cost 
above  the  lowest  would  in  all  cases  more  than  compensate  the 
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manufacturer  for  having  the  best  simultaneous  values  of  n  and 
h  determined  by  calculation,  as  above. 

If,  however,  there  would  be  sufficient  head-room,  we  may,  for 
this  span  and  load,  adopt  either  8  or  9  panels,  giving  more  iron, 
less  wood,  and  less  total  weight,  with  a  small  increase  of  cost. 
In  each  of  these  8  cases  it  will  be  seen  the  bridge  weight 
is  a  little  more  than  one-third  the  uniform  moving-load,  100 
tons  =  11L,  and  that  the  total  dead  load  is  slightly  greater 
than  one-fourth  the  sum  of  dead  and  live  loads. 

141.  To  exemplify  the  Method  of  Article  139,  which  pro- 
vides, at  Every  Post,  the  Means  of  resisting  the  Distorting 
Influence  of  the  Wind.  —  Taking  the  example  of  article  140, 
and  calling  the  top  horizontal  diagonals  1  inch  in  diameter  (that 
is,  0.7854  square  inch  cross-section),  and  weighing  2.654  pounds 
to  the  foot,  we  have 


Weight  of  2»  horizontal  top)  =  2n  x  2.6sJ  1?>*  +  1221 
diagonals  j  V  nz 

=  5.3o8V,324«2  +  1 0000  pounds, 

Weight  of  bottom  horizontal )  __  x  ( as  found  in  article  140,  for  both 
diagonals   ,  J  '(top  and  bottom. 

Strain  on  a  top  horizontal  strut,  from  554  =  6  tons  per  square 
inch  on  two  top  diagonals,  is  equal  to 

2  X  6  X  0.7854  sin  <£j  =  -9.4248  sin  <£,  tons. 

Now  we  already  have  the  breaking  inch  strain  on  top  hori- 
zontal struts  =  4.680056  tons,  and 


V  n*f  V  3 


sin^!  = 

.    /      t    M    -L'  "     "   '''•    ■'       '  .  /      I    -I- 

324«2 
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Therefore,  in  square  inches, 


Cross-section   of   a ' 
top  strut  .to  re- 
sist initial  strain 
on  diagonals 

And,  from  (461), 


9.4248     .  /         1 

— sin<&,  =  8.051;*    / =  S,. 

1.170014       ^'  -530    /  IOOOQ         " 

V  324«2 


Cross-section    of    a    top]  ^^  ^ 

strut  to  resist  distort-  \  =  ^ac  =   -^—  =  0.30-  -  square  inches 

■      r  f    ■  a  I  Bd*n  7  n 

mg  force  of  wind         J 

if  w  =  0.0225  ton,  /  =  4,  /  =  100,  B  =  25  tons,  and  d2  =  J 
inches. 

From  (465),  since  \2.mqn  =  12  X  -^  X  i8«  =  6o«, 


Weight  of « top  hori-)        g  •  l8^^ZI_  pounds 

zontal  struts  )  °     °  J  °         \  n*  +  30.8642  ^ 

=  1851428-+ 483.318^1/  *  pounds, 

«  V  »2-)- 30.8642 

approximately,  by  reason  of  (471),  to  avoid  the  second  power  of 
h,  for  convenience. 

Weight  to  be  added  to  floor  beams  due  to  wind  =  two  times  P, 

as  already  given. 

In  (467)  take  d  =  8  inches ;  then 

Weight  to  be  added  to  all  posts)        122  x  5  X  4  X  0.0225  X  100 
to  resist  distortion  \~  2  X  18  x  25  x  8 

=  2222.*  pounds, 
n1 

by  (471). 
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7 

In  the  previous  case  the  quantity  of  iron  of  uniform  thick- 
ness to  be  added  to  each  post  is  that  due  to  the  greatest  mo- 
ment given  by  equation  (453).  It  is  plain  from  that  equation 
that  the  added  iron  may  vary  in  thickness  from  C,  Fig.  114, 
where  it  should  be  greatest,  to  the  bottom,  where  it  may  be 
nothing.  Or,  without  increasing  the  thickness  of  the  iron,  the 
post  may  be  made  broader  at  top  than  at  bottom,  and  thus 
resist  the  bending-moment  whenever  this  broadening  is  not 
accompanied  by  too  great  reduction  of  the  thickness  of  the 
iron  composing  the  post.  In  the  present  case  x  =  \h. 
Finally,  from  (459),  calling  d2  =  4  inches, 


Weight  of  all 
braces 


}- 


6  X  5  X  4  X  0.0225  x 


18  X   18  X  0.7071 
I.74667A2 


<  100/ 

—{*  + 


48* 


3000  X  42 


=  174.667-  pounds, 
n 

by  (47i): 

Computing  for  8  values  of  n,  we  find,  ■ 


Weights  of  the  Components  of  K,  in  Pounds. 

71. 

5 

6 

J 

8 

Floor 

1  I  floor  beams  .... 

Horizontal  top  struts   ■! 
Horizontal  diagonals    •! 

'{ 

18229.0000 

22258.0000 

5459.0000 

46.7968^ 
1617.OOOO 
370.2857/4 
714.0000 
120.6662/4 

34-9333* 
1000.0000 
572.6820/4 
+49277 

18229.0000 

17884.OOOO 

5969.0000 

60.2490/2 

2128.OOOO 

308.5714^ 

781.0000 

125.3704^ 

29.IIII/4 

1000.0000 

523.3019/2 
+45991 

18229.0000 

14864.0000 

6408.0000 

70.7402/4 

2650.0000 

264.4898,4 

854.0000 

125.7336/2 
24.952^4 

1000.0000 

485.9160/2 

+44005 

18229.0000 

12663.0000 

6796.0000 

84.6172/4 

3176.0000 

231.4286,4 

931.0000 

133-4035* 
21.8333/4 

1000.0000 

471.2816A 
+42795 
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Weights  of  the  Components  of  K,  in  Pounds.  —  Concluded. 


71. 

9 

10 

11 

12 

j  I  floor  beams  .... 

Horizontal  top  struts   i 
Horizontal  diagonals   •! 

18229.0000 

10994.0000 

7146.OOOO 

96.2362,4 
3701.0000 
205.7143,4 

I0II.0000 

138.1040,4 
19.407  4A 

1000.0000 

459.4619,4 
+42081 

18229.0000 
9688.0000 
7465.0000 

1 10.66244 

4225.0000 

185.1429,4 

1093.0000 

147.2220,4 

17.4667^ 

1000.0000 

460.4940,4 

+41700 

18229.0000 
8641.0000 
7760.0000 

123.2452/4 

4746.0000 

168.3117,4 

1 1 77.0000 
154.0325,4 

15.8788,4 

1000.0000 

461.4682^ 

+41553 

18229.0000 
7784.0000 
8035.0000 

138.2578,4 

5263.0000 

154.28574 

1263.0000 

163.9358,4 

'4-5555* 
1000.0000 
471.0348,4 
+41574 

The  strain  throughout  each  top  chord  due  to  the  initial 

strain,  6  X  0.7854  =  4.7124  tons  on  each  diagonal  between 

top  chords,  is 

4.7124  cos  <f>i  tons, 

and  the  allowed  inch  strain  here  is 

16.7442 

=  4.18605  tons. 


Therefore  the  additional  cross-section  of  iron  for  both  top 
chords  due  to  initial  strain  on  top  diagonals  is,  in  square 
inches, 

2  x  4.7124        ,  0        .  22c. 148 

—     ^  ' — ^cos^!    =  2.25148 cos </>,  =  •>—? 

4.18605  V324»2  +  10000 


Additional  weight  1 
for  top  chords, 
pounds,  due 
initial  strain  on 
top  diagonals 


_  12  x  100  X  5  X  225.148  _        75°49-333 


18V324722  +  ioo2 


V3247Z2  +■  1 0000 
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The  effect  of  wind  on  the  bottom  chords  in  this  case  will 
be  twice  what  it  was  in  the  example  of  article  140,  and  may  be 
taken  from  the  table  therein  given. 

Also,  the  weights  of  the  girder  diagonals  will  be  the  same 
as  given  in  that  article. 

We  may  expect  a  heavier  bridge  this  time  than  was  found 
in  the  last  example,  by  reason  of  the  initial  strain  now  assumed 
on  the  top  diagonals,  and  the  smaller  values  of  d  for  the  top 
struts,  the  posts,  and  the  braces,  in  comparison  with  the  values 
used  in  the  two  end  frames  to  resist  wind. 

Computing  weights  for  the  different  values  of  n,  and  col- 
lecting results,  we  have,  — 

1 

/  =  100  Foot- Weights  in  Pounds,     W  and  L  in  Tons,    h  in  Feet,    nL  =  roo  Tons. 


n 
5 

Top  chords  S  Load  ■    ■ 
1  Initial  St., 

Bottom  chords  \  haaA  ' 
(Wind. 

Verticals,  total     .     .    . 

Girder  diagonals  .    .    . 

K  .    . 

4140.742 
2444.444 

1333-333 

W 
h 

9.77778 
3-33333 

Wh 

82815 
48889 

35555 

1 
h 

558 
49277 

h" 

122.2222 

568.5926 

88.8889 

572.6820 

h 

; 

vtxxmW  = 

7918.519 

+13.11111 

+167259 

+49835 

+I352.3857 

6 

Top  chords  S  Load  '     ' 
1  Initial  st., 

Bottom  chords  {  Load  ■ 
I  Wind. 

Verticals,  total     .    .    . 

Girder  diagonals  .    .    . 

K  .    . 

4866.256 
2777.778 

1388.889 

14.66667 
5.00000 

S1104 
46296 

30007 

510 
45991 

II5.7408 
544.2387 
I08.O247 
523-30I9 

zooonlV  = 

9032.923 

+19.66667 

+157407 

+46501 

+T2gi.3o6i 

7 

Top  chords  {Load  •    ■ 
1  Initial  St., 

Bottom  chords  i  Load  • 
(Wind. 

Verticals,  total     .    .    . 

Girder  diagonals  .    .    . 

K  .     . 

5525.323 
3174.604 

1360.544 

I9-55S56 
6.66666 

78933 
45351 

25915 

467 
44005 

113-3788 
489.6447 
126.9841 
485.9x60 

+J215.9236 

2000M IV  = 

ioo6o-47r 

+26.22222 

+150199 

+44472 
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1=  ioo  Foot-Weights  in  Pounds,     W  and  L  in  Tons,    h  in  Feet,    nL  =  ioo  Tons. 

n 

Top  chords  i  Load  •    ■ 

6221.067 

h 

Wh 

77763 

1 
h 

h° 

_ 

^_ 

I  Initial  St., 

- 

- 

418 

Bottom  chords  !  Load  • 

3559.027 

- 

44488 

- 

(  Wind . 

- 

- 

111.2196 

Verticals,  total 

26.07408 

- 

532.7546 

Girder  diagonals  . 

1388.889 

8.88889 

22787 

- 

145.8333 

K       . 

- 

- 

4=795 

471.2816 

2OO0K  W  = 

11168.983 

+34.96297 

+145038 

+43213 

+1261.0891 

9 

Top  chords  S  Load  '    ' 
(  Initial  St., 

Bottom  chords  i  Load  • 
'  Wind . 

Verticals,  total     .    .    . 

6881.576 
3978.051 

32,59260 

76462 
44201 

394 

110.5014 
513-4888 

Girder  diagonals  .    .    . 

1371.742 

11.11111 

20322 

- 

164.6090 

K  .    . 

- 

42081 

459.4619 

2000K  IV  = 

12231.369 

+43.70371 

+140985 

+42475 

+1248.0611 

Top  chords  J1-02"5  '    ■ 
1  Initial  st., 

7564.819 

- 

75648 

- 

364 

- 

Bottom  chords  i  Load  ' 

4388.889 

43889 

<  Wind . 

iog.7222 

Verticals,  total     .    .    . 

40.74075 

- 

578.8889 

Girder  diagonals  .    .    . 

1388.889 

13.88889 

18333 

183.3333 

K  .    . 

- 

41700 

460.4940 

zooonlV = 

I3342-597 

+54.62964 

+137870 

+42064 

+1332.4384 

ii 

Top  chords  i^°ad-    ' 
t  Initial  st., 

Bottom  chords  J  Load  ' 
'  Wind . 

Verticals,  total     .    .     . 

Girder  diagonals  .    .    . 

K  .    . 

8226.202 
4820.936 

1377-41° 

48.88888 
16.66667 

74784 
43827 

16696 

338 
41553 

109.5668 
572.6966 
202.0202 
461.4682 

2ooonlV  = 

14424.548 

+6S-5S5S5 

+135307 

+4i8gr 

+I345-75I8 

12 

Top  chords  J  Loai  ■    ■ 
1  Imtial  st., 

8903.037 

74192 

315 

Bottom  chords  i  Load  • 

5246.912 

- 

43724 

- 

- 

<  Wind . 

- 

- 

- 

109.3106 

Verticals,  total     .    .    . 

- 

58.66667 

647.5823 

Girder  diagonals  .     .    . 

1388.889 

20.00000 

15325 

220.6790 

K  .    . 

- 

41574 

471.0348 

zooonJV  = 

15538.838 

+78.66667 

+133241 

+41889 

+1448.6067 
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Multiplying  each  of  these  eight  equations  by ,  we  find 

1  20000 

the  uniform  panel  weight  of  bridge,  W,  in  terras  of  h ;  thus  : 
8.36295  +  2.49175^  +  0.06761929A2 


n=    5,     W  = 


=    6,     W  = 


n  =     7,     W  = 


n  =     8,     W 


n  ■=    9,     W  = 


«  =  10,     W  = 


=  11,     JF  = 


«  =  12,     W  = 


-°-3959259  +  °-5A  -  0.00065555A2 

7-87035  +  2-325°5^  +  Q-06456531^2 
—0.4516462  +  0.6^  —  0.0009833333^ 

7.50995  +  2.2236A  +  0.06079618^ 
—0.5030235  +  o.ih  —  0.0013111111^ 

7.2519  +  2.16065^  +  0.06305446A2 
—0.5584492  +  0.8A  —  0.001748148A2 

7.04925  +  2.12375^  +  0.06240306^ 
— 0.61156845  +  0.9^  —  0.002185186A2 

6.8935  +  2.1032A  +  0.06662192^ 
—0.66712985  +  h  —  0.002  73 1482  h? 

6-76535  +  2.09455/%  +  0.06728759^ 
—0.7212274  +  x.xh  —  0.003277777^ 

6.66205  +  2.09445/%  +  0.07243034^ 
—0.7769419  +  1.2/1  —  0.00393333A2 


Differentiating  these  equations,  and  putting  -—  =^0,  we 

find  results  as  here  tabulated;  h  corresponding  to  the  least 
value  of  n  W. 
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Span  /  =  100  Feet,    Uniform  Live  Load  =  nL  =  ioo  Tons. 


Number  of  Panels,  n. 


Height  in  feet,  h  .  .  .  . 
Weight  of  bridge,  tons,  n  W 
Panel  length,  /  -=-  re  .  .  . 
/  -i-  h  .  .  . 
Slope  of  diagonals,  <j>  .  . 
Ratio  of  dead  to  live  load . 
Ratio  of  dead  to  total  load 
Weight  of  bridge  per  lin.  ft.,  lbs., 
Weight  of  wood,  tons  .  . 
Weight  of  iron,  tons .     . 

Cost  of  iron,  at  $150  .  . 
Cost  of  wood,  at  $15  .  . 
Cost  of  bridge  .... 
Excess  over  least .... 
Cost  per  linear  foot  .    .    , 


12.69087 

43-5"95 

20.00000 

7.87970 

320  23' 50" 

0.43510 

0.30320 

870.00000 

20.22400 

23.28800 

$3493  2° 

3°3  36 

3796  56 

181  01 

37  97 


12.40999 
40.91832 

i6§ 

8.05800 

36°  40' 17" 

0.40920 

0.29040 

818.00000 

18.05700 

22.86100 

$3429  15 

270  86 

3700  01 

84  46 

37  00 


12.30556 
38.99626 

14* 

8.12640 

40°  44' 28" 

0.39000 

0.28050 

770.00000 

16.54700 

22.44900 

$3367  35 
248  20 

3615  55 

o 
36  16 


11.79210 
38.45946 

I2£ 

8.48020 

43°  19' 5i" 

0.38460 

0.27780 

769.00000 

15.44600 

23.01300 

$34Si  95 

231  69 

3683  64 

68  09 

3684 


Number  of  Panels,  «. 


10 


12 


Height  in  feet,  h 

Weight  of  bridge,  tons,  nW .    . 

Panel  length,  I  -±  n 

I  +  A 

Slope  of  diagonals,  <j>  .  .  .  . 
Ratio  of  dead  to  live  load .  .  . 
Ratio  of  dead  to  total  load  .  . 
Weight  of  bridge  per  lin.  ft.,  lbs., 
Weight  of  wood,  tons  .... 
Weight  of  iron,  tons 

Cost  of  iron,  at  $150  .  .  .  . 
Cost  of  wood,  at  $15    .    .    .     . 

Cost  of  bridge 

Exceft  over  least 

Cost  per  linear  foot 


11.59226 
37-83525 

8.62640 

460  12'  51" 

0.37840 

0.27450 

757.00000 

14.61200 

23.22300 

#3483  45 

219  18 

3702  63 

87  08 

37  03 


11.06714 

38.08053 

10.00000 

9.03580 

47°54'o" 

0.38080 

0.27580 

762.00000 

13.95900 

24.12200 

#3618  30 

209  38 

3827  68 

212  13 

38  28 


10.82859 
38.04843 

9tV 

9.23480 

49°  59' 8" 
0.38050 
0.27560 

761.00000 

134350° 
24.61300 

$3691  95 
201  53 

3893  48 

277  93 

38  93 


10.37666 
38.60209 

8i 

9.63700 

5i°i3'57" 

0.38600 

0.27850 

772.00000 

13.00700 

25.59500 

$3839  25 
195  n 

4034  36 
418  81 

40  34 
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Here,  again,  we  find  least  weight,  nW  =  37.83525  tons, 
answering  to  the  odd  number  of  panels,  9,  and  the  height, 
h  =  11.59226  feet ;  while  the  inclination  of  diagonals  to  hori- 
zon, 4>,  is  about  1^  degrees  above  45  degrees. 

The  least  cost,  at  the  rates  here  assumed,  corresponds  to 
7  panels ;  it  being  understood  that  we  have  once  or  twice 
employed  the  approximation  involved  in  (471). 

142.  Again,  by  the  method  of  article  139,  take  the  same 
example,  except  that  the  uniform  live  load  is  now  2  tons  to  the 
linear  foot,  instead  of  1  ton,  as  in  article  141. 

1st,  The  floor,  as  before,  weighs 

_       2.5 
F  =  —  X  17.5  X  100  x  50  =  18229  pounds. 

2d,  By  (432), 

Thickness  of  a  joist,  b  =  {  9  X  10  x  2  x  i°0/l8229  +  400000)  I* 
\  n*  x  17.5  X  7000  v        *      *  '\ 

=*  °'   '     •*  inches. 

And,  from  (433), 

,„  .  ,      r  ■  ■        t      I0°  X  X7-S  x  S°/9-°7ZI53\       226854 
Weight  of  joists,  /  = i44yg        [4/j  =  —^  pounds. 

3d,  Depth  of  I  floor  beams,  from  (412),  as  in  article  140, 

1/226854  HsmU 

a  =  ^.80122-5 1 — f-  418229  I— (■ 

0  (\    n1-2  *        y/  5000072  ) 

//  +  418229^ 
=  0.4331885! J   inches. 

By  (434), 

Weight  of  I-beams, 

■;  I J  +  418229      18.5  x  4\f 

P  =  IS.46o68(«  -  ,)  X  ^  x  l8.5(^— J ?  X  -^555-j 

,//  4-  418229X1 
=  i.03i824(»  —  i)( )   pounds. 
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4th,  Take  top  horizontal  diagonals,  each  \\  inches  in  diam- 
eter. Cross-section  =  0.99402  square  inches ;  weight  =  3.359 
pounds  per  foot.     Then 

Weight  of  211  top  horizontal  diagonals 

=  2«  x  3-3S9\/i82  -| =  6.7i8V324«2  +  10000  pounds. 


Weight  of  bottom 
horizontal  diag- 
onals 


_  y_  2X5X4X18X6  Tj/  \n%  (n  even)j 

18  x  24sin2$,         '  (  («2—  i)(«odd), 


as  in  article  140,  for  both  top  and  bottom. 


Wi  =  kwlt 


zn      sin2  <£, 


1  + 


1 0000 


5  th,  Strain  on  each  top  horizontal  strut  from  %£■  =  6  tons 

per  square  inch  on  two  top  diagonals  =  2  X  6  X  0.99402 

sin^  =   1 1.92824 sin 0T  tons;    allowed   inch   strain  on  strut 

4.680056  _, 

= =  1.170014  tons.     Therefore 


Cross-section  of  a 
top  strut  to 
resist  initial 
strain  on  diag- 
onals 


11.92824 

siuii,  =   10.104915 

1.1 70014       ^  "'•' 


1  + 


1 0000 
324»2 


From  (461), 


Cross-section  of  a  top  strut 
to  resist  distorting  force 
of  wind 


=  2ac  =  W^!  =  0.30^!  square  inch. 
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From  (465), 


Weight  of  n  top  hon- )         0  ,,  ,   ,  ,    /  T 

*       ,    t    t  >=  18.S143A2  +  61  i.6tfri\ pounds 

zontal  struts  J  °  ^°  y/    W  + 30.8642  F 

=  i85i.428-  +  6ii.697«H/ pounds, 

n  y'     V  «2+ 30.8642  F  ' 


by  reason  of  (471). 


6th,   Weight   to   be  added  to    floor-beams,   due  to  wind, 
=  2  X  P'  in  article  140,  changing  d. 

7th,  Weight  to  be  added  to  all  posts  to  resist  distortion  by 

9000 
wind  =  — —h  pounds,  as  before. 


8th,  Weight  of  all  braces  =  174.667-  pounds,  as  before. 

n 


Computing  for  8  values  of  n,  we  find,  — 


Weights  of  Components  of  K,  in  Pounds.    I  =  100  Feet,    nL  =  200  Tons. 


«. 

5 

6 

7 

8 

floor    

( I  floor  beams     .    .    . 

Horizontal  top  struts  \ 
Horizontal  diagonals  \ 

*1 

18229.0000 

32884.0000 

8303.0000 

43-4410/5 
2046.0000 
370.2857-5 
904.0000 
120.6662,4 

34-9333-* 
1200.0000 
569.3262,4 
+63566 

18229.0000 

26422.0000 

9102.0000 

55-4297-4 
2693.0OOO 
308.5714/5 
989.OOOO 
125.37044 
29.1 1 1 1/4 
1200.0000 
518.4826,4 
+  58635 

18229.0000 

21960.0000 

9790.OOOO 

64.5618/5 
3354.0000 

264.4898,5 
I 08 I. 0000 

125.7336/5 

24.9524^ 

1200.0000 

479-7376/5 
+556i4 

18229.0000 

18708.0000 

10398.0000 

76.6677A 

4019.0000 

231.4286,4 

1 1 78.0000 

I33-4035<4 
21.8333/5 
1200.0000 

463-333^ 
+53732 
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Weights  of  Components  of  K,  in  Pounds.    I  =  100  Feet,    nL  =  200  Tons. 


-. 

9 

10 

11 

12 

Floor    

(™  floor  beams     .    .    . 

Horizontal  top  struts  < 
Horizontal  diagonals  | 

18229.0000 
16243.0000 
10944.0000 

86.6164^ 
4684.0000 

205.7143,4 
1279.0000 
138.1040,4 
19.4074,4 

1200.0000 
449.8421^ 
+  52579 

18229.0000 

14313.0000 

1 1443.0OOO 

98.9896,4 

5347.0000 

185.1429.4 
1383.0000 

147.2220/4 

17.4667.4 

1200.0000 

448.8212,4 

+51915 

18229.0000 

12767.0000 

1 1903.0000 

109.6167,4 

6006.0000 

168.3117,4 

1490.0000 

154.0325.4 
15.8788/4 

1200.0000 
447.8397/4 
+  51595 

18229.0000 
1 1 501. 0000 
1 233 1. 0000 

122.3137/4 
6661.0000 

154.2857,4 
1599.OOOO 
163.9358/4 

14-5555^ 
1200.0000 
455.0907/4 
+51521 

9th,  Taking   Q  =  16.7442   tons,  as   in   article    140,  L  = 

2l      200 .  , 

—  = tons,  we  now  have 


Weight  of  top  chords  due  to  verti- 
cal pressures,  in  pounds 


1  = 


S  X  4  X  loo'     lw  |   200^ 


2  X  18  X  16.7442^ 

2«2  +  3«  —  2 
(n  even). 


ztii  +  T,n2  —  2«  —  3 
X   ^—3 («  odd). 


Strain  throughout  each  top  chord  due  to  initial  strain  of 
2£  X  0.99402  =  5.96412  tons,  along  each  diagonal  between 


top  chords,  is 


5.96412  cos  <£T  tons. 


16.7442 
Allowed  inch  pressure  on  top  chords  =  =  4.18605  tons. 
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Additional  cross-section  of  iron 
for  both  top  chords  due  to  in- 
itial strain  on  top  diagonals 


2  X  5.96412 
4.18605 


COS0, 


4'"5  square  inches. 

V^324«2  +  1 0000 


Additional  weight  for 
top  chords  due  in- 
itial strain  on  top 
diagonals,  pounds 


_  12  X  100  X  5  X  284.952 


_949_8_4_ 


i8V324«2  +  1002  V324«2+  10000 


10th,  From  (425), 

Weight  of  bottom  chords  due  )  _ 
vertical  forces,  pounds  j 


5  X  4   X 


(?zeven), 


2  X  18  X 

2»3    —    3«2    +    2  27Z    —    24 


2»3    —    3«2    +    22H   —    21 

X  -2 (rcodd). 


From  (436),  s  being  zero,  multiplying  by  2, 

Weight  of  bottom  chords  due  )  _  5  X  4  X  1003  X  0.0225^ 
wind,  in  pounds  J  ~  18  x  24  X  18 

2«3  —  3«2  +  2272  —  24 


n3 


(rceven), 


2tl3   —   3»2   +   22«   —    21 

X  -3 (»odd). 


nth,  From  (426),  Ql  being  8.181818  tons, . 
Weight  of  verticals,  in  pounds, 

=    3X5X4   fr/;;.,.  ■     S  X  4  X  200k   hrf  +  3n-  io\ 
18x8.1818  2Xi8x8.i8i8\  n  j 

(n  even), 

_    3X5X4   m(*-i)+    5X4X200/^   /7«»-3«1-7"  +  3\ 
~  18  X  8.1818^   (         i;  +  2Xi8x8.i8I8V  «2  J 

(n  odd) . 
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Weight  of  verticals  due  wind  =  oooo— 

»2 


ii  d  =  8  inches. 


I  /2 

12th,  From  (428),  — being  equal  to  1  -j , 

sin2  (f>      •  n2h2 

Weight  of  girder  )  ^4X5  X  200X4^/^-^  |     3X5X4^    Wr, 
diagonals        J         18 x  24 sin2 (f>  \    n    j     i8X24sin2^> 

(n  even), 

^4  X  5  X  200  x  ^hln1- 1\  {     3X5X4^    w,n* 
18  x  24  sin2  <f>  \    n    j     i8X24sin20 
(n  odd). 
We  therefore  have,  — 

Weights  in  Pounds,     W  in  Tons,    h  in  Feet,    nL  =  200  Tons. 


I) 


n 
5 

Top  chords  j  Load  '    ' 
1  Initial  St., 

Bottom  chords  \  Load  ■ 
'  Wind. 

Girder  diagonals  .    .    . 
K  .    . 

4140.742 
2444.444 

J333-333. 

W 
h 

9.77778 
3-33333 

Wh 

165630 
97777 

71111 

1 
h 

706 
63566 

k° 

122.2222 
777.1852 
177.7778 
569.3262 

A 

2ooonW  = 

7918.519 

+I3.nnr 

+334518 

+64272 

+1646. 5114 

6 

Top  chords  i  Load  '    ' 
( Initial  St., 

Bottom  chords  {  Load  ' 
I  Wind. 

Girder  diagonals  .    .    . 

K  .    . 

4866.256 
2777.777 

1388.889 

14.66667 
5.00000 

162208 
92592 

60014 

645 
58635 

115.7408 
838.4774 
216.0494 
518.4826 

2OO0«  W  = 

9032.922 

+19.66667 

+314814 

+59280 

+1688.7502 

7 

Top  chords  fLoad  •    • 
t  Initial  St., 

Bottom  chords  i  Load  ' 
(Wind. 

Girder  diagonals  . 

K  .     . 

5525-323 
3I74.604 

1360.544 

I9-55SS6 
6.66666 

157866 
90702 

51830 

590 
S56r4 

113-3788 
795.6r6o 
253.9682 
479-7376 

2000M  W  = 

10060.471 

+26.22222 

+300398 

+56204 

+1642.7006 
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Weights  in  Pounds,     W  in  Tons,    h  in  Feet,    nL  =  200  Tons. 


n 
8 

Top  chords  !  Load  '    * 
'  Initial  St., 

Bottom  chords  i  Load  * 
(  Wind . 

Girder  diagonals  .     .     . 
K  .    . 

6221.067 
3559-027 

1388.889 

IV 
h 

26.07408 
8.88889 

Wh 

155526 
88976 

45574 

1 
h 

542 
53732 

A° 

111.2196 
924.8842 
291.6666 
463-333I 

h 

2000M  W  = 

11168.983 

+34.96297 

+290076 

+54274 

+1791.1035 

9 

Top  chords  j  Load  ■    • 
(  Initial  St., 

Bottom  chords  j  Load  • 
(Wind. 

Girder  diagonals  .    .    . 

K  .     . 

6881.576 
3978.OSI 

1371.742 

32.59260 
ii.iiiii 

152924 
88402 

40644 

499 
52579 

110.5014 
915.8665 
329.2180 
449.8421 

2000W  W  = 

12231.369 

+43-7037J 

+281970 

+53078 

+1805.4280 

10 

Top  chords  (  Load  '     ' 
1  Initial  si., 

Bottom  chords  j  Load  ' 
(  Wind. 

Girder  diagonals  .    .    . 
K  .    . 

7564.819 
4388.889 

1388.889 

40.74075 
13.88889 

151296 
87778 

36667 

461 
5I9I5 

109.7222 
1067.7777 
366.6667 
448.8212 

2DOOW  W  = 

i3342-597 

+54.62964 

+275741 

+52376 

+1992.9878 

]        XI 

Top  chords  1  Load  '    ' 
'  Initial  St., 

Bottom  chords  S  Load  * 
'  Wind . 

Girder  diagonals  .     .    . 
K  .    . 

8226.202 
4820.936 

1377.410 

48.88888 
16.66667 

149568 
87654 

33392 

428 
51595 

109.5668 
1071.0130 
404.0404 
447-8397 

2000M  W  = 

14424.548 

+65-55555 

+270614 

+52023 

+2032.4599 

1     12 

Top  chords  S  Load  •    ■ 
'  Initial  St., 

Bottom  chords  j  Load  ' 
1  Wind . 

Girder  diagonals  .     .    . 

K  .     . 

8903.037 
5246.912 

1388.889 

58.66667 
20.00000 

148384 
87448 

30650 

399 
51521 

109.3106 
1232.6646 
44i.358o 
455-0907 

zooonlV  = 

15538.838 

+78.66667 

+266482 

+51920 

+2238.4239 
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Multiplying  each  of  these  8  equations  by  (k  -4-  20000),  we 
find  the  uniform  panel  weight,  W,  of  bridge,  in  terms  of  h, 
thus : 

_  w  __    16.7259  +  3.2136/ft  +  0.0823255  7A2 

S'  ~   -0.395926  +  0.5/1  -  0.00065555^" 

15.7407  +  2.964^  +  0.08443751A2 


n  =    6,  W 


n  =  7,  W  = 


n  =    8,  W  = 


n  =    9,  W  = 


—  0.45 1 646 1  +  0.6-$  —  0.00098333A2 

15.0199  +  2.8102A  +  0.08213503A2 
—0.5030235  +  0.7^  —  o.ooi3inn^2 

14.5038  +  2.7137^  +  0.08955518^  _ 
—0.5584491  +  0.8^  —  0.001748148A2 

14.0985  +  2.6539A  +  0.0902  714A2 
— 0.6115685  -f-  0.9^  —  0.002185185A2 


1 

7„        I3-787°5  +   2-6188/6  +  0.09964939A2 

71  =  10,     yV  =  

—0.66712985  +  h  —  0.002  73 1482A2 

I3-53°7  +  2.60115^  +  0.10162299A2 
— 0.7212274  +   \.\h  —  0.00327777A2 

I3.324I    +    2.596^   +   O.III92I20^z 

—0.7769419  +  1.2/4  —  0.00393333/&2 


n  =  11,     W 


n  =  12,     W  = 


Differentiating,  and  putting  — — -  =  o,  according  to  equation 

ah 

(470),  we  find,  — 
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Height,  h,  answering  to  Minimum  Value  of  nW. 

Span  /=  100  Feet,    Uniform  Live  Load  nL  =  200  Tons. 


Number  of  Panels,  n. 


Height  in  feet,  h  .    .    . 
Weight  of  bridge,  n  W . 
Panel  length,  feet,  /  -f-  n 
Ratio  of  length  to  height 
Slope  of  diagonals,  <p     . 
Ratio  of  dead  to  live  load 
Ratio  of  dead  to  total  load     . 
Weight  of  bridge  per  lin.  ft.,  lbs 
Weight  of  wood,  tons    .     .     . 
Weight  of  iron,  tons .... 


Cost  of  iron,  at  $  r  50 
Cost  of  wood,  at  $15 
Cost  of  bridge  .  . 
Excess  over  least .  . 
Cost  per  linear  foot  . 


15.43076 

39.97030 

20.00000 

6.48060 

37°  39' 6" 

0.29985 

0.23068 

1 199.00000 

25.55650 

34.41380 

$5162  07 

383  35 

5545  42 

210  18 

55  46 


i4-6i593 
57.05609 
1 6| 

6.84180 

41°  14'  58" 

0.28528 

0.22196 

1141.00000 

22.32550 

34.73060 

$5209  59 
334  88 

5544  47 
209  23 

55.45 


14.32074 

54-5533' 
i4f 
6.98290 

45°  4'  13" 

0.27277 

0.21431 

1091 .00000 

20.99450 

33-55880 

$5033  82 
301  42 

5335  24 
o 

53  35 


I3-43I54 
54.38682 

I2| 
744520 

47°  3' 27" 

0.27193 

0.21379 

1088.00000 

18.46850 

35-91830 

$5387  75 

277  03 

5664  78 

329  54 
5665 


Number  of  Panels,  w. 


10 


11 


12 


Height  in  feet,  h  .     .    . 
Weight  of  bridge,  n  W. 
Panel  length,  feet,  /  -f-  n 
Ratio  of  length  to  height 
Slope  of  diagonals,  (j>     . 
Ratio  of  dead  to  live  load 
Ratio  of  dead  to  total  load 
Weight  of  bridge  per  lin.  ft.,  lbs., 
Weight  of  wood,  tons    . 
Weight  of  iron,  tons .    , 


Cost  of  iron,  at  $150 
Cost  of  wood,  at  $15 
Cost  of  bridge  .  . 
Excess  over  least .  . 
Cost  per  linear  foot  . 


13.10601 
53.61297 

7.63010 

49°  42'  33" 

0.26806 

0.21 140 

1072.00000 

17.23600 

36.37700 

#5456  55 

258  54 

5715  09 

379  85 
57  15 


12.33301 

S4-43510 

10.00000 

8.10830 

50°  57' 49" 

0.27218 

0.21394 

1089.00000 

16.27100 

38.16410 

$5724  62 

244  07 

5968  69 

633  45 

59  69 


12.04572 
54.39900 

9* 

8.30170 

52°  57' 30" 

0.27199 

0.21384 

1088.00000 

1 5.49800 

38.90100 

#5835  15 

232  47 

6067  62 

732  38 

60  68 


11.40376 
55-64659 

8* 

8.76900 

53°  5°' 33" 
0.27823 
0.21767 

1 1 13.00000 
14.86500 
40.78160 

$6117  24 

222  98 

6340  22 

1004  98 

63  40 
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Here,  for  weight,  the  minimum  minimorum  is  53.61297  tons, 
n  =  9,  j>  =  490  42'  33" ;  while  for  cost,  at  the  assumed  prices, 
the  least  is  $5,335.24,  answering  to  n  =  7,  and  <£  =  45 "4'  13". 

Comparing  these  results  with  the  corresponding  ones  in 
article  141,  we  conclude  :  — 

1st,  For  a  given  span  and  number  of  panels,  if  we  increase 
the  live  load,  we  should  increase  the  height. 

2d,  As  the  live  load  increases,  the  ratio  of  dead  to  both  live 
and  total  loads  diminishes. 

143.  As  another  example,  let  the  span  /  =  200  feet ;  uniform 
live  load  nL  =  200  tons,  or  1  ton  per  linear  foot ;  other  data  as 
in  articles  141  and  142.  Compute  for  n  =  8,  9,  10,  11,  12,  13, 
14,  15. 

1st,  The  floor  weighs 

2.5 
F  =  —  X  17.5  X  200  x  50  =  36458  pounds. 

2d,  By  (432), 

Thickness  of  a  joist,  b  =  \  9  X  10  x  2  x  200(36458  +  400000)  i* 
(  «2  X  17.5  X  7000  vo  ^        ^  '  \ 

10.51042 
= — —  inches. 

And,  from  (433), 

200  x  17. k  X  i;o/io.i;io423\      7051:23 
Weight  of  joists,  /  = I447x52    5(-4^-j  =  St  P°unds- 

3d,  Depth  of  I  floor  beams,  from  (412), 

.  0         1/705523    ,        ,  „0V8-5  X  4l* 

d  =  3.80122  \[—^-  +  436458^)^^^-  J 

//  +  436458V  .    , 
=  0.4331885I J   mches. 
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By  (434). 
Weight  of  I-beams, 

P  =  xS46o68(*  -  r)  X    *    X  ,8.5(/+ 43<i458  X  l8'S  X  4J 
3  n         v  '        18  D\  n  50000   / 

J/  4-  436458\»  , 

=  1.031824(72  —  i)(  I    pounds. 

4th,  Top  horizontal  diagonals,  as  in  article  142,  weigh 

6.7i8V324«z  +  40000  pounds, 
/  now  being  200. 


Weight  of  bottom 
horizontal  diag- 
onals 


_  x  _  2x5X4X18x6^  ( n2  (n  even), 
i8X24sin2$I         '}  («2— 1)  (»o< 


dd). 


w  —  ^w^         1       _       ,  40000 
2«      sin2^  i82»2 


5th,  Top  horizontal  struts,  as  before,  with  change  of  /  from 
100  to  200. 


Cross-section  of  one,  due  initial  strain,  =  Sx  =  10.19495 


,  40000 


324« 
From  (461), 

h2 
Cross-section  of  one,  due  wind,  =  2ac  =  0.6 1£ —  square  inches. 

n 
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From  (465), 

Weight  of  n  top  horizontal  struts 

=  37.02857A2  +  6ii.697«H/ - —  pounds 

V  w-  +  123.4568 

=  7405.714-  +  6ii.697»H/ - —pounds, 

n  V  »2  +  123.4568 

by  reason  of  (471). 

6th,  Weight  to  be  added  to  floor  beams,  due  to  wind,  is 
equal  to  • 

/         6s.7I2x  [  *  (*  even), 
AP'  =  15.416666^1  +  ^- j     £_-_!  {n  Qdd)_ 


7th,  Weight  to  be  added  to  posts  to  resist  wind  is  equal  to 

I2Z  x  5  x  4  X  0.0225  *  200^3  72000 

5—- vy  0  „ =  1.8A3  =  — ; — ^  pounds. 

18  X  25  x  8  x  2  n*       * 

by  reason  of  (471). 

8th,  Braces.     From  (459),  if  b  =  5  feet,  d2  =  4  inches. 


Weight  of  braces 


-  4  X  6  X 
18 


:  5  x  0.0225  x  2°^Yi  + ^!_\  =  3.58333^ 

X  18  X  0.707112         \        3000  x  4V 


n 
by  (471). 


716.666, 
h, 


GIRDERS   WITH  EQUAL   AND  PARALLEL   CHORDS.      385 
Computing  for  8  values  of  n,  we  find,  — 

Weights  of  Components  of  K,  in  Pounds.    /  =  200  Feet,    nL  =  200  Tons. 


ft 

8 

9 

10 

• 

11 

( I  floor  beams     .     .    . 
( Do.  from  wind    .     .     . 

Horizontal  top  struts  I 
Horizontal  diagonals  j 

36458.0000 
58184.0000 
1 1 294.0000 

150.9538/4 
2859.0000 
925.7142* 
1656.0000 
527.2219,4 
89.5833* 
2000.0000 
1693.4732* 
+  112451 

36458.OOOO 
50515.0000 
1 1809.0000 
170.5809,4 
3465.0000 
822.8571,4 
1729.0000 
504.8319/4 
79.6296* 

2000.0000 

1 577-8995'* 
+  105976 

36458.0000 

44516.0000 

12282.0000 

■194.9868,5 

4092.0000 

740.5714/4 

1808.0000 

502.7783/4 

71.6666/5 
2000.0000 
1510.0031* 
+  101156 

36458.OOOO 

39705.OOOO 

I272I.OOOO 

215.9620* 

4734.OOOO 

673.2467* 
1 89 1. 0000 

495.8917* 
65.1515* 

2000.0000 

1450.2519* 

+97509 

« 

1 

12 

13 

14 

15 

( I  floor  beams     .     .    . 
1  Do.  from  wind  .    .    . 

Horizontal  top  struts  •} 
Horizontal  diagonals  < 

36458.OOOO 
35768.OOOO 
13131.0000 
240.9957,5 
5386.OOOO 
617. 1428/5 
1978.OOOO 
501.4819* 
59.7222* 
2000.0000 
1419.3426^ 
+94721 

36458.0000 
32492.0000 
13518.0000 

263.1340,5 
6031.0000 

569.6703/5 
2067.0000 
503.6705/4 
55.1282/4 
2000.0000 
1 39 1. 6030.4 
+92566 

36458.OOOO 
29727.0000 
13884.OOOO 

288.8560,5 
6708.0000 

528.9796,4 

2 1 6l. 0000 

512.2314* 

5I.I905/4 

2000.0000 

1381.2575,5 

+90938 

36458.0000 
27365.0000 
14231.0000 

312.0545* 
7373.0000 
493-7143^ 

2257.0000 

520.3630* 
47.7777* 

2000.0000 

I373-9095^ 
+89684 

9th,  Taking  Q  =  16.7442  tons,  as  before,  and  L  =  -  =  — 

n        n 

tons,  we  find 
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Weight  of  top  chords  due  vertical 
pressures,  in  pounds 


5  X  4  X  2002 


(V+£22\ 
\  *  / 


2  X  18  X  16.7442/% 

2#2    +   3«    —    2 

X (n  even), 

27lz    +    XT?    —    2fl   —    T. 
X  2_ i  {n  odd). 


Strain  throughout  each  top  chord  due  to  initial  strain  of 
%£  X  0.99402  =  5.96412  tons,  along  each  diagonal  between  top 


•chords,  is 

Allowed  pressure  on  top  chords  = 


5.96412  cos<f>I  tons. 
16.7442 


.Additional  cross-section  of  iron  for 
both  top  chords  due  to  initial 
strain  on  top  diagonals 


=  4.18605  tons  per  square  inch. 

2  x  3.06412         1 

_  — a  p  y  •* —  Cos  0, 

4.18605  r 

_         5  9-9  4      ,  square  inches. 
^324^  +  40000 


.Additional  weight  for 
top  chords  due  in- 
itial strain  on  top 
-diagonals,  pounds 


_  12  x  200  X  5  x  569.904  _         379936 

i8V'324»2  +  2002  V324»2  +  40000 


10th,  From  (425), 
Weight  of  bottom  chords  due  }  _  5X4 


vertical  forces,  pounds 


X  *°*(w  1   2S2\ 
X  2$h\  n  J 

(n  even), 


2  x  18 

27Z3    —    3«2    +    22«    —    24 


2«3    —   3»2   +    22«   —    21  „. 

X i—^ («  Odd). 
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From  (436),  e  being  zero,  multiplying  by  2, 

Weight  of  bottom  chords  due  \  _  5  x  4  X  200^  x  0.0225/fc 

wind,  in  pounds  J  ==  18  x  24  x  18 

♦ 

2n3  —  3«2  -f-  22«  —  24 
X  -3 («  even), 

2«3    —    TM7,  4-    22«   —    21      - 

x 6—^ («  odd). 

nth,  From  (426),  g,  being  8.1 818 18  tons, 


Weight  of  verticals  due  load,  pounds, 

X  4  X  200^     /-jri*  +  3W  —  io\ 
18  X  8.181818V  n  ) 


_3  X  5  X  $Whri* s_ 

18  X  8.181818        2  X 

(n  even), 

_  3X5X4^^-  1)   ,        5  X  4  X  200/ft     /-jfii  —  sri*  —  in  +  3\ 
18  x  8.181818  2  x  18  x  8.i8i8i8\  «*  ) 

(n  odd). 

Weight  of  verticals  due  wind,  pounds,  by  (467), 

144  x  s  x  4  x  0.0225  X  200  72000^ 

—  18  x  2  x  25  x  8  =       «i_ 

approximately,  (471). 

j 

1  72 

1 2th,   From  (428),  where  — —  =  1  +  — , 

sin2  $  n2k2 

Weight  of  girder  diagonals 

_  4  X  5  X  200  X  Mn*  -  i\         3X5X4*  w* 


18  X  24  sin2  0      \      n      I        18  X  24  sin2  0 
(«  even) 

_  4  X  5  X  200  X  4* 
18  X  24  sin2  <£ 

(»  odd) 


4/*^  +    3X5X4*  W{n,  _  I} 
\     n     j       18  X  24  sin2  #     v 
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Weights  in  Pounds,     W  in  Tons,    h  in  Feet,    nL  =  200  Tons. 


n 

8 

Top  chords  i  Load        ' 
<  Initial  St., 

Bottom  chords  J  Load  * 
1  Wind . 

Girder  diagonals  .    .    . 

K  .    . 

248S4 
14236 

5556 

IV 
h 

8.8889 

Wh 

622100 
3559°° 

182292 

1 
h 

1542 
112451 

h° 

889.757! 
1909.258 

291.667 
1693.473 

' 

zooonW  = 

44676 

+34.963O 

+1160292 

+11 3993 

+4784-I55 

9 

Top  chords  j  Load  •    ■ 
'  Initial  St., 

Bottom  chords  {  Load  ■ 
(Wind. 

Girder  diagonals  .    .    . 

K  .    . 

27526 
15912 

5487 

32.5926 

11. mi 

61 1689 
353600 

162577 

1476 
105976 

884.012 
1693.644 

329.218 
1577.900 

200011 W  = 

48925 

+43-7°37 

+1127866 

+i°7452 

+4484.774  •' 

TO 

Top  chords  [^  ■    ■ 
I  Initial  St., 

Bottom  chords  j  Load  ■ 
*  Wind . 

Girder  diagonals  .    .    . 
K  .    . 

30259 
17556 

5556 

40.7408 
13.8889 

605180 
35"20 

146667 

1412 
101156 

877.778 
1697.778 

366.667 
1510.003 

zooonW  = 

53371 

+54-6297 

+1102967 

+102568 

+4452.226 

II 

Top  chords  j  Load  ■    ■ 
'  Initial  St., 

Bottom  chords  i  Load  • 
1  Wind . 

Girder  diagonals  .    .    . 
K  .    . 

■    32905 
19284 

5510 

48.8889 
16.6666 

598272 
35061S 

133567 

1350 
975C9 

876.534 
1591.675 

404.040 
1450.252 

vooonW '  = 

57699 

+65-5555 

+1082457 

+98859 

+4322.501 

12 

Top  chords  i  Load  '    ■ 
(  Initial  St., 

Bottom  chords  i  Load  • 
1  Wind . 

Girder  diagonals  .    .    . 
K  .    . 

35612 
20988 

5556 

± 

58.6667 
20.0000 

593533 
349800 

122599 

1291 
94721 

874.486 
1670.165 

44T-357 
I4I9-343 

zoaonW  = 

62156 

+78.6667 

+1065932 

+96012 

+4405.351 
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Weights  in  Pounds,    W  in  tons,    h  in  Feet,    nL  =  200  Tons. 


n 

13 

Top  chords  ft-03*1,      ■ 
1  Initial  St., 

Bottom  chords  j  Load  ■ 
<  Wind . 

Girder  diagonals  .    .    . 
K  .    . 

38260 
22801 

55=3 

W 
h 

68.4444 
23.3333 

Wh 

588615 
3S0785 

113286 

1 
h 

1235 
92566 

** 

874.930 
1614.025 

478.633  ' 
1391.603 

h 

2O0OK  W  = 

66584 

+91.7777 

+1052686 

+93801 

+4359.191 

14 

Top  chords  i^oadt      ' 
<  Initial  st., 

Bottom  chords  \  Load  ' 
*  Wind. 

Verticals      ... 

Girder  diagonals  . 

K  .    . 

40952 
24490 

5S56 

79.8519 
27.2222 

585028 
349857 

105280 

1181 
90938 

874.636 
1729.182 

5I5-874 
1381.257 

20OOW  W  = 

70998 

+107.0741 

+1040165 

+92119 

+4500.949 

IS 

Top  chords  S  Load  •    • 
'  Initial  St., 

Bottom  chords  1  ^^  ■ 
<  Wind . 

Girder  diagonals  .    .     . 
K  .    . 

43602 
26272 

5531 

91.2593 
31. mi 

581360 
350293 

98326 

1131 

89684 

875.720 
1699.028 

553.086 
1373.909 

zooonlV  = 

754°S 

+122.3704 

+1029979 

+90815 

+4501.743 

Multiplying  each  of  these  8  equations  by  (h  -f-  20000),  we 
find  the  uniform  panel  weight,  W,  of  bridge,  in  terms  of  h, 
thus : 

58.0146  +  5.69965A  +  0.2392078^ 


n=  8,  W  = 
n  =  9,  W  = 
n  =  10,    W  = 


—  2.2338  +  0.8A  —  0.00174815^ 

56-3933  +  5-37g6^  +  0.2242387^ 
—  2.44625  +  oqh  —  0.002185185^ 

55.14835  +  5.1284/&  +  0.2226113^ 

—  2.66855  +  h  —  0.002731485^ 
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n  =   n,  W  = 

n  =   12,  JF  = 

«  =  13,  fF  = 

#  =  14,  W  = 

n  =  15,  JF  = 


54.12285  +  4.94295^  +  0.216125A2 

—  2.88495  +  I-1^  —  0.00327777A2 

53.2966  +  4.8006^  +  0.2202675A2 

—  3.IO78  +  1-2^  —  0.00393333^  ' 

52.6343  +  4.69005,%  +  0.2179595^ 
—  3.3292  +  I.3A  —  O.OO458888A2 

52.O0825  +  4.60595^  +  0.2250475^ 

-3-5499  +  i-4*  -  0.005353705^ 

51.49895  +  4-54075^  +  0.2250872^ 
— 3-77025  +  I-5^  —  0.00611852^ 


Differentiating  these  equations  according  to  the  form  (470), 
and  solving  for  h  and  W,  we  find  as  follows  :  — 

Height,  h,  answering  to  Minimum  Value  of  nW. 

Span  /=  200  Feet,    Uniform  Live  Load  nL  =  200  Tons. 


Number  of  Panels,  «. 

8 

9 

10 

11 

Height  in  feet,  h 

19.42424 

1940333 

19.03250 

18.89406 

Weight  of  bridge,  n  IV.    .    ■.    . 

163.83300 

155.38700 

151.80500 

147.73400 

Panel  length,  feet,  I  -^  n  .    .    . 

25.00000 

22I 

20.00000 

18ft 

Ratio  of  length  to  height  .    .    . 

10.29700 

10.30800 

IO.5080O 

10.58500 

Slope  of  diagonals,  <p    .    .    .    . 

37°  50' 46" 

41°  7' 33" 

43°  34'  48" 

46°  5'  54" 

Ratio  of  dead  to  live  load .    .    . 

0.81900 

0.77700 

0.75900 

0.73800 

Ratio  of  dead  to  total  load    .     . 

0.45030 

0.43720 

043150 

0.42490 

Weight  of  bridge,  lbs.  to  lin.  ft, 

1638.00000 

1554.00000 

1518.00000 

1477.00000 

Weight  of  wood,  tons  .... 

47.32100 

43.48700 

40.48700 

38.08100 

Weight  of  iron,  tons     .... 

116.51200 

1 1 1.90000 

111.31800 

109.65300 

Cost  of  iron;  at  $150     .... 

#17476  80 

$16785  00 

$16697  70 

$16447  95 

Cost  of  wood,  at  $15    .... 

709  82 

652  31 

607  31 

571  22 

Cost  of  bridge      ....... 

18186  62 

17437  31 

17305  01 

17019  17 

Excess  over  least 

1 167  45 

418  14 

285  84 

0 

Cost  per  linear  foot 

9°  93 

87  19 

86  53 

85  10 
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Height,  h,  answering  to  Minimum  Value  of  n  W.  —  Concluded. 

Span  /  =  200  Feet,    Uniform  Live  Load  nL  =  200  Tons. 


Number  of  Panels, 


12 


13 


U 


15 


Height  in  feet,  h  .  .  .  . 
Weight  of  bridge,  n  W.  . 
Panel  length,  feet,  /  -f-  n  . 
Ratio  of  length  to  height  . 
Slope  of  diagonals,  <p  .  . 
Ratio  of  dead  to  live  load . 
Ratio  of  dead  to  total  load 
Weight  of  bridge,  lbs.  to  lin. 
Weight  of  wood,  tons  .  , 
Weight  of  iron,  tons     .    , 

Cost  of  iron,  at  $150  .  . 
Cost  of  wood,  at  $15  .  . 
Cost  of  bridge  .... 
Excess  over  least .  .  .  , 
Cost  per  linear  foot  .    .    . 


ft. 


18.44963 
147.06400 
i6| 

10.84100 

47°  54'  24" 

0.73500 

0.42370 

147 1. 00000 

36.11300 

1 10.95100 

J!  1 6642  65 

S4i  71 

17184  36 

165  19 

85  92 


18.26650 
145.26000 

!5tV 
10.94900 

49°  53' 42" 

0.72600 

0.42070 

1453.00000 

34.47500 

1 10.78500 

$16617  75 

5'7  13 

I7I34  88 

115  71 

85  68 


17.80470 
146.09100 

I4f 

11.23300 

51° 15' 29" 

0.73000 

0.42210 

1461.00000 

33.09200 

112.99900 

$16949  85 

496  38 

17446  23 

427  06 

87  23 


I7-S964S 
145.51 100 

13* 

11.36600 

52°  50'  52" 

0.72800 

0.42110 

1455.00000 

31.91200 

113.59900 

$17039  85 

478  68 

17518  53 

499  36 

87  59 


Of  the  bridge  weights  in  this  case,  the  minimum  minimorum 
is  145.260  tons,  n  =  13,  $  =  49/53' 42";  while  of  the  costs 
at  the  assumed  prices,  the  least  is  $17,019.17,  corresponding  to 
«=  II,  0  =  46°  5' 54". 

144.  From  articles  141  and  143,  exemplifying  2  bridges  of 
different  spans  but  under  the  same  live  load  per  linear  foot,  we 
may  deduce,  — 

1st,  That,  as  the  length  increases,  the  bridge  weight  per 
linear  foot  increases  ;  or,  the  ratio  of  dead  to  live  load  increases 
nearly  as  the  length. 

2d,  That  the  dead  load  increases  nearly  as  the  square  of  the 
length. 

3d,  That  an  odd  number  of  panels  is  more  favorable  to 
weight  than  an  even  number. 
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4th,  That  the  height  of  each  panel  should  be  a  little  greater 
than  its  length. 

5th,  That  the  ratio  of  length  to  height  of  girder  depends 
upon  the  span,  as  well  as  upon  the  live  load,  seen  by  comparing 
articles  141,  142,  143. 

These  principles  are  to  be  seen  in  this  table. 


• 

Comparative  View  of  Results 

Span, 

Feet, 

I. 

Uniform 
Live 
Load, 
Tons, 
nL. 

Best 
Number 

of 
Panels, 

n. 

Best 

Height  of 

Girder, 

Feet, 

h. 

Least 

Weight  of 

Bridge, 

Tons, 

nW. 

Slope  of 
Diagonals, 

Ratio  of 
Dead 

to  Live 
Load, 

W  +  L. 

Bridge 
Weight 

per 
Lin.  Ft., 
Pounds. 

Ratio  of 
Length  to 
Height, 

Panel 

Length, 

Feet, 

IOO 
100 

200 

IOO 
200 
200 

9 
9 
13 

II.592 
13.106 
18.266 

37-835 

53-613 

145.260 

46°  1 2'  51" 

49°  42' 33" 
49°  53' 4z" 

0.378 
O.268 
O.726 

757 
1072 

H53 

8.626 

7.630 

10.949 

Hi 
»* 

I5& 

These  examples  may  suffice  to  illustrate  a  mode  of  deter- 
mining economical  proportions  for  girders  of  all  classes. 


Section  2. 

The  PrUtt  Truss  of  Single  System  under  Varying  Live  Load,  without 
taking  Account  of  Wind  Pressure. 

145.  We  shall  here  resume  the  example  of  article  36,  the 
span  being  100  feet  of  10  panels,  and  the  live  load  2  locomotives 
of  given  weight  and  wheel  base. 
Take  n  =  number  of  panels. 

W  =  unknown  panel  weight  of  bridge. 
h  =  20  feet  =  height  of  girders,  pin  to  pin. 
q  =  14  feet  =  width  of  bridge,  in  clear. 
q1  =■  16  feet  =  width  of  bridge,  extreme. 
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Single  track,  2  rails,  56  pounds  per  yard  each. 
Ties,  6  X  8  X  84  inches,  spaced  8  inches  in  clear. 
2  track  stringers,  12  X  d  inches  each. 
Ties  and  stringers,  pine,  40  pounds  per  cubic  foot. 
Weight  of  2  rails  =  2  X  100  X  *$■  =  3.733  pounds. 

Weight  of  75  ties  =      X      X  75  X  7  X  40  =  7,000  pounds. 
144 

Panel  length  of  stringers  =120  inches. 

Panel  weight  of  rails  =  373  pounds. 

Panel  weight  of  ties  =  700  pounds. 

2  X  weight  on  1  pair  of  drivers  =  42,000  pounds  distributed. 

Maximum  weight  on  2  stringers  =  43,073  pounds  uniformly 

distributed. 

Then,  for  both  stringers, 

b  =  breadth  =  24  inches. 
d  =  height     =15  inches. 

Take  /  =  10  =  factor  of  safety  for  pine. 

B  =  8,000  =  breaking-weight  for  pine. 
From  equation  (52), 

M  =  %wP  =  i  X  43073  x  120, 

where  wl  =  43,073  pounds  ;  and,  from  (160), 

DO 

43073  X   120  X  60 
=      8  X   24  X  8000 
d  =  14.21  inches. 

Call  d  =  1 5  inches, 

2  x  12  x  15  X  100  x  40 
Weight  of  2  stringers  =  — =  10000  pounds. 

Suppose  2  wrought-iron  I-beams  suspended  at  each  panel 
joint,  and  assume  the  load' on  these  beams  to  be  concentrated 
at  their  centre. 
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Greatest  load  on  2  beams, 

From  rails  and  ties,    1073  pounds, 
From  stringers,  1000  pounds, 

From  locomotive,     28612  pounds  (article  36), 

Total,  30685  pounds, 

at  centre  has  the  momental  effect  of  61,370  pounds  uniformly 
distributed  along  the  double  beam. 

Hence,  for  each  single  I-beam,  D  of  (412)  is  equal  to  30,685 
pounds,  and  qz  =  16  feet. 

Take  /  =  6  =  factor  of  safety. 

B  ■=■  50,000  pounds. 

From  (412), 

/3068s  x  16  x  6\i  .    ,  .    ,  , 

dz  =  3.80122! — — I    =  14.79  mches  =  required  depth. 

From  (413), 

„„     /3°68s  X  16  x  6\t 

Area  of  cross-section  of  1  beam  =  S  =  1.28839I I 

o:,\  50000  / 

=  19.508  inches. 

Now  the  "heavy  15-inch  I-beam"  of  the  Union  Iron  Mills, 
Pittsburgh,  Penn.,  weighs  67  pounds  to  the  foot,  and  its  section 
consequently  =  67  X  ^  =  20.1  inches. 

We  will,  therefore,  use  the  heavy  15-inch  beam  of  67  pounds 
to  the  foot. 

Weight  of  9  pairs  15 -inch  I-beams,  67  pounds,  16  feet; 

2  x  9  X  16  x  67  =  19296  pounds. 

Weight  of  1 1  head  struts,  14  feet,  20  pounds  ; 

11  x  14  X  20  =  3080  pounds. 

Weight  of  40  horizontal  diagonals,  i|  diameter,  3.359  pounds, 
18  feet; 

40  x  18  x  3.359  =  2419  pounds. 
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Weight  of  the  residue, 

10  x  200  =  2000  pounds. 

Recapitulation. 

Rails  =    3733  pounds, 

Ties  =     7000  pounds, 

Stringers  =  10000  pounds, 

Beams  =  19296  pounds, 

Head  struts  =    3080  pounds, 
Horizontal  diagonals  =     2419  pounds, 

Residue  =    2000  pounds. 

K  —  47528  pounds. 

For  determining  the  girder  strains  in  this  example,  we  have 
already  found,  article  36,  the  greatest  moments  and  greatest 
differences  of  moment  due  the  given  rolling-load. 

From  (65),  we  have  the  moments  due  W, 

M  =  —r(n  -  r)=  $Wr  (10  -  r), 

211 

.-.    MT=  4$W  +    478.32,  J?!  =  2.25  W  +  23.916  tons; 

M2  =  SoW  +    863.71,  H*  =  4.00 W  +  43-I86  tons; 

M3  =  105  W  +  1105.88,  JI3  =  $-2$W  +  55.294  tons; 

M4  =  120 W  +  1236.95,  JI4  =  6.00 W  +  61.848  tons; 

Ms  =  125  W  +  1276.38,  H5  =  6.25  W  +  63.819  tons. 

LJS  =  2.25  W  +  23.916  =  difference  of  horizontal  strains. 

b2H  =  1.75W  +  19.270 

Aj-fiT  =  1.25  W  +  ,14.050 

A4ZT  =  0.75  W  +  10.451 

\SH  =  0.25  W  +  7.395 

AeU  =  4-785 

A7&  =  2.579 

A&ff  =  0.932 

Agff  =  0.058 
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Let  <J3  =  angle  of  elevation  of  any  diagonal, 

.•.  tan<£  =  f$  =  2,  log  tan  <£  =  0.3010300, 
logsin<£  =  9.9515452, 
logcos</>  =  9.6505152. 

In  top  chord,  take  ratio  of  panel  length  to  least  diameter 
=  12 ;  then,  by  (400), 

18  P 

Q  =  =  7;  of  the  Gordon  formula  =  17.176  tons. 

^  ,       I2!  ^  '       ' 

I   -\ 

3O0O 

Take  ratio  of  length  of  vertical  to  its  least  diameter  =  40 ; 
then,  by  (400), 

Q,  = —  =  11.74  tons. 

3000 

Let  T  =  50,000  pounds  =  25  tons  =  limit  of  tension. 

f  =  S  =  factor  of  safety. 
Summing  the  strains  on  the  equal  panel  lengths,  we  have 

Weight  of  top  chords  =  ^-(23.75^  +  248.063)  xwxf 
=  460.93  JF  +  4815  pounds. 

Calling  the  strain  on  end  panels  of  the  bottom  chord  the 
same  as  the  strain  on  the  adjacent  panel,  we  have  strains  in 
bottom  chord, 

ZT,  =    2.25W  +    23.916 

Hz  =    2.25  W+    23.916 

Bi  =    4.00  W  +    43.186 

•#♦  =    5-2S^+    SS-294 
Hs=    6.00  W+    61.848 

%H  =  19.75^  +  208.160 
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:.    Weight  of  bottom  chords,  ^7(19.75^  +  208.16)  xwx^ 

=  263.33^  +  2776  pounds. 

Strain  on  a  vertical  =  Z  =  AJ7  tan  <j>, 

by  the  formulas  for  Class  IX. ; 

.-.    Z,  =  4.50  W  +  47-832 

Z2  =  3.50  W  +  38.540 

Z3  =  2.50  W  +  28.100 

Z4  =  i.^oW  +  20.902 

Z5  =  0.50  ff  -f-  14-790 

Z6  = 9-57° 

2Z  =  12.50^  +  159.734 

Weight  of  verticals,  ^-(12.5  W  +  159.734)  X  20  X  ±§- 

2   x   c 
= -(12.5  W  +  159.734)  X  ^JP  =  709.86  JF  +  9071  pounds, 

where  Z"6  is  used  twice  to  provide  resistance  to  lateral  shocks. 
Strain  on  a  diagonal  =  Y  =  AJ7  -5-  cos  <£. 

If  we  call  the  strain  on  each  of  the  first  5  counters  equal  to 
that  on  the  fifth,  from  live  load  alone,  we  have 

F,  =  y2  =  F3  =  F4  =  F5  =  4-785  +cos0, 

Y6  =  (  7-395  +  °-25  w)  ■*■  C0S(£> 
F7  =  (10.541  +  0.75  fF)  -f-  cos0, 

F8  =   (14.O5O   +    I.2$W)  -r-   COS0, 

F9  =  (19.270  +  1.75  W)  -?-  COS^f), 
FIO  =  (23.916  +  2.25  ET)  -7-  cos  <•&. 

SF  =  (99.007  +  6.2$IV)  -f-  cos<£. 

Weight  of  diagonals  =  i£(99-°°7  +  6.25^)  X  I°c*2^° 
=  416.17^  +  6601  pounds. 
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Weight  of  top  chords 
Weight  of  bottom  chords 
Weight  of  verticals 
Weight  of  diagonals 

Weight  of  girders  =  G 


Recapitulation. 

=  460.93  W  +  4815  pounds, 

=  263.33^  +  2776  pounds, 

=  709.86^+  9071  pounds, 

=  416.17^  +  6601  pounds, 

=  1850.29^  +  23263  pounds, 

K  =  47528  pounds, 


Weight  of  bridge  =  zooonW  =  1850.29^  +  70791  =  G  4-  K. 

:.     W  =  3.9004  tons  =  panel  weight. 
Weight  of  bridge  =  n  W  —  39.004  tons. 

Substituting  3.9004  for  W  in  the  expressions  for  H,  Y,  and 
Z,  we  have  this  strain  sheet :  — 


Maxima  Strains 

Tons. 

Cross-Sections  in  Square  Inches. 

Loads  applied  at  Bottom  Joints. 

T  ie.'346  "j 

y  29.394    / 

\    37.886    / 

V    42. 625    / 

V    44.099    / 

V    12.84   j 

\     1.2.4.1     r 

\^    1.1.00    I 

\      8.38      / 

\    t76     / 

\    *fe 

\  <fc 

\      W 

\  W 

\  k 

\0 

\       7 

\        W 

\      V 

\     St 

\    i/ 

0      y 

«  \A* 

S   \ /*' 

0     \    /*■  at 

1?  Y  s 

Y        H 

Y       CO 

V      — 

Y    £ 

%  A 

&    /\ 

rf  A 

2    A 

CO        /\        * 

*  /\  ^ 

A   s 

A  s 

/\    -* 

/  \  w 

/  \ 

/  \ 

/  ^ 

/  \ 

/  %\ 

/  A 

/  \ 

/     ^\ 

/  *x 

/  ^ 

/  ^ 

/      0     \ 

/  16.346    \ 

/  29.394.  \ 

l  37.836    \ 

/  42.625  \ 

1  8.  3+6 

8.63 

7.68 

5.88 

3.27 

3.27 

Each  of  Two  Girders. 

Fig.  115. 

146.    If  the  dead  and  live  loads  are  applied  at  the  upper 

joints,  instead  of  the  lower  joints,  the  structure  becomes  a  deck 

bridge ;  and  the  compressions  here  found  for  the  verticals  must 

be  increased  by  the  panel  weight  of  dead  load  plus  the  greatest 

apex  load  from  the  locomotives ;  viz.,  for  each  girder  we  must 

augment  Z  by 

3.9004  +  14.3063 
=  9.1034  tons. 
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147.  As  another  example  of  varying  load  applied  at  the 
lower  joints  of  the  Pratt  Truss,  we  will,  in  accordance  with 
the  practice  of  some  engineers,  assume  a  certain  panel  weight 
of  engine,  of  tender,  and  of  train,  and  determine  the  strains 
thence  resulting,  and  also  the  weight  of  the  bridge. 

Let  us  take  the  example  given  by  Col.  Merrill  for  this  truss 
(see  "Iron  Truss  Bridges  for  Railroads,"  by  Col.  William  E. 
Merrill,  U.S.A.);  viz.,— 

Span  =  200  feet  =  nc  =  I. 

Length  of  panel     =12.5  feet  =  c. 

Height  of  truss      =  18.75  feet  =  h. 

Number  of  panels  =  16  =  n. 

On  each  of  2  trusses, 

Panelweight  of  engine  =  17,600  pounds. 

Panel  weight  of  tender  =  16,160  pounds. 

Panel  weight  of  cars       =  13,152  pounds. 

The  engine  is  supposed  to  cover  2  panels,  the  tender  2  pan- 
els, and  the  cars  follow.     We  therefore  have, 

1st  panel  weight  of  moving-load  =  Ws  =  8.800  tons,  engine ; 
2d  panel  weight  of  moving-load  =  W4  =  8.800  tons,  engine ; 
3d  panel  weight  of  moving-load  =  W3  =  8.080  tons,  tender; 
4th  panel  weight  of  moving-load  =  Wz  =  8.080  tons,  tender ; 
5th  panel  weight  of  moving-load  =  Wz  =  6.576  tons,  cars; 
6th,  etc.,  the  same. 

To  find  the  strains  due  to  this  rolling-load,  we  employ  equa- 
tions (91) ;  and  for  convenience,  after  dividing  by  the  height, 
k  —  18.75  Ieet>  we  mav  ^  rt  denote  the  number  of  panel 
weights  of  cars,  and  u  =  the  number  of  panel  weights  of 
engine  and  tender  on  the  girder  at  any  time.  We  shall  then 
have  for  the  different  positions  of  the  load,  by  summing  equa- 
tions (91),  and  putting 

X  =  (n  -  r,  -  1)  W,  +  (n  -  r,  -  2)  Wi 

+  (n  -  rt  —  3)  W4  +  .  .  .  (n  -  rx  -  u)Wu  +  1, 
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Y  =  r'(r'2+  *V  +  (r,  +  i)W,  +  (r,  +  z)  W, 

+  (r,  +  3)»4 +  ■■•(»•.  +  *)»^  +  n 

Horizontal  Strains  at  Joints  for  Rolling-Load. 

b.  -  4jJ[(r,  -  a),  -ii&Ailjir,  +  *}  =  4a  -  ^p, ' 


*-2{[('--^>-&toitir]*+*} 

=  r,g  _  (■■■  -  ■>'■  x  £S, 

2  « 

2  « 

'  »A  [  2 

+  (r,  +  i)  (n  -  rt  -  2)  IV2  +  (r,  +  2)(«  -  n  -  2)  ^ 

+  (r,  +  2)  («  -  r,  -  3)  JF4  +  . . .  (r,  +  2) (a  -  r,  -  u)Wu^> 
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„  c  (rr(rT  +  1) 

+  (n  +  1)  (»  -  rt  -  3)  fT2  +  (r,  +  2)  (»  -  r,  -  3)  fF3 

+  (r,  +  3)(«  -  »"»  ~  3)^4  +  ■..(»",  4-  3)(«  -r1-u)Wa  +  1]j, 

+  (r,  +  1)  («  -  r,  -  4)  W2  +  (rx  +  2)  {n  -  rx  -  4)  W3 

+  (n  +  3)(*  -  r«  -  4)  ^4  +  •••  (»-i  +  4)(»  -  *•.  -  «)  ^*+IJ> 

„        _    c  (^(r,  +  1) 

^'  +  K  ~  SaI  2  <*  -  *  -  »)  W, 

+  (r,  +  i)(»  _  r,  -  »)Wa 

+  (r,  +  2)  (»  —  r,  —  u)  W3  +  (r,  +  3)  (n  —  rz  —  u)  W4 

+  ...(«",+  *)  (»  —  r,  —  u)Wu  +  A 
_  g(«  —  r,  —  »)  ^ 

„                      _   ^O   —   ^    —   «    —    0  T/ 
■"r ,  +  »  + 1   —  , ■*  j 

r,  _  c(n  —  r,  —  u  —  2)  v 

-"»■,  +  »  +  2  —  ,  ■«» 


^      =  —  y 

«a 

Computing  these  values  of  H  from  the  above  data,  for  every 
position  of  the  train  as  it  advances,  a  panel  at  a  time,  from  left 
to  right,  preceded  by  the  engine  and  tender,  we  find  this  table 
of  horizontal  strains  at  the  joints,  in  tons ;  viz.,  as  also  given 
directly  by  the  set  of  equations  (91),  — 
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The  blanks  in  this  table  may  be  filled  by  continually  adding 
to  itself  each  number  in  the  right-hand  column.  It  follows, 
therefore,  that  this  right-hand  column  expresses  the  negative 
differences  of  simultaneous  horizontal  strains  at  adjacent  joints 
due  to  rolling-load.  It  is  evident,  that,  in  this  case,  these 
negative  differences  are  numerically  the  greatest  differences  of 
horizontal  strains  at  adjacent  joints,  and  may  therefore  be 
employed  to  find  the  maxima  vertical  and  diagonal  strains  due 
live  load. 

The  table  shows  (as  was  to  be  expected  from  this  load,  but 
contrary  to  the  assumption  made  by  Col.  Merrill)  that  the  hori- 
zontal strains  are  not  maxima  throughout  when  the  foremost 
end  of  the  engine  is  at  the  last  joint,  but  that  the  greater  part 
of  these  strains  reach  their  greatest  values  when  the  foremost 
end  (that  is,  forward  panel  weight)  of  the  engine  is  at  the  four- 
teenth joint. 

Since  we  require  only  the  greatest  horizontal  strains,  we 
need  not  compute  the  whole  table,  but  only  enough  of  the 
higher  values  of  H  to  be  certain  that  we  find  the  highest  at 
each  joint.  In  the  present  example,  it  will  suffice  to  compute 
values  of  H  for  the  positions  of  load  when  r,  =  n,  j\  =  10, 
r,  =  9,  and  these  for  only  the  last  8  joints,  since  the  first  7 
horizontal  joint  strains  are  smaller  than  the  last  7  by  reason  of 
the  unequal  loading. 

We  have,  then,  the  following  brief  solution  :  — 

1.  For  maxima  differences  of  horizontal  strain  due  live 
load. 

Hn_x  =  Hl%  =  ^Y  =  4ir'(r'  +  IV,  +  (r,  +  i)W, 
nh  nn{  2 

+  (r,  +  2)  Wz  +  (r,  +  3)  ^t  +  0-.  +  4)  W5\ 
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C  =  12.5,      A 

=  18.75 

n  = 

16, 

Wt  =  6.576,    Wz  =  Ws  =  8.08,    Wi=WB  =  8.8. 

n 

Wx 

w% 

w. 

tvt 

»"« 

Hn  —  1                                                 = 

Hw 

-3 

0 

0 

0 

0 

8.8 

AX8.8 

0-3l 

—2 

0 

0 

0 

8.8 

8.8 

(A+&)8.8 

I.I 

—  I 

o 

0 

8.08 

8.8 

8.8 

&X8.8+2VX8.08 

2.17 

0 

0 

8.08 

8.08 

8.8 

8.8 

T&X8.8+&X8.08 

3-57* 

I 

6.576 

8.08 

8.08 

8.8 

8.8 

&  X  8.8+&  X  8.08+A- X  6.576 

5-257$ 

2 

6.576 

8.08 

8.08 

8.8 

8.8 

5-257i+ A:(2  X  8.08+2  X  8.8+ 2  X  6.576) 

7.212 

3 

6.576 

8.08 

8.08 

8.8 

8.8 

7.212  +A(3376+3X  6.576) 

9.440! 

4 

6.576 

8.08 

8.08 

8.8 

8.8 

9.440S+1.40I+AX6.576 

«-94i 

5 

6.576 

8.08 

8.08 

8.8 

8.8 

11.944+1.401+^X6.576 

14.72 

6 

6.576 

8.08 

8.08 

8.8 

8.8 

14.72  +1.40J+  6X0.274 

17-770! 

7 

6.576 

8.08 

8.08 

8.8 

8.8 

17.770S+1.40I+  7X0.274 

21.0954 

8 

6.576 

8.08 

8.08 

8.8 

8.8 

21.095J+1.40I+  8X0.274 

24.694 

9 

6.576 

8.08 

8.08 

8.8 

8.8 

24.694  +1.40I+  9X0.274 

28.5I 

10 

6.576 

8.08 

8.08 

8.8 

8.8 

28.5!+  1.40J+  iox  0.274 

32-7'i 

ii 

6.576 

8.08 

8.08 

8.8 

8.8 

32.71$+  I.40I+  II X  0.274 

37-134 

2.   For  the  maxima  horizontal   strains   due   live  load,  as 
already  computed  and  tabulated  above. 
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It  is  manifest  that  the  labor  of  computing  the  maxima  vaiues 
of  H  would  be  much  lessened  if  we  could  legitimately  assume 
that  the  horizontal  strains  are  greatest  throughout  when  the 
head  of  the  engine  is  at  the  last  joint  or  at  any  particular 
joint. 

To  find  the  strains  due  the  unknown  bridge  weight,  2n  W, 
we  have  the  panel  weight  of  bridge  on  each  girder  =  W,  and 
find  from  equation  (65),  after  dividing  by  h, 


II  = rut  —  r). 

2tih 

H  maximum,  tons. 

.'.    r  =  0, 

TT                \         1St 

a°  -    °>  (difference. 
5    W. 

0 

r  =  1, 

Hx=    $   W, 

5   W  +    37.134     ' 

v  =  2, 

2.W- 

•a 

O 

giW  +    68.401$ 

r  =  3, 

H3  =  13    W, 

3   W. 

J3 

0 

a  ■ 
0 

13   w  +    93-802 

T  =  4, 
r  =  5, 

2\W. 

AW. 

0 

n 

16   W  +  113.816 
iS$W  +  128.84I 

H 
0 

V 
n 

S3* 
O 
Ht 

P4 

r  =  6, 

Hb  =  20   W, 

1  w. 

20   W  +  i39-°Si 

r  =  1, 

ff7   =    21     W, 

21    W  +  144.876 

r=8, 

&s  =  2i\W. 

2i\W  +  146.3 14I    j 
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Maximum  Difference  of 

Maximum  Vertical 

Panel. 

Horizontal 
Strain  =  AH. 

No. 

Strain  =    AH  tan  0 

Maximum  Diagonal  Strain. 

I 

0          -  5  TV 

oor  5 

2 

0.3I      -ihW 

oor  5 

3 

1.1       -3§W 

0  or  5 

4 

2.17      —  3  TV 

0  or  5 

5 

3-571    -2ifK 

0  or  5 

6 

5.257*  -  if  w 

0  or  5 

7 

7.212    —      W 

(  7.212    —      ff)sec0 

8 

9.440J  —    *W 

9 

K9.440J-    w 

(  9.440!-    *W)sec0 

9 

11.94*    +    %W 

10 

$(11.94*    +    W) 

(11.94*    +    *W)secp 

10 

14.72      +       W 

11 

K14.72      +      TV) 

(14.72      +       W)sec0 

11 

17770!  +  if  ^ 

12 

\  (17770I  +  1! -w) 

(17.770!+  \\W)szz$ 

12 

21.095*  +  2\TV 

13 

1(21.095*  + 2*  fT) 

(21.095*  +  2i  TV)  sec  p 

13 

24.694    +  3  TV 

14 

K24.694   +3  JF) 

(24.694    +  3  W)sec0 

14 

28.5!     +3f^ 

15 

K28.5I     +  3W 

(28.5!      +3lff)sec0 

15 

32.71*    +  \\w 

16 

K32.71*   +4*^) 

(32.71*    +  4*#')sectf> 

16 

37.134    +  5  W 

17 

1(37-134   +  5  «0 

(37.134    +  5  W)sec<p 

In  the  first  6  panels  we  shall  introduce  counters  of  1  square 
inch  cross-section,  and  therefore  capable  of  resisting  safely  5 
tons  where  theoretically  no  strain  appears.  Also,  we  shall  call 
the  strain  on  the  bottom  chords  in  the  first  panel  equal  to  that 
of  the  second  panel ;  viz., 

$W  +  37.134  tons. 

For  each  panel  length  of  top  chord,  take  ratio  of  length  to 
least  diameter  =15.  Then  the  Gordon  formula  becomes,  equa- 
tion (400), 


=  £'  = 


1  + 


152 
3000 


=  16.744  tons  per  square  inch. 


1744  =  3.3488  tons  =  allowed  inch  strain  on  top  chords. 
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For  each  vertical  strut,  take  ratio  of  length  to  least  diam- 
eter =  37.5.     Then 

P  18 

—  =  Q'  = =  12.255  tons  per  square  inch. 

3000 

12.255 

—  =  2.41:1  tons  =  allowed  inch  strain  on  verticals. 

In  tension,  5  tons  allowed.  Factor  of  safety  /  =  5  for  all 
parts  of  girder ;  panel  length  of  chords  =  1 2. 5  feet ;  length  of 
verticals  =  18.75  ^eet  >  length  of  diagonals  =  23  feet ;  wrought- 
iron,  -fg  pound  per  cubic  inch. 

From  these  data  we  find, 

Weight  of  top  chords 

=  4(124^'    +  872.244) 

X    I2-5  X  IO      _    6171.36JF+    43411  pounds. 
3.3488  X  3 

Weight  of  bottom  chords 
=  4(107!^  +  763.06$) 

j2  t    X    IO 

X       '  =    3588.89  W  +    25435  pounds. 

5   A  3 

Weight  of  verticals 

=  4(aiiW    +  i93-357f)  X  I 
18.75  X  I0 


2.451  x  3 
Weight  of  diagonals 

=  \-^J  +  2oW  +  2°5-29o) 


=    3238.47  JF  +    29585  pounds. 


2  ■?   V    jo  S6C  0 

X  — — =  2211.38W  +  24539  pounds. 

5*3  

Weight  of  2  girders  =  G  =  15210.10PF  +  122970  pounds. 

W  is  in  tons. 
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tan<£  =  Sy  =  I    sec<£  =  V l2  +(!)*  =  I-80278- 

To  find  the  constant  part  of  the  bridge  weight  =  K. 
2  rails,  200  feet,  56  pounds  per  yard,  =  7,467  pounds. 
Rails  5  feet  between  centres. 
Ties  6X8  inches,  16  inches  between  centres. 

— — =150  ties,  7  feet  long,  40  pounds  per  cubic  foot. 

16 

Weight  of  ties  =  150  X  — ^—  X  7  X  40  =  14,000  pounds. 

144 

2  track  stringers,  each  15  X  18J  inches,  40  pounds  per  cubic 

2  y    ](   v    18— 

foot> rr: X  200  X  40  =  30,833  pounds. 

144 

Depth  of  stringer  isJthus  found  :  — 

Length  between  bearings  =12.5  feet. 

Uniform   load  =  -^   of  rails    and   ties  =  ■a^i  =  i»342 

pounds. 
Concentrated  load  =  panel  weight  of  engine  =  2  X  17,600 

=  35,200  pounds,  which  is  equivalent  to  uniform  load  of 

70,400  pounds. 

/.    Uniform  load  on  2  stringers  30  inches  wide  =  71742  pounds. 

For  pine,  take  factor  of  safety  =  10,  and  the  ultimate  inch 
resistance  to  cross-breaking  B  =  8,000  pounds  ; 

.-.     Moment  due  external  forces  =  £  X  71 742  X  12  X  12.5, 

from  equation  (52). 

Moment  of  resistance  due  internal  forces,  equation  (160), 

=  kBbd*  =  8oooj<jo^ 

which  becomes,  after  introducing  the  factor  of  safety, 

8000  X  yd*  =         ^ 
60 
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Equating  moments  of  external  and  allowable  internal  forces, 
we  find 

\  x  71742  x  12  x  12.5  =  4ooo<f% 

/.    Depth  =  d  =  18.338  inches,  called  i8£. 

15  pairs  I-beams,  heavy  15-inch,  67  pounds,  16  feet,  =  32,160 
pounds. 

Depth  of  beam  is  thus  determined : 

Panel  weight  of  rails  =      467  pounds, 

Panel  weight  of  ties  =      875  pounds, 

Panel  weight  of  stringers  =     1927  pounds, 

Panel  weight  of  engine  =  35200  pounds. 

Weight  on  each  pair  of  I-beams  '=  38469  pounds. 

Now,  this  weight  is  actually  concentrated  at  two  points  5 
feet  apart,  under  the  rails,  each  point  being  5  J  feet  from  the 
nearer  end  of  the  I-beams. 

The  moment  at  the  centre  of  the  double  beam  is  therefore, 
according  to  equation  (43), 

Me  =  2  x  19234.5  x  ■&  X  5!  X  12  =  \W  x  16  -X  12, 

by  equation  (46),  if  W  is  the  weight  at  centre  producing  an 
equivalent  moment ; 

W'  =  26447.4, 

and  52,895  pounds  is  the  equivalent  load  uniformly  distributed 
for  2  beams.  Therefore  uniform  load  on  1  beam  is  26,447 
pounds.  And,  if  6  is  the  factor  of  safety  for  beams,  equation 
(412)  gives,  B  being  =  50,000, 

r^      ,      r  -l                7           n        /26447  X  16  X  6\1  ,  .    , 

Depth  of  beam  =  az  =  3.80122I I   =  14.076  inches. 
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From  (413), 

/26447  X  16  x  6\J  . 

Area  =  1.28839I 1  =  17.667  square  inches. 

IK2 

Area  of  similar  beam  15  inches  deep  =  17.667  x  — - — - 

14.0762 

=  20.062  square  inches. 

Area  of  heavy  15 -inch  67-pound  beam  of  the) 

Union  Iron  Mills,  Pittsburgh,  Perm.,  }  =  2ai  s1uare  inches" 

Hence  we  may  with  safety  use  this  beam. 

17  head  struts,  14  feet,  25  pounds,  =  5,950  pounds. 

64  horizontal  diagonals,  i|  diameter,  19^  feet,  3.359  pounds, 

=  4,192  pounds. 
Residue,  200  pounds  per  panel,  =  3,200  pounds. 

Recapitulation. 
Weight  of  rails  =      7467  pounds, 

Weight  of  ties  =    14000  pounds, 

Weight  of  stringers  =    30833  pounds, 

Weight  of  I-beams  =    32160  pounds, 

Weight  of  head  struts  =      5950  pounds, 

Weight  of  horizontal  diagonals  =      4192  pounds, 
Weight  of  residue  =      3200  pounds. 

K  =    97802  pounds. 
Weight  of  girders  =  122970  +  15210.10^. 

Weight  of  bridge  =  220772  +  15210.1W  pounds 

=  inWtovis.  =  2  x  16  X  2000 ^pounds 
=  64000 JK 

.-.     48789.9  W  =  220772,     W  =  4-52493  tons- 
Weight  of  bridge  =  32  W  =  144-  798  tons- 
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Substituting  this  value  of   W  in  the  expressions  already 
found  for  greatest  strains,  we  have,  — 


Maxima  Strains,  in  Tons,  for  Each  of  Two  Girders. 

S.     59.759     / 

^C    110.634-  / 

\    152. 626    / 

\    186.215   / 

N.    211.804     / 

\  229.552    / 

\     239.900    / 

\  242,846   / 

\        «*/ 

\       */ 

\       */ 

\        "*3/ 

\  ¥ 

\    $/ 

m     \    /  ° 

1   X 

5  \  /° 

£  \  / 

o    \     /o 

m    \  *y 

E  \y 

o    ^ 

S/\ 

"  /  <>v 

*  /^K 

£  /\ 

*  /  *?K 

£  /^\ 

s  /\ 

"  /<k 

-    / 

/    '^ 

/  \ 

/     "\ 

/  °\ 

/  \ 

/    \ 

/    59.759  A, 

/    69.759     \ 

/  110.634- \ 

/  152.628    \ 

/  186.215    \ 

/  211.804  \ 

/  228.552    \ 

/  239.900  \ 

Loads  applied  at  Bottom  Joints. 

Fig.  i  i  6. 


To  find  the  allowed  cross-sections  in  square  inches,  we  divide 
strains  in  top  chord  by  3.3488,  strains  in  verticals  by  2.451,  and 
in  bottom  chord  and  diagonals  by  5. 
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CHAPTER    X. 

calculation  of  the  weight  of  bridges  having  girders  of 
class  i.,  and  determination  of  the  number  of  panels 
and  the  height  of  girder,  which  render  the  bridge 
weight  least  for  a  given  span  and  uniform  live 
load.  —  limiting  span  found. 

Section  i. 

General  Specifications  for  Iron  Bridges,  issued  in  1879  by  the  New 
York,  Lake  Erie,  and  Western  Railroad  Company.  O.  Chanute, 
Chief  Engineer. 

148.   General  Specifications  for  Iron  Bridges. 

NEW  YORK,  LAKE  ERIE,  AND  WESTERN  RAILROAD  COMPANY. 

1879- 

GENERAL  DESCRIPTION. 

1.  All  parts  of  the  superstructure  shall  be  of  wrought-iron,  except 
bed  plates  and  washers,  which  may  be  of  cast-iron. 

2.  The  following  modes   of  construction  shall  preferably  be  em-  Kinds  of 
ployed:—  bridges. 

Spans  up  to  17  feet  ....  Rolled  beams. 

Spans  17  to  40  feet  ....  Riveted  plate  girders. 

Spans  40  to  75  feet  ....  Riveted  lattice  girders. 

Spans  over  75  feet  ....  Pin-connected  trusses. 

In  calculating  strains,  the  length  of  span  shall  be  understood  to  be 
the  distance  between  centres  of  end  pins  for  trusses,  and  between  centres 
of  bearing-plates  for  all  beams  and  girders. 
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Spacing  of  3.  The  girders  shall  be  spaced  (with  reference  to  the  axis  of  the 

girders.  bridge)  as  required  by  local  circumstances,  and  directed  by  the  chief 

engineer  of  the  railroad  company.* 
Head  room.         4.  In  all  through  bridges,  there  shall  be  a  clear  head  room  of  20  feet 

above  the  base  of  the  rails. 
Floor.  5-  The  wooden  floor  will  consist  of  transverse  floor  timbers  extend-, 

ing  the  full  width  of  the  bridge,  supporting  the  rails  and  guard  beams. 
Their  scantling  will  vary  with  circumstances.  They  will  be  furnished 
and  put  on  by  the  railroad  company.  ■ 

Loads.  6.  Bridges  shall  be  proportioned  to  carry  the  following  loads :  — 

1st,  The  weight  of  iron  in  the  structure. 

2d,  A  floor  weighing  400  pounds  per  lineal  foot  of  track,  to  con- 
sist of  the  rails,  ties,  and  guard  timbers  only. 
These  two  items  taken  together  shall  constitute  the  "  dead  load." 
3d,  A  moving-load  for  each  track,  supposed  to  be  moving  in  either 
direction,  and  consisting  of  two  "  consolidation "  engines 
coupled,  followed  by  a  train  weighing  2,240  pounds  per 
running  foot ;   this  "  live  load  "  being  concentrated  upon 
points  distributed  as  in  the  diagram  on  p.  415. 
The  maximum  strains  due  to  all  positions  of  the  above  "  live  load," 
and  of  the  "  dead  load,"  shall  be  taken  to  proportion  all  the  parts  of  the 
structure. 

7.  To  provide  for  wind  strains  and  vibrations,  the  top  lateral  bracing 
in  deck  bridges,  and  the  bottom  lateral  bracing  in  through  bridges,  shall 
be  proportioned  to  resist  a  lateral  force  of  450  pounds  for  each  foot  of 
the  span ;  300  pounds  of  this  to  be  treated  as  a  moving-load. 

The  bottom  lateral   bracing  in  deck  bridges,  and   the  top  lateral 
bracing  in  through  bridges,  shall  be  proportioned  to  resist  a  lateral  force 
of  1 50  pounds  for  each  foot  of  the  span. 
Temperature.        8.  Variations  in  temperature  to  the  extent  of  150  degrees  shall  be 
provided  for. 


Stresses. 


Lateral 
stresses. 


*  Generally,  in  through  bridges,  the  clear  width  between  trusses  shall  be  15  feet  for 
single  track,  and  28  feet  for  double  track.     In  deck  bridges,  and  for  the  floor  system  of  all 
bridges,  the  spacing  between  the  centres  of  trusses  and  girders  shall  generally  be  as 
follows :  — 

Single  Track. 

Double  Track. 

Description. 

2  Trusses. 

3  Trusses. 

Deck  truss  bridges      .    .    . 
Deck  plate  girders .... 

12  feet  or  over. 
8  feet  or  over. 
8  feet  or  over. 

16  feet  or  over. 
16  feet  or  over. 
10  feet  or  over. 

10  feet  or  over. 
10  feet  or  over. 
8  feet  or  over. 

The  centres  of  beams  and  plate  girders  shall  be  not  less  than  4  feet  (on  either  side) 
from  the  centre  of  the  broad  gauge  track. 

The  standard  distance  between  centres  of  tracks  is  13  feet. 
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9.  All  parts  shall  be  so  designed  that  the  strains 
coming  upon  them  can  be  accurately  calculated. 

10.  Strain  sheets  and  a  general  plan  showing  the  Plans  and 
dimensions  of  the  parts  and  general  details  must  strain  sheets, 
accompany  each  proposal. 

11.  Upon  the  acceptance  of  a  proposal,  a  full  set 
of  working  drawings  must  be  submitted  for  approval 
by  the  chief  engineer  of  the  railroad  company  before 
the  work  is  commenced. 

12.  Unless  otherwise  specified,  the  form  of  truss  Form  of 
may  be  selected  by  the  builder;   but,  to  secure  uni-  truss- 

f ormity  in  appearance,  it  is  desired  that  all  "  through  " 
trusses  shall  be  built  with  inclined  end  posts. 

13.  In  comparing  competitive  plans,  the  relative 
cost  of  the  wooden  floors  required  will  be  taken  into 
consideration. 

14.  The  following  clauses  are  all  intended  to  apply 
to  iron  construction.  Parties  proposing  to  substitute 
steel  for  particular  parts  will  be  required  to  furnish 
evidence  of  its  strength,  elasticity,  uniformity  in  pro- 
duction, and  adaptability  to  the  intended  purpose. 

PROPORTION   OF  PARTS. 

I.  All  parts  of  the  structures  shall  be  so  propor-  Tensile 
tioned  that  the  maximum  strains  produced  shall  in  no  strains, 
case  cause  a  greater  tension  than  the  following :  — 


Pounds  per 
Sq.  Inch. 


On  lateral  bracing 

On  solid  rolled  beams,  used  as  cross  floor 

beams  and  stringers 

On  bottom  chords  and  main  diagonals  .  . 
On  counter  rods  and  long  verticals  .  .  . 
On  bottom  flange  of  riveted  cross  girders, 

net  section 

On  bottom  flange  of  riveted  longitudinal 

plate  girders  aver  20  ft.  long,  net  section, 
On  bottom  flange  of  riveted  longitudinal 

plate  girders  under  20  ft.  long,  net  section, 
On  floor  beam  hangers,  and  other  similar 

members  liable  to  sudden  loading  .    .    . 


15000 

IOOOO 

1 0000 
8000 

8000 

8000 

7000 

6000 


Fig.  117. 
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Compressive        2.  Compression  members  shall  be  so  proportioned  that  the  maximum 
strains.  ioa(j  shall  in  no  case  cause  a  greater  strain  than  that  determined  by  the 

following  formulae :  — 


8000 


P=i  + 


40000^ 
8000 


1  + 


30ooo7?! 
8000 


i+- 


for  square  end  compression  members. 

for  compression  members  with  one  pin  and  one  square 
end. 

-  for  compression  members  with  pin  bearings. 


20000.T?2 

P  =  the  allowed  compression  per  square  inch  of  cross-section. 

L  =  the  length  of  compression  member,  in  inches. 

R  =  the  least  radius  of  gyration  of  the  section,  in  inches. 

3.  The  lateral  struts  shall  be  proportioned  by  the  above  formulae  to 
resist  the  resultant  due  to  an  assumed  initial  strain  of  10,000  pounds  per 
square  inch  upon  all  the  rods  attaching  to  them,  produced  by  adjusting 
the  bridge. 

4.  In  beams  and  girders,  compression  shall  be  limited,  as  follows :  — 


Pounds 

per  Square 

Inch. 


In  rolled  beams  used  as  cross  floor  beams  and  stringers  .  . 
In  riveted  plate  girders  used  as  cross  floor  beams,  gross  section, 
In  riveted  longitudinal  plate  girders  over  20  feet  long,  gross 

section 

In  riveted  longitudinal  plate  girders  under  20  feet  long,  gross 

section 


10000 
6000 

6000 

5000 


Shearing- 
strains. 


5.  Members  subjected  to  alternate  strains  of  tension  and  compres- 
sion shall  be  proportioned  to  resist  each  of  them.  The  strains,  however, 
shall  be  assumed  to  be  increased  by  an  amount  equal  to  eight-tenths  of 
the  least  strain. 

6.  The  rivets  and  bolts  connecting  all  parts  of  the  girders  must  be 
so  spaced  that  the  shearing-strain  per  square  inch  shall  not  exceed  6,000 
pounds,  nor  the  pressure  upon  the  bearing-surface  exceed  12,000  pounds 
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per  square  inch  of  the  projected  semi-intrados  (diameter  x  thickness  of 
piece)  of  the  rivet  or  bolt  hole. 

7.  Pins  shall  be  so  proportioned  that  the  shearing-strain  shall  not  Bending- 
exceed  7,500  pounds  per  square  inch,  nor  the  crushing-strain  upon  the  strains, 
projected  area  of  the  semi-intrados  (diameter  x  thickness  of  piece)  of 

any  member  connected  to  the  pin  be  greater  than  12,000  pounds  per 
square  inch,  nor  the  bending-strain  exceed  15,000  pounds  per  square 
inch,  when  the  centres  of  bearings  of  the  strained  members  are  taken  as 
the  points  of  application  of  the  strains. 

8.  In  case  any  member  is  subjected  to  a  bending-strain  from  local 
loadings  (such  as  distributed  floors  on  deck  bridges),  in  addition  to  the 
strain  produced  by  its  position  as  a  member  of  the  structure,  it  must  be 
proportioned  to  resist  the  combined  strains. 

9.  Plate  girders  shall  be  proportioned  upon  the  supposition  that  the  Plate  girders;, 
bending  or  chord  strains  are  resisted  entirely  by  the  upper  and  lower 

flanges,  and  that  the  shearing  or  web  strains  are  resisted  entirely  by  the 
web  plate. 

10.  The  compression  flanges  of  beams  and  girders  shall  be  stayed' 
against  transverse  crippling  when  their  length  is  more  than  thirty  times 
their  width. 

11.  The  unsupported  width  of  any  plate  subjected  to  compressioni 
shall  never  exceed  thirty  times  its  thickness. 

12.  In  members  subject  to  tensile  strains,  full  allowance  shall  be 
made  for  reduction  of  section  by  rivet  holes,  screw  threads,  etc. 

13.  The  iron  in  the  web  plates  shall  not  have  a  shearing-strain 
greater  than  4,000  pounds  per  square  inch,  and  no  web  plate  shall  be 
less  than  \  inch  in  thickness. 

14.  No  wrought-iron  shall  be  used  less  than  -fg  inch  thick,  except  in 
places  where  both  sides  are  always  accessible  for  cleaning  and  painting. 

DETAILS  OF  CONSTRUCTION. 

i.  All  the  connections  and  details  of  the  several  parts  of  the  structure 
shall  be  of  such  strength,  that,  upon  testing,  rupture  shall  occur  in  the 
body  of  the  members  rather  than  in  any  of  their  details  or  connections. 

z.  Preference  will  be  had  for  such  details  as  will  be  most  accessible 
for  inspection,  cleaning,  and  painting. 

3.  The  web  of  plate  girders  must  be  spliced  at  all  joints  by  a  plate 
on  each  side  of  the  web.     T-iron  must  not  be  used  for  splices. 

4.  When  the  least  thickness  of  the  web  is  less  than  one-eightieth  of 
the  depth  of  a  girder,  the  web  shall  be  stiffened  at  intervals  not  over 
twice  the  depth  of  the  g'rder. 

5.  The,  pitch  of  rivets  in  all  classes  of  work  shall  never  exceed  6 
inches,  nor  sixteen  times  the  thinnest  outside  plate,  nor  be  less  than 
three  diameters  of  the  rivet. 
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6.  The  rivets  used  will  generally  be  |  and  J  inch  diameter. 

7.  The  distance  between  the  edge  of  any  piece  and  'the  centre  of  a 
rivet  hole  must  never  be  less  than  i^  inches,  except  for  bars  less  than  z\ 
inches  wide ;  when  practicable,  it  shall  be  at  least  two  diameters  of  rivets. 

8.  When  plates  more  than  12  inches  wide  are  used  in  the  flanges  of 
plate  or  lattice  girders,  an  extra  line  of  rivets,  with  a  pitch  of  not  over  9 
inches,  shall  be  driven  along  each  edge,  to  draw  the  plates  together,  and 
prevent  the  entrance  of  water 

9.  In  punching  plate  or  other  iron,  the  diameter  of  the  dye  shall  in 
no  case  exceed  the  diameter,  of  the  punch  by  more  than  -rV  of  an  inch. 

10.  All  rivet  holes  must  be  so  accurately  punched,  that,  when  the 
several  parts  forming  one  member  are  assembled  together,  a  rivet  -fe 
inch  less  in  diameter  than  the  hole  can  be  entered,  hot,  into  any  hole, 
without  reaming  or  straining  the  iron  by  "  drifts." 

11.  The  rivets,  when  driven,  must  completely  fill  the  holes. 

12.  The  rivet  heads  must  be  hemispherical,  and  of  a  uniform  size  for 
the  same-sized  rivets  throughout  the  work.  They  must  be  full  and 
neatly  made,  and  be  concentric  to  the  rivet  hole. 

13.  "Whenever  possible,  all  rivets  must  be  machine-driven. 

14.  The  several  pieces  forming  one  built  member  must  fit  closely 
together,  and,  when  riveted,  shall  be  free  from  twists,  bends,  or  open 
joints. 

15.  All  joints  in  riveted  work,  whether  in  tension  or  compression 
members,  must  be  fully  spliced,  as  no  reliance  will  be  placed  upon 
abutting  joints.  The  ends,  however,  must  be  dressed  straight  and  true, 
so  that  there  shall  be  no  open  joints. 

"Xower  16.  The  heads  of  eye-bars  shall  be  so  proportioned  that  the  bar  will 

chords  and      break  in  the  body  instead  of  in  the  eye.     The  form  of  the  head  and  the 
suspension     mode  o£  manufactUre  shall  be  subject  to.  the  approval  of   the  chief 
engineer  of  the  railroad  company. 

17.  The  bars  must  be  free  from  flaws,  and  of  full  thickness  in  the 
necks.  They  shall  be  perfectly  straight  before  boring.  The  holes  shall 
he  in  the  centre  of  the  head,  and  on  the  centre  line  of  the  bar. 

18.  The  bars  must  be  bored  of  exact  lengths,  and  the  pin  hole  jV  inch 
larger  than  the  diameter  of  the  pin. 

19.  The  lower  chord  shall  be  packed  as  narrow  as  possible. 

Pins.  20.  The  pins  shall  be  turned  straight  and  smooth,  and  shall  fit  the 

pin  holes  within  ^  of  an  inch. 

21.  The  diameter  of  the  pin  shall  not  be  less  than  two-thirds  the 
largest  dimension  of  any  tension  member  attached  to  it.  Its  effective 
length  shall  not  be  greater  than  the  breadth  of  the  foot  of  the  post  plus 
four  times  the  diameter  of  the  pin.  The  several  members  attaching  to 
the  pin  shall  be  packed  close  together,  and  all  vacant  spaces  between 
the  chords  and  posts  must  be  filled  with  wrought-iron  filling-rings. 
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22.  All  rods  and  hangers  with  screw  ends  shall  be  upset  at  the  ends,  Upset  screw 
so  that  the  diameter  at  the  bottom  of  the  threads  shall  be  -rV  inch  larger  ends, 
than  any  part  of  the  body  of  the  bar. 

23.  All  threads  must  be  of  the  United  States  standard,  except  at  the 
ends  of  the  pins. 

24.  Floor  beam  hangers  shall  be  so  placed  that  they  can  be  readily  Floor  beam 
examined  at  all  times.     When  fitted  with  screw  ends,  they  shall  be  pro-  hangers, 
vided  with  check  nuts. 

25.  When  bent  loops  are  used,  they  must  fit  perfectly  around  the  pin 
throughout  its  semi-circumference. 

26.  Compression  members  shall  be  of  wrought-iron   of  approved  Compression 
forms.  members. 

27.  The  pitch  of  rivets,  for  a  length  of  two  diameters  at  the  ends, 
shall  not  be  over  four  times  the  diameter  of  the  rivets. 

28.  The  open  sides  of  all  trough-shaped  sections  shall  be  stayed  by 
diagonal  lattice  work  at  distances  not  exceeding  the  width  of  the 
member.    The  size  of  bars  shall  be  duly  proportioned  to  the  width. 

29.  All  pin  holes  shall  be  re-enforced  by  additional  material,  so  as  not 
to  exceed  the  allowed  pressure  on  the  pins.  These  re-enforcing  plates 
must  contain  enough  rivets  to  transfer  the  proportion  of  pressure  which 
comes  upon  them. 

30.  Pin  holes  shall  be  bored  exactly  perpendicular  to  a  vertical  plane 
passing  through  the  centre  line  of  each  member,  when  placed  in  a  posi- 
tion similar  to  that  it  is  to  occupy  in  the  finished  structure. 

31.  The  ends  of  all  square-ended  members  shall  be  planed  smooth,  Abutting 
and  exactly  square  to  the  centre  line  of  strain.  joints. 

32.  All  members  must  be  free  from  twists  or  bends.  Portions 
exposed  to  view  shall  be  neatly  finished. 

33.  The  sections  of  the  top  chord  shall  be  connected  at  the  abutting  Splicing  of 
ends  by  splices  sufficient  to  hold  them  truly  in  position.  top  chord. 

34.  In  no  case  shall  any  lateral  or  diagonal  rod  have  a  less  area  than  Lateral 
\  of  a  square  inch.  bracing. 

35.  The  attachment  of  the  lateral  system  to  the  chords  shall  be  thor- 
oughly efficient.  If  connected  to  suspended  floor  beams,  the  latter  shall 
be  stayed  against  all  motion. 

36.  All  through  bridges  with  top  lateral  bracing  shall  have  wrought-  Transverse 
iron  portals  of  approved  design  at  each  end  of  the  span,  connected  diagonal 
rigidly  to  the  end  posts.  bracing. 

37.  When  the  height  of  the  trusses  exceeds  25  feet,  overhead  diagonal 
bracing  shall  be  attached  to  each  post  and  to  the  top  lateral  struts. 

38.  Pony  trusses  and  through-plate  or  lattice  girders  shall  be  stayed 
by  knee  braces  or  gusset  plates  attached  to  the  top  chords,  at  the  ends, 
and  at  intermediate  points  not  more  than  10  feet  apart,  and  attached 
below  to  the  cross  floor  beams  or  to  the  transverse  struts. 
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Bed  plates. 

Friction 
rollers. 


In  all  deck  bridges,  diagonal  bracing  shall  be  provided  at  each  panel. 
In  double-track  bridges,  this  bracing  shall  be  proportioned  to  resist  the 
unequal  loading  of  the  trusses.  The  diagonal  bracing  at  the  ends  shall 
be  of  the  same  equivalent  strength  as  the  end  top  lateral  bracing. 

39.  All  bed  plates  must  be  otsuch  dimensions  that  the  greatest  press- 
ure upon  the  masonry  shall  not  exceed  250  pounds  per  square  inch. 

40.  All  bridges  over  50  feet  span  shall  have  at  one  end  nests  of 
turned  friction  rollers  formed  of  wrought-iron,  running  between  planed 
surfaces.  The  rollers  shall  not  be  less  than  2  inches  diameter,  and  shall 
be  so  proportioned  that  the  pressure  per  lineal  inch  of  rollers  shall  not 
exceed  the  product  of  the  square  root  of  the  diameter  of  the  roller,  in 
inches,  multiplied  by  500  pounds  (500^). 

41.  Bridges  less  than  50  feet  span  will  be  secured  at  one  end  to  the 
masonry,  and  the  other  end  shall  be  free  to  move  by  sliding  upon  planed 
surfaces. 

42.  All  bridges  will  be  given  a  camber  by  making  the  panel  lengths 
of  the  top  chord  longer  than  those  of  the  bottom  chord  in  the  proportion 
of  \  of  an  inch  to  every  10  feet. 


Camber. 


Tension 
tests. 


QUALITY  OF  IRON. 

1.  All  wrought-iron  must  be  tough,  fibrous,  and  uniform  in  character. 
It  shall  have  a  limit  of  elasticity  of  not  less  than  26,000  pounds  per 
square  inch. 

Finished  bars  must  be  thoroughly  welded  during  the  rolling,  and  free 
from  injurious  seams,  blisters,  buckles,  cinder  spots,  or  imperfect  edges. 

2.  For  all  tension  members,  the  muck  bars  shall  be  rolled  into  flats, 
and  again  cut,  piled,  and  rolled  into  finished  sizes.  They  shall  stand 
the  following  tests :  — 

3.  Full-sized  pieces  of  flat,  round,  or  square  iron,  not  over  4^  inches 
in  sectional  area,  shall  have  an  ultimate  strength  of  50,000  pounds  per 
square  inch,  and  stretch  1 2^  per  cent  in  their  whole  length. 

Bars  of  a  larger  sectional  area  than  4^  square  inches,  when  tested  in 
the  usual  way,  will  be  allowed  a  reduction  of  1,000  pounds  per  square 
inch  for  each  additional  square  inch  of  section,  down  to  a  minimum  of 
46,000  pounds  per  square  inch. 

4.  When  tested  in  specimens  of  uniform  sectional  area  of  at  least  \ 
square  inch  for  a  distance  of  10  inches  taken  from  tension  members 
which  have  been  rolled  to  a  section  not  more  than  4^  square  inches,  the 
iron  shall  show  an  ultimate  strength  of  52,000  pounds  per  square  inch, 
and  stretch  18  per  cent  in  a  distance  of  8  inches. 

Specimens  taken  from  bars  of  a  larger  cross-section  than  t,\  inches 
will  be  allowed  a  reduction  of  500  pounds  for  each  additional  square 
inch  of  section,  down  to  a  minimum  of  50,000  pounds. 
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5.  The  same-sized  specimen  taken  from  angle  and  other  shaped  iron 
shall  have  an  ultimate  strength  of  50,090  pounds  per  square  inch,  and 
elongate  15  per  cent  in  8  inches. 

6.  The  same-sized  specimen  taken  from  plate  iron  shall  have  an  ulti- 
mate strength  of  48,000  pounds,  and  elongate  15  per  cent  in  8  inches. 

7.  All  iron  for  tension  members  must  bend  cold,  for  about  90  degrees,  Bending- 
to  a  curve  whose  diameter  is  not  over  twice  the  thickness  of  the  piece,  tests, 
without  cracking.    At  least  one  sample  in  three  must  bend  180  degrees 

to  this  curve  without  cracking.  When  nicked  on  one  side,  and  bent  by 
a  blow  from  a  sledge,  the  fracture  must  be  nearly  all  fibrous,  showing  but 
few  crystalline  specks. 

8.  Specimens  from  angle,  plate,  and  shaped  iron  must  stand  bending 
cold  through  90  degrees,  and  to  a  curve  whose  diameter  is  not  over  three 
times  its  thickness,  without  cracking. 

When  nicked  or  bent,  its  fracture  must  be  mostly  fibrous. 

9.  Rivets  and  pins  shall  be  made  from  the  best  double-refined  iron. 

10.  The  cast-iron  must  be  of  the  best  quality  of  soft  gray  iron.  Cast-iron, 
u.  All  facilities  for  inspection  of  iron  and  workmanship  shall  be  Tests. 

furnished  by  the  contractor.  He  shall  furnish,  without  charge,  such 
specimens  (prepared)  of  the  several  kinds  of  iron  to  be  used  as  may  be 
required  to  determine  their  character. 

12.  Full-sized  parts  of  the  structure  may  be  tested  at  the  option  of 
the  chief  engineer  of  the  railroad  company ;  but,  if  tested  to  destruction, 
such  material  shall  be  paid  for  at  cost,  less  its  scrap  value,  to  the  con- 
tractor, if  it  proves  satisfactory.  If  it  does  not  stand  the  specified  tests, 
it  will  be  considered  rejected  material,  and  be  solely  at  the  cost  of  the 
contractor. 

WORKMANSHIP. 

1.  All  workmanship  shall  be  first-class  in  every  particular. 

2.  Abutting  joints  in  truss  bridges  shall  be  in  exact  contact  through- 
out. 

3.  Bars  which  are  to  be  placed  side  by  side  in  the  structure  shall  be 
bored  at  the  same  temperature,  and  of  such  equal  length,  that,  upon  being 
piled  on  each  other,  the  pins  shall  pass  through  the  holes  at  both  ends 
without  driving. 

4.  Whenever  necessary  for  the  protection  of  the  thread,  provision 
shall  be  made  for  the  use  of  pilot  nuts,  in  erection. 

PAINTING. 

1.  All  work  shall  be  painted  at  the  shop  with  one  good  coat  of 
selected  iron-ore  paint  and  pure  linseed-oil. 

2.  In  riveted  work,  all  surfaces  coming  in  contact  shall  be  painted 
before  being  riveted  together. 
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Bed  plates,  the  inside  of  closed  sections,  and  all  parts  of  the  work 
which  will  not  be  accessible  for  painting  after  erection,  shall  have  two 
coats  of  paint. 

3.  Pins,  bored  pin  holes,  and  turned  friction  rollers  shall  be  coated 
with  white  lead  and  tallow  before  being  shipped  from  the  shop. 

4.  After  the  structure  is  erected,  the  ironwork  shall  be  thoroughly 
and  evenly  painted  with  two  additional  coats  of  paint  mixed  with  pure 
linseed-oil,  of  such  color  as  may  be  directed ;  the  tension  members  being, 
however,  generally  of  lighter  color  than  the  compression  members. 

ERECTION. 

1.  The  railroad  company  will  take  down  the  old  bridge  if  any  exists. 
It  will  furnish  the  lower  falseworks,  or  supporting-trestles,  only.  The 
use  of  these  falseworks  by  the  contractor  shall  be  construed  as  his 
approval  of  them. 

2.  The  contractor  shall  furnish  all  other  staging  (the  plan  and  con- 
struction of  which  must  be  approved  by  the  chief  engineer),  and  shall 
erect  and  adjust  all  the  ironwork  complete. 

3.  The  contractor  shall  so  conduct  all  his  operations  as  not  to  impede 
the  running  of  the  trains  or  the  operations  of  the  road. 

4.  The  contractor  shall  assume  all  risks  of  accidents  to  men  or 
material  during  the  manufacture  and  erection  of  the  bridge. 

ADDITIONAL  STIPULATIONS. 


The  above  specifications  are  approved. 

Chief  Engineer  N.  Y,  L.  E.,  cV  W.  R.R. 
The  above  specifications  are  accepted. 

Contractor. 

These  specifications  will  be  modified  to  suit  the  character  of 
the  bridges  here  considered. 
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Section  2. 
The  Brunei  Girder  of  Single  System. 

149.  Take  the  form  of  girder  shown  in  Fig.  16,  Class  I., 
article  49,  where  the  end  lengths  of  top  chord  are  shorter  than 
other  segments.  Bridge  to  have  2  equal  parabolic  double-bow 
girders,  top  and  bottom  chords  of  the  same  curvature.  Floor 
carrying  load  attached  by  vertical  struts  and  suspenders  to 
bottom  and  top  panel  points,  and  in  the  plane  of  the  axes  of 
the  two  girders. 

To  compute  the  dimensions,  let  /  =  span  in  feet,  h  —  height 
of  the  two  equal  parabolas  composing  each  girder  at  the  centre 
of  span.  Take  the  axis  of  x  horizontal,  that  of  y  vertical ;  then 
the  equation  to  the  upper  parabola,  origin  at  top,  is 

x2  =  ay. 

But,  with  origin  at  left  end,  the  equation  is 


y 


-f(*-7>  <«*> 


If  there  are  n  equal  panels,  then  the  value  of  y  at  the  rt] 

rl 
panel  point,  where  x  =  — ,  becomes 

y  =  —r(n  —  r);  (473) 

and  the  whole  height  is 

2V  =  $—r(n  —  r).  (474) 

n2 

By  (473), 
For  r  =  o,  y  =  o ; 

,n  —  1 


r  =  1,  y  =  2k- 

■fir 

,2n  —  4 
r  =  2,  y  =  2h —2 ; 


For  r  =  3,  y  =  2h^n       9 ; 


r 


,4.n  —  16 
=  4,  y  =  2/P— 


nz 


r  =  5,  y  =  zhsn       25  j  etc. 
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Twice  these  values  of  y  will  be  the  heights  between  curves 
of  parabolas ;  but,  as  we  shall  here  assume  each  chord  to  be 
polygonal,  that  is,  to  be  straight  from  apex  to  apex,  the  actual 
heights  of  girder  at  these  points  are  manifestly 


K  =  ji  +  i(ya  +  yz) 
K  =  y2  +  Kjcx  +  yz) 


2k 


(2»  —    3)> 
!(4«  -    9). 


2.h , 


h  =  yi  +  hiy*  +  y*)  =  —2(6n  -  x9)> 


=  yr  +  |(>-i  +  >+I)  = 


2  A 


(475) 


Values  ob 

e  in 

(475) 

r 

K  =  4 

6 

8 

10 

12 

11 

16 

18 

20 

22 

21 

I 

5 

9 

13 

17 

21 

2S 

29 

33 

37 

41 

45 

2 

7 

IS 

23 

31 

39 

47 

55 

63 

71 

79 

87 

3 

17 

29 

41 

S3 

65 

77 

89 

101 

"3 

125 

4 

31 

47 

63 

79 

95 

in 

127 

143 

'59 

5 

49 

69 

89 

109 

129 

149 

169 

189 

6 

7i 

95 

119 

143 

167 

191 

215 

7 

97 

125 

153 

181 

209 

237 

8 

127 

159 

191 

223 

255 

9 

161 

197 

233 

269 

10 

199 

239 

279 

ii 

241 

285 

12 

287 

Also  we  have 

1 


cos-*  a, 

1 


«2/2  cos2  a. 


4A2 


=    j   +  *£_(„    _   4)2, 

cos*  a,  n2l2 


=  i+4g(«-    8)2; 
«2/2 

_^_=  j  +  i£(*  _  I2y 
cos2a4  »2/2V  ' 
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and  generally 


4# 


«,2 


cos2  «r  ra2/2 

Values  of  s,  in  (476). 


(476) 


r 

»  =  1 

6 

8 

10 

12 

11 

16 

IS 

20 

22 

24 

I 

3 

5 

7 

9 

11 

13 

15 

17 

"9 

21 

23 

2 

0 

2 

4 

6 

8 

10 

12 

14 

16 

18 

20 

3 

0 

2 

4 

6 

8 

10 

12 

14 

16 

4 

0 

2 

4 

6 

8 

10 

12 

5 

0 

2 

4 

6 

8 

6 

0 

2 

4 

In  the  same  manner,  we  derive 


i_  «  ,  +  ^<«  _  2)2,  _l_  =  x  +  £(«  -  i°)2; 


cos2  & 


7Z2/: 

4^2 


COS2  ^3 


«2/2 


4k2 


cos'ft  W»v  '        cos2/34  »2/2V  ' 

=  1  + 


"    '   4%2-  (477) 


cos2/?r  «* 

Values  of  22  in  (477) 


r 

»  =  * 

6 

8 

10 

12 

11 

16 

18 

20 

22 

21 

I 

2 

4 

6 

8 

10 

12 

14 

16 

18 

20 

22 

2 

0 

2 

4 

6 

8 

10 

12 

14 

16 

18 

3 

0 

2 

4 

6 

8 

10 

12 

14 

4 

0 

2 

4 

6 

8 

10 

5 

0 

2 

4 

6 

6 

0 

2 
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_L_=I  +  4^(  s),  _J_  =  ,  +  4*(lIS  _ 

cos2^  «2/2  °  cos2<93  «2/*v 

_JL_=I  +  4^!(  2S)2  _L^=I+4^( 

cos202  n2/*xl  3/  cos204  «2AV  3 


=  i  + 


4^,2 


C0S2#r  '     7Z2/2 

Values  of  e3  in  (478). 


602; 

(478) 


r 

«  =  4 

6 

8 

10 

12 

11 

16 

18 

20 

22 

21 

I 

7 

13 

19 

25 

31 

37 

43 

49 

55 

61 

67 

2 

3 

17 

31 

45 

59 

73 

«7 

101 

"5 

129 

143 

3 

s 

27 

49 

71 

93 

"5 

137 

159 

181 

203 

4 

7 

37 

67 

97 

127 

157 

187 

217 

247 

5 

9 

47 

«5 

123 

161 

199 

237 

275 

6 

11 

57 

103 

149 

195 

241 

287 

7 

13 

67 

121 

175 

229 

283 

8 

15 

77 

139 

201 

263 

9 

17 

«7 

157 

227 

10 

19 

97 

175 

11 

21 

107 

12 

23 

a  denoting  slope  of  any  segment  of  top  chord, 

/3  denoting  slope  of  any  segment  of  bottom  chord, 

6  denoting  slope  of  any  Z  web  member,  as  shown  in  Fig.  16. 

=  length  of  end  segment  of  top  chord. 


n  cos  cc 

2/ 
wcos  a 

2/ 
ncos  j3 

I 

72  COS  0 


=  length  of  any  other  segment  of  top  chord. 
=  length  of  any  segment  of  bottom  chord. 
=  length  of  any  Z  member. 
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Take  qt  =  1 8  feet  =  extreme  width  of  bridge. 
q  =  16  feet  =  width  of  floor. 

</>,  =  inclination  to  plane  of  girder,  of  any  horizontal 
diagonal. 
Then 


sm2<j>l 


=  1  + 


i82«2 


(479) 


=  length  of  horizontal  diagonal  supposed  to  reach 

sin  (f>l 

from  end  to  end  of  the  transverse  I  floor  beams. 

150.    To  compute  the  Moments  and   Strains  in  Chords 

due  to  the  Total  Panel  Weight,  W  +  L,  applied  at  Each 

Apex,    Top    and    Bottom.  —  We   have,  from  equation   (65), 

moments  at  the  vertical  sections  through  these  apices, 


Mr  =   W  +  \n  -  r)r  =  W  +  Lk, 


(480) 


Values  of  ?4  in  (480). 


r 

»  =  4 

6 

8 

10 

12 

11 

16 

is 

20 

22 

24 

I 

3 

s 

7 

9 

II 

13 

15 

17 

19 

21 

23 

2 

4 

8 

12 

16 

20 

24 

28 

32 

36 

40 

44 

3 

9 

15 

21 

27 

33 

39 

45 

51 

57 

63 

4 

16 

24 

32 

40 

48 

56 

64 

72 

80 

5 

25 

35 

45 

55 

65 

75 

»5 

95 

6 

36 

48 

60 

72 

84 

96 

108 

7 

49 

63 

77 

91 

i°5 

119 

8 

64 

80 

96 

112 

128 

9 

81 

99 

"7  , 

!35 

10 

100 

120 

140 

11 

121 

H3 

12 

*44 
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Therefore,  since  H*  =  — -,  equations  (475)  and  (480)  give 


H  =  K±J:  x  *  x  St, 
h  4        6 


(481) 


which  is  the  horizontal  component  of  the  greatest  strain  in 
each  chord,  at  a  point  directly  above  or  below  an  opposite  apex. 
Hence,  in  the  present  case  :  — 

Strains  in  Top  Chord. 

P.  =  — ,     P*  =  -^-,     P,  =  -^-,     P,  =  -^-,  etc.    (482) 
cos  a,  cosa2  cos«3  cos«4 


Strains  in  Bottom  Chord. 


Ui  =  -^r,    ^2  =  -^-,   K 

cos/3t  cosy82  cos/33 


^-,    C/;  =  ^-,etc.    (483) 

COSy84 


Values  of  -4  =  0.5  +  -k  in  (481). 


r 

n  =  i 

6 

8 

10 

12 

11 

16 

18 

20 

22 

21 

1 

0.600000 

o. 555555 

0.538462 

0.529412 

0.523810 

0.520000 

0.517241 

0-513152 

0.513514 

0.512195 

0.511m 

2 

0.571429 

o-533333 

0.521739 

0.516129 

0.512821 

0.510638 

0.509091 

0.5079370.507042 

0.506329 

0.505747 

3 

0.529412 

0.517241 

0.512195 

0.509434 

0.507692 

0.506494 

0.505618 

0.504950 

0.504425 

0.504000 

4 

0.516129 

0.510638 

0.507937 

0.506329 

0.505263 

0.504505 

0.503937 

0.503497 

0.503M5 

5 

0.510204 

0.507246 

0.505618 

0.504587 

0.503876 

0.503356 

0.502959 

0.502646 

6 

0.507042 

0.505263 

0.504202 

0.503497 

0.502994 

0.502618 

0.502326 

7 

0.505155 

0.504000 

0.503268 

0.502762 

0.502392 

0.502110 

8 

0.503937 

0-503145 

0. 502618 

0.502242 

0.501961 

9 
10 

0.503115 

0.502538 
0.502513 

0.502146 
0.502092 

0.501859 
0.501792 

11 
12 

0.502075 

0.501754 
0.501742 
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Owing  to  the  peculiar  form  (0.5  -f-  —  Y  these  values  are 
easily  written  from  a  table  of  reciprocals. 

151.  Weights  of   these  Wrought-Iron  Chords. 

W  =  unknown  panel  weight  of  bridge. 

L  =  given  panel  weight  of  live  load. 

Q  =  allowed  inch  strain  in  top  chord. 

T  =  allowed  inch  strain  in  bottom  chord,  all  in  tons,  say. 
p 

—  =  cross-section  of  top  chord,  square  inches. 

—  =  cross-section  of  bottom  chord,  square  inches. 

Volume  of  Segments  of  Top  Chord,  Cubic  Inches. 

12/gi  24/^  2/^lH^  2/^lHf, 

Qn  cos2  a'      Qn  cos2  a2       Qn  cos2  a3       Qn  cos2  «4' 


Volume  of  Segments  of  Bottom  Chord,  Cubic  Inches. 

24/Z^  24/ffli  24/Zf,;  2j,lH1  , 

Tracos2^'     Tn  cos2  fc     7»cos2/33'     Tnca&P* 

Weight  of  top  chords, )  _  jj_       24/^   H 
in  pounds,  j        18       nQ  cos2  a 

18       «<2  ^  4     «\        ml*     ) 

=  1  x  ^-±^(W<  +  4'sv\   (484) 

3  Qh     \      s         n2    s     ) 

by  reason  of  (476)  and  (481). 

In  summing  (484),  it  will  be  seen  that  only  one  of  the  two 
extreme  panels  is  to  be  counted. 
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We  shall  here  assume  that  the  ratio  of  the  panel  length  of 
top  chord  to  its  least  radius  of  gyration  is  100,  and  that  sizes 
of  iron  can  be  exactly  fitted  to  meet  the  required  strains.  We 
have,  then,  for  the  segments  of  the  top  chord,  by  our  specifica- 
tions for  columns  with  fiat  ends, 


Q  = 


IOO2 

I  + 

40000 


=  3.2  tons  per  square  inch  of  section. 


These  values  of  2^,  2%*,  and  Q,  put  in  (484),  give, 


Weight  of  top  chords, )  _  W  +  L 
in  pounds,  S  & 


(0.610120/2  +  0.70313A2) 


(0.844908/2 
(1.092744/2 
(1.345284/2 
(1.600192/2 
(1.856490/2 
(2.113692/2 
(2.371521/2 
(2. 629797/* 
(2.888413/2 
(3-I4729o/2 


+  1.05067A2) 

+  1.40235^) 

+  1.75268A2) 

+  2.ioi79^2) 

+  2.45010A2) 

+  2.79790/&2) 

+  3-49263^2) 
+  3-83976*') 
+  4.18679^) 


Similarly  we  find,  from  (477)  and  (481), 

ght  of  botb 
in  pounds, 


Weight  of  bottom  chords,)       J_  x  24/ ^  H 
\       18       nT  cos2/3 


n 
4 

6 

8 

10 

12 

14 
16 

18 
20 
22 
24 


=  a  K±J-(p&  +  4i!sv\    (485) 

3      Th     \      s        n2    e     / 
to  be  summed  as  follows  :  — 
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Since  T  =  5  tons,  we  have,  from  (485), 


Weight    of    bottom)  _  W  +  L 
chords,  in  pounds, )  .   h 


(0.400000/2  +  0.40000A2) 

4 

(0.54684I/2  +  0.65844/&2) 

6 

(0.703802/2  +  0.89390/42) 

8 

(0.864473/2  +  I.I2207A2) 

10 

(I.026993/2  +  I.34722A2) 

12 

(I.I90592/2  +  I.5709IA2) 

14 

(I.35488I/2  +  1.79385*0 

16 

(I.5I9648/2  +  2.01636/z2) 

18 

(I.684746/2  +  2.23863/^) 

20 

(I.850I03/2  +  2.46074/22) 

22 

(2.0I5653/2  +  2.68264^) 

24 

152.   To  find  the   Greatest  Strains  and  the  Weights  in 

the  Web  System.  —  Calling  L  =  o  in  (481),  and  taking  first 
differences,  we  find  horizontal  component  of  strain  in  any  girder 
diagonal  due  to  dead  load,  n  W,  thus  : 


h    4    e 


(486) 
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8 

These  values  of  A^  are  the  alternate  first  differences  ;  the 

only  ones  required  in  this  calculation,  since  the  whole  set  of  Z 
diagonals,  Fig.  16,  is  strained  equally  with  the  whole  set  of 
Y  diagonals  under  the  same  uniform  dead  load  and  same  live 
load  supposed  to  pass  either  way.  And,  moreover,  we  shall 
compute  only  weights  of  diagonals  due  to  the  greatest  com- 
pressive strains  developed  in  them ;  since,  although  they  are 
alternately  in  compression  and  tension  under  live  load,  the 
allowed  unit  strain  in  tension,  5  tons  per  square  inch,  is  so 
much  greater  than  that  allowed  in  compression,  that,  if  a  diag- 
onal can  resist  the  compression,  it  certainly  can  resist  the  ten- 
sion coming  upon  it. 

We  shall,  however,  augment  the  cross-section  of  all  girder 
diagonals  by  eighteenths  of  the  section  computed  to  resist  the 
compressive  strain,  though  not  quite  in  accord  with  our  general 
specifications.  Also,  each  girder  diagonal  is  to  be  rigidly  con- 
nected, at  or  near  its  centre,  with  the  floor  system,  so  that 
.  virtually  the  unsupported  length  of  these  struts  is  but  half  of 
what  it  otherwise  would  be.  In  these  ways  we  guard  against 
lateral  shocks  received  by  the  girder  diagonals. 

E. 

It  may  be  noted  here  that  the  differences,  A-  in  (486), 
would  all  vanish  if  both  chords  coincided  with  the  parabolic  curve 
throughout.  Also,  these  differences,  being  negative,  increase 
the  counter  strains,  and  diminish  the  main  strains,  due  live  load, 
contrary  to  what  results  when  the  chords  are  horizontal. 

For  the  live  load,  11L,  using  the  values  of  kr  in  (475),  and 
taking  Mr  from  equation  (64),  we  have 


=  ±  x  U,        (487) 
4 


^-r(r  +  i)(«  - 
(Hl  N       .  Mr        ™* 

-r) 

_  Z 

{TlL)r  ~    hr                                2h 

n2 
r(r  -\-  i)(n  —  r) 

h 
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(H£)    =  the  horizontal  component  of  chord  strain  at  the 
foremost  end  of  live  load,  due  the  same. 
Also,  from  (68)  and  (475),  we  have 

-r(r  +  i)(«  —  r  —  1) 


{Hl)^  =  fff = ss; =  f x  T  (488) 

~£r  + 1 

n2 

t           r(r  -f-  i)(«  —  r  —  1) 
if  e6  = 

(H£)  =  horizontal  component  of  chord  strain  due  live 
load  at  one  interval  before  its  foremost  end,  and  is  simultaneous 
with  (HL)r  in  (487) ; 

.-.    ±HL  =  \  x  -^6  -  «,),  (489) 

n       4 

which  is  the  horizontal  component  of  greatest  strain  on  diag- 
onals due  live  load  alone,  and  made  positive,  and  added  to  kHw 
also  made  positive,  gives  the  total  horizontal  component  of 
maximum  diagonal  strain,  as  thus  expressed : 

AH  =  -AH*S  -  «u)  -  nW£&\.  (49°) 

Here  also  we  require  only  the  alternate  values  of  e5  and  «6  > 
that  is,  those  values  which  correspond  to  the  instants  when  the 
foremost  panel  weight  of  live  load  is  directly  under  the  upper 
end  of  the  Z  member. 
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Values  of  ss  —  e6  in  (490). 


r 

»  =  4 

6 

8 

10 

12 

14 

16 

18 

20 

22 

21 

1 

0.62857 

0.57778 

0.55518 

0.54269 

0.53480 

0.52936 

°-52539 

0.52236 

0.51999 

0.51806 

0.51647 

3 

0.51765 

0.52058 

0.516S6 

0.51393 

°-5«79 

0.51018 

0.50896 

0.50799 

0.50721 

0 

50657 

5 

0.4947s 

0.50803 

0.50827 

0.50739 

0.50651 

0.50578 

0.50516 

0.50466 

0 

50424 

7 

0.48466 

0.50242 

0.50440 

0.50444 

0.50413 

0.50378 

0.50344 

0 

50315 

9 

0.47895 

0.49923 

0.50218 

0.50276 

0.50277 

0.50263 

0 

50246 

11 

0.47529 

0.49716 

0.50076 

0.50167 

0.50189 

0 

50189 

'3 

0.47273 

0.49570 

0.49975 

0.50089 

+> 

50127 

15 

0.47084 

0.49463 

0.49901 

0 

50033 

17 

0.46939 

0.49381 

0 

49844 

'9 

0.46825 

0 

49317 

21 

0 

46731 

2 

0.62857 

1.09543 

i.5705i 

2.05224 

2.53837 

3.02746 

3-51859 

4.01129 

4-50511 

4.99985 

5 

49530 

Since  the  girder  diagonals  are  to  have  their  end  bearings  on 
the  chord  pins,  and  are  to  have  their  centres  attached  to  the 
floor  system,  we  shall  take  the  ratio  of  whole  length  of  diagonal 
to  least  radius  of  gyration  =  100,  and  the  allowed  inch  strain 


e.  = 


tons. 


1  + 


20000 


We  have,  then,  after  multiplying  by  1.8,  as  above  explained, 
Cross-section  of  1  diagonal  =  — ^ square  inches. 


Volume  of  1  diagonal 

Weight  of  1  diagonal 
Weight  of  all  girder  diag- } 


onals,  in  pounds, 


from  (478)  and  (490). 


} 


Qz  cos  6 

12/  v,    I.8AZT       ,  .    .     , 

=  • —  X  cubic  inches. 

n         Q,  cos2  6 

5     ,  12/   ,    \.Z\H  , 

=  -^  X  —   X  pounds. 

18         n         <2,  cos2  e 

2    X   i    >:     i--    X    •■■    -    -'•-    ' 


12/      3  x  1.8^  b.H 
ib         «    '         8        cos2  8 

h  {  8;z  2n>  ) 

-f  jf^  +  S^W      (491) 

h    {    8  e  2«2  S  ) 
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Placing  the  values  of   2(ss  —  «6)»  2%2(s5  —  «e),   2A-4,  and 
2s32A-4,  in  (491),  we  find 


Weight  of  girder  diagonals,  in  pounds, 


W 
h 


(0.032 142/2 

(0.020589/2 
(0.015004/2 
(0.011781/2 
(0.009688/2 
(0.008229/2 
(0.00  7 148/2 
(0.006326/2 
(0.005  660/2 
(0.005 1  28/2 
(0.004686/2 


+  0.393  75  As)  +  - 
h 

+  0.32779^) 

+  0.26906*2) 

+  0.22622A2) 

+  O.I9425/22) 

+  0.17048*2) 

+  0.15133^) 

+  0.13892A2) 

+  0.12313*2) 

+  0.11352*2) 

+  0.10456/fc) 


(0.176785/2  +    2.16563*2) 


(o:205393/2 

(0.2  2085  2/2 
(0.230877/2 
(0.237972/2 

(0.2432  78/2 
(0.247401/2 
(0.250705/2 
(0.253412/2 
(0.255654/2 
(0.25  7592^ 


+  5.15096A2) 
+  9.32845*') 
+  14.71096*2) 
+  21.29814*2) 
+  29.08846/z2) 
-I-  38.08042*2) 
+  48.27465^) 
+  59.66964/i2) 
-+-  72.26527^) 
+  86.0622  ih2) 


4 

6 

8 

10 

12 

14 
16 
18 
20 
22 
24 


Weight  of  girders  without  head  system,  in  pounds, 


JV 
h 


(1.042262/2  +  1.49688/^)  + 


L 


(1.412338/2 
(1.811550/2 
(2.221543/2 
(2.636873/* 
(3.055311/2 
(3.475721/2 
(3.897495^ 
(4.320203/2 

(4-743644^2 
(5.167629/2 


+  2.03690*2) 
+  2.56531*2) 
+  3.10097A2) 
+  3.64326**) 
+  4.19149*2) 
+  4.74308*2) 
+  5-3°°65*2) 

+  5-85439^) 
+  6.41402*2) 

+  6-97399*2) 


(1.186905/2  +    3.26876^) 


(1.597142/2 
(2.01 7398/* 
(2.440634/2 
(2.865 15  7/* 
(3.290360/2 

(3-7IS974/2 
(4.141874/2 

(4-S679SS^ 
(4.9941 70/2 

(5.420535/2 


4-    6.8600  7*2 
4-  n.62470*2 

+  i7-S8S7^2 
+  24.74715A1 

+  33-I0947*2 
+  42.67217*2 

+  5343638*2 
+  65.40090*2 

4-  78.S6S77* 
+  92.93164*2 


4 

6 
8 

10 
12 

16 

18 
20 
22 

24 


'  I53-  The  floor ;  to  be  made  of  2^-inch  oak  planks  weighing 
$2  pounds  per  cubic  foot.     Width  =  q  =  16  feet  in  (432). 
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2.5 
.•.    Weight  of  floor  =  F  =  —  x  16  X  52/  =  £f&/ pounds.      (492) 

154.  The  joists  of  oak;  longitudinal,  spaced  2  feet  between 
centres,  and  consequently  9  in  number,  all  of  equal  size.. 

By  (431)  and  (432),  we  have 

Depth  of  joists  =  b*  =  (9  X  10  x  2l,F  +  20QQnLs  l?inches,  (493) 

(  16   X   I00007?  ) 

calling  B  =  10,000  pounds  =  breaking  inch  strain    for  oak, 
/  =  10  =  factor  of  safety,  g  =  2  feet  =  distance  between 
centres  of  joists. 
And,  from  (433), 

9  X  52/(  /,„  T.\i 

Weight  of  9  joists  =  /= ^— <o.ooii2S-j(^  +  zooonL)  > 

144  \  fl  ) 

—  -1¥3-/|o.ooii25—  (F  +  zooonL)  V  pounds.   (494) 

155.  The  wrought-iron  I  floor  beams,  n  —  1  in  number 
(single  or  in  pairs,  according  to  live  load,  as  shown  below),  each 
bearing  1  panel  weight  of  live  load,  of  floor,  and  of  joists, 
besides  its  own  weight,  which  is  provided  for  as  explained  in 
article  124. 

Also,  the  I-beams  must  bear  the  longitudinal  strain  due  to 
wind  pressure,  and  to  initial  strain  on  the  horizontal  diagonals 
inserted  between  them  in  each  panel. 

Taking  the  proportions  of  the  beam's  section  as  in  article 

124,  and  calling  —  =  10,000  pounds  =  allowed  inch  strain  for 
wrought-iron  beams,  (412)  gives 

UF  +  J  +  2ooo»Z)i8)i 
Depth  of  I-beam  =  d2  =  3.80122  j I0000w j  >      WS) 

in  inches. 
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Cross-section  of  I-beam,  from  (413),  is 

5  = Ld22  square  inches. 

1200 

Weight  of  (»  —  1)  I 

I-beams,  due  to  \  =P=  15.46068X5^ 
load,  pounds,     J 

l8(F+J+2O00n£)\§ 


x,8(,-,){'^ 


0000« 


x  (l8(^"  +  /+2000«Z))l    ,         s 

=77.3034(^-1)  I ^^-n — } ,  (496) 

by  reason  of  (414). 

156.  Or,  in  order  to  avoid  the  complicated  expressions  for 
weight  of  joists  in  terms  of  L  and  /,  we  may  proceed  as 
follows :  — 

By  equation  (408), 

Weight  of  floor  =  F  =  ulqt  pounds, 

.'.     uqt — [-  2000Z         =  panel  weight  of  floor  and  live  load, 
n 


g(      I  \ 

-(  uqt — (-  2000Z  J  =  uniform  load  on  each  panel  length  of  joist 


Putting  this  weight,  for  Iw  in  equation  (52),  we  have,  for 
each  panel  length  of  joist, 

Moment  due  floor  and  live  load,  M  =  -  Huqt — |-  2000Z ) — 

8  q\       n  J  n 

=  IBM*,  (497) 

by  (161)  ;  Bt  being  the  allowed  inch  strain. 

Now  we  will  take  bd*  =  -5 ; 

n 


d=l- 


(d  in  inches,  /  in  feet), 
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-bd7-  square  inches. 


(498) 


That  is,  the  cross-section,  S,  of  a  joist  is  taken  equal  to  -  times 

its  breadth,  b,  multiplied  by  the  square  of  its  depth,  d.     Then, 

2  ^ 
calling  g  =  2  feet,  q  =  16  feet,  u  =  52  pounds,  t  =  -^  feet, 

2?,  =  1,000  pounds  per  square  inch  for  oak,   equation   (497) 
becomes,  after  reducing, 


/52o/  A  •    , 

S  =  0.001125! —   — |-  2000Z  I  square  inches, 


J 


9  X  52/ 


144 


■5 


o.oo365625(— —  -  +  2000ZJ/  pounds. 


/  =  7.3125Z/  +  /* 


3 

°-6337S      -, 
— ^—   pound, 

0.1584375  pound, 
0.1056250  pound, 
0.0792187  pound, 
o-°63375°  pound, 
0.0528125  pound, 
0.0452679  pound, 
0.0396094  pound, 
0.0352083  pound, 
0.0316875  pound, 
0.0288068  pound, 
0.0264063  pound, 


(4,99) 
(S°°) 


4 

6 

8 

10 

12 

14 
16 
18 
20 
22 
24 


which  are  the  weights  of  the  9  joists  for  oak. 

157.  If,  instead  of  wood,  we  use  wrought-iron  I-beams  to 
support  the  floor  and  load,  we  may  assume  the  beam's  cross- 
section  to  have  such  proportions  (see  manufacturers'  tables) 
that 


I  =  -t-Sd, 

ion 


(501) 
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where  I  =  moment  of  inertia  of  section ;  S  =  area  of  section, 
in  square  inches ;  d  =  depth  of  beam,  in  inches ;  /  =  length 
of  bridge,  in  feet. 

Then,  from  equations  (52)  and  (187),  we  have  moments  of 
external  and  internal  forces, 


_  1       gIF  +  2QoonL\       -12I 
8       ^\  n  J         n 


a  n 


(S°2) 


if  g: 

inch. 


/        M 

-  =  — ,  to  be  used  with  makers'  tables, 
d       2BI 

(520  /  \ 
1-  2000Z  I  square  inches, 

:  3.2  feet,  q  =  16  feet,  Z?,  =  10,000  pounds  per  square 


Weight    of   6   wrought-iron  longi 
tudinal  I-beams,  in  pounds 


/,  =  6Z/  +  I* 


>      ) 


/i  =  6  X  ^  X  12/5.     (503) 


0.52 

—     pound, 

n 

0.1300000  pound, 

4 

0.0866666  pound, 

6 

0.0650000  pound, 

8 

0.0520000  pound, 

10 

°-°433333  pound, 

12 

0.0371429  pound, 

14 

0.0325000  pound, 

16 

0.0288889  pound, 

18 

0.0260000  pound, 

20 

0.0236364  pound, 

22 

0.0216667  pound. 

24 

158.  For  the  transverse  I-beams  supporting  the  longitudinal 
I-beams,  the  floor,  and  load,  we  have  on  each,  exclusive  of  its 
own  weight, 

F  +   L  +  200onL 
pounds. 
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From  (52)  and  (187), 


M 


< 


F  +  Jz  +  2QoonL\ 


2BJ 


)12qi==~d"        (5°4) 


Take  i?,  =  10,000  pounds  per  square  inch. 

gz  =  18  feet  =  entire  length  of  beam. 
We  shall  assume  the  cross-section  of  each  transverse  I-beam 
to  be  such  that 

T  =  2Sd  (505) 

whether  the  beam  be  rolled  or  made  up  of  plate  and  angle  iron. 
Therefore,  from  (504)  and  (505), 


/520/       6LI      0.5  2/2  \      ,     ,N 

S  =  0.0006 75 ^Y  -  +  —  +  -—■  +  2000ZJ.     (506) 


Weight  of  {n  —  1)  transverse  I-beams  due  load,  in  pounds, 
=  (n  —  1)  X  TfV  X  12  X   1 85 


=  / 


u.u4u^  yn    — 

It                                            j 

/    VO"/ 

n 

5.2650  + 12 

0.003949  +  LI 

0.18225  +  L 

243 

4 

5.8500 

0.002925 

0.20250 

405 

6 

6.1425 

0.002303 

0.21262 

567 

8 

6.3180 

0.001895 

0.21870 

729 

10 

6-435° 

0.001609 

0.22275 

891 

12 

6.5186 

0.001397 

0.22564 

ioS3 

14 

6.5812 

0.001234 

0.22781 

1215 

16 

6.6300 

■b.ooiio5 

0.22950 

1377 

18 

6.6690 

O.OOIOOO 

0.23085 

1539 

20 

6.7009 

0.000914 

0.23195 

1701 

22 

6.7275 

0.000841 

0.23287 

1863 

24 
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159.  In  order  that  the  wind  pressure  may  be  a  function  of 
the  height,  li,  of  the  girders,  as  it  manifestly  ought  to  be,  we 
will  assume,  for  wind  pressure  against  these  highway  bridges, 
50  pounds  per  square  foot  of  actual  vertical  surface  presented 

by  both  girders,  estimated  at  —  X  -  square  feet,  to  the  run- 

/         2 

ning-foot  of  bridge.     Therefore 

Wind  pressure  per  linear  foot      =  2500-  pounds. 

h 
Wind  pressure  per  panel  length  =  WI  =  2500-  pounds. 

n 


No  account  is  here  taken  of  vertical  wind  force. 

Let  the  strains  due  this  horizontal  force  of  wind  be  provided 
for  along  the  floor  system  which  is  placed  midway  between  the 
top  and  bottom  chords  (that  is,  insert  horizontal  diagonals  in 
each  panel  between  the  transverse  I-beams),  and  increase  the 
cross-section  already  found  for  these  transverse  beams  by  an 
amount  required  by  the  wind  force ;  and  let  the  longitudinal 
strain  due  wind  be  taken  up  by  2  longitudinal  wrought-iron 
bars,  or  channels,  extending  the  entire  length  of  bridge, 
securely  attached  to  the  outside  of  the  outer  longitudinal  floor 
beams,  to  the  top  of  every  transverse  beam,  and  to  each  girder 
diagonal,  as  already  explained. 

These  two  longitudinal  bars  or  channels,  and  the  two  out- 
side floor  beams,  are  to  be  made  continuous  throughout,  and 
capable  of  resisting  either  tension  or  compression.  It  will  be 
noticed,  that  the  floor  and  load  use  only  one-half  the  capacity  of 
these  two  outside  longitudinal  floor  beams  ;  also,  that  all  floor 
beams,  longitudinal  and  transverse,  are,  from  the  manner  of 
their  loading,  unable  to  deflect  horizontally. 

160.  The  Horizontal  Diagonals,  211  in  Number. — To 
provide  for  travelling  gusts  of  wind,  we  shall  here  assume  that 
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h 
this  panel  pressure,  W1  =  2,500-  pounds,  is  a  uniform  live  load. 

n 

Therefore  the  strains  upon  the  diagonals  are  given  in  Fig.  112 

if  we  put  WI  in  the  place  of  L,  and  make  W  =  o. 

But,  since  we  must  provide  for  this  wind  pressure  coming 

upon  either  side  of  the  bridge,  it  is  plain  that  all  horizontal 

diagonals  must  be  "mains,"  and  the  two  in  any  panel  equal  in 

size.     We  must,  therefore,  take  -  terms  of  the  following  series 

2 

four  times : 


Strain  on  horizontal  diagonals  due  wind 


2nsm<f> 


-i«(*— 1),(«  — 1)(«—  2),  («  — 2)(«  — 3),...  -terms I,  (508) 


in  same  denomination  as  Wv 

Take  the  inch  strain  Tt  =  15,000  pounds. 


Weight  of  horizontal  diagonals,  pounds, 


=  4  X  _■_  ±    X   m  X 


sin  </>,, 


211T1  sin(/>i 


n(n  —  1)  +  («  —  i)(«  —  2) 
+  («  —  2)(n  -  3) 
+  («  -  3)0  -  4) 


.  .  -  terms 
2 


=K"-4»)(,+^> 


(S°9) 


since  »?  —  ^  pounds  per  cubic  inch  for  wroughtziron,  ^  =  18 
feet  =  length  of  transverse  I-beams. 


by  (479)- 


sin2  4>i  \«?i 
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From  (509),  we  find 
Weight  of  horizontal  diagonals,  pounds, 


=  h 


22.500    + 

34444 
46.250 
58.000 
69.722 
81.429 

93-I25 
104.815 
116.500 
128.182 
139.861 


hi2 


0.0043403 
0.0029531 
0.0022304 
0.0017901 
0.0014944 
0.0012823 
0.0011225 
0.0009985 
0.0008989 
0.0008174 
0.0007494 


4 

6 

8 

10 

12 

14 
16 
18 
20 
22 
24 


161.  The  Horizontal  Struts;  that  is,  in  this  Case,  the 
Quantity  of  Iron  to  be  added  to  the  Transverse  I-Beams 
by  Reason  of  Wind  Pressure.  —  If  we  divide  the  terms  of 
equation  (508)  by  15,000,  we  shall  have  the  cross-sections  of 
the  horizontal  diagonals  in  square  inches.  And,  if  each  of  these 
sections  be  multiplied  by  10,000  sin  <£„  the  product  will  be  the 
longitudinal  pressure  brought  upon  the  end  of  any  transverse 
I-beam  by  one  horizontal  diagonal.  Now,  by  our  specifications, 
the  pressure  so  brought  upon  these  horizontal  struts  by  the 
horizontal  diagonals  attached  to  the  end  of  each  is  the  end 
pressure  to  be  provided  for  in  these  struts  or  I-beams.  We 
therefore  have 
Longitudinal  pressure  upon  end  of  transverse  I-beams 

_  W,  (  T  n{n  -  1)  1   Un  -  i)(n  -  2)' 

3n\l+(n  -  i)(«  _  2) J'  [_( 

_    2fVir 

3* 

These  I-beams  being  unable  to  deflect  horizontally,  and 
having  considerable  depth,  we  may  take  for  them,  under  this 
wind  pressure,  the  unit  strain, 


«)(»-3)J  J 


1)  (n  —  2)  J   [_(» 
£[(»  -  i)2,  (*  -  2)2,  O  -  3y,  etc.].      (510) 
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8000 


8000 


I  + 


("?.) 


pounds  per  square  inch, 


20000  x 


— y         I  +  O.933 1 2  j 


2  K/ 
where  —  is  put  for  the  square  of  the  radius  of  gyration  about 
n 

an  axis  normal  to  web  of  beam. 

Hence  the  areas  of  sections  to  be  added  to  the  I-beams,  by 

reason  of  wind,  are 

2 IV,, 


S  = 


3«<2 


[(«  -  i)a>  («  ~2Y>  (n  -  3)2>  etcj.    (511) 


Taking  m  =  ^>E,  qz  =  18,  JVZ  =  2,500-  we  find 

Weight  of  iron  to  be  added  to  transverse  I-beams,  on  account  of  wind, 
in  pounds, 

(«  —  i)2  +  (n  —  2)2  4-  (»  —  3) 


=  4    X    12?,    X 


m  Ws 
3nQ2 


•••(H 

_  2m^WI^n2  _  l2n  +  2-j  ^  even), 
=  '(2  +  °-97^)(7-  "  »  +  J) 


terms  + 


(S») 


=  A 


18.18S 

31-597 
46. in 
60.625 
75-!73 
89-733 
104.297 
118.866 

I33-438 
148.008 
162.587 


+ 


64.15 


176.91 

6 

344.09 

8 

565-7i 

10 

84I-75 

A 

1172.18 

14 

I557-I5 

16 

1996.49 

18 

2490.27 

20 

3038-47 

22 

3641. 11 

24 
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162.    The  Chords  required  in  the   Horizontal    System  to 

resist  Wind  Force.  —  The  strains  generated  in  these  chords 

by  the  panel  pressure  of  wind,  Wu  are  given  in  Fig.  112  if,  for 

Ar       W  +  L,  .  Ar       WJ  „, 

N  = '- — /,  we  put  N  =  — - ,  thus  : 

2nh  2nqi 

-Maxima  chord  strains  in  horizontal  system 

=  ^±^n  ~  *),  2(n  ~  2)>  3(«  -  3),  etc.],      (513) 

for  each  chord,  since  the  wind  may  act  on  either  side  of  the 
bridge. 

Now,  since  these  strains  will  be  sometimes  in  tension  and 
sometimes  in  compression,  these  wind  chords  must  be  con- 
structed so  as  to  resist  either  kind  of  strain.  Then,  of  course, 
a  cross-section  sufficient  for  the  greatest  compressive  strain 
will  be  ample  for  the  maximum  tensile  strain. 

And,  because  these  chords  are  to  be  securely  attached  to 
the  girder  diagonals,  to  the  outside  longitudinal  I-beams  whose 
strength  is  only  one-half  taxed  in  supporting  the  floor  and  live 
load,  and  to  the  transverse  I-beams,  we  shall  take 

unsupported  length  _ 
radius  of  gyration 

as  in  case  of  the  top  chords,  article  151;  also,  call  the  ends 
fixed.  The  axis  of  gyration  is  normal  to  the  plane  of  girder, 
since  the  floor  prevents  these  struts  from  deflecting  horizon- 
tally. Thef 

Q  =  3.2  tons  =  6400  pounds  =  allowed  inch  strain. 

Cross-section  of  wind  chords  for  each  panel 

WJ 


znq,Q\ 


-  1,   2(«  -  2),   3(«  -  3),  .  .  .  -in  -  *j|.      (514) 
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Weight  of  wind  chords,  in  pounds, 

12/ 
n 


_5_ 
18 


X  -^-A  0  -  0  +  20  -  2)  +  3(»  -  3)»- 
2tig1Q( 

=  0.006028164^2  +  -  -  — V/2 


n 


terms  !■ 
2     ) 


(SiS) 


hr- 


0.0158239 

O.OI47353 
0.0141285 
0.0137442 
0.0134800 
0.0132866 
0.0131395 
0.0130238 
0.0129304 
0.012S534 
0.0127889 


4 

6 

8 

10 

12 

14 

16 
18 

20 
22 
24 


163.  The  vertical  supports  for  the  transverse  floor  beams 
and  their  load  must  also  resist  the  moment  due  that  part  of  the 
wind  pressure  which  acts  upon  the  chords  and  girder  diagonals. 

1st,  The  total  weight  to  be  upheld  by  each  of  these  vertical 
struts  and  hangers  is  the  (2«)t]1  part  of  the  sum  of  the  weights 
of  the  live  load,  the  floor,  the  longitudinal  I-beams,  the  trans- 
verse I-beams  taken  — —  times,  the  horizontal  diagonals  in 
11  —  1  \ 

the  floor  system,  and  the  wind  chords ;  all  of  which  have  now 
been  found  in  terms  of  /  and  L.  Call  this  weight  sn  pounds  on 
each  strut  and  on  each  hanger,  n  being  the  number  of  panels. 
Each  strut,  of  course,  transmits  the  load,  «„,  to  the  panel  point 
below;  while  each  hanger  or  suspender  transmits  the  load,  tm  to 
the  alternate  panel  points  above. 
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For  the  struts,  we  may  «take 

8000 

Q  =  — IS*   =  5333  Pounds 

1  H 

20000 

as  the  allowed  inch  strain  in  compression. 

.•.     Cross-section  of  a  strut  due)         „        s„  ■     ,  ,     .. 

\  =  .S  =  —  square  inches.       (516) 
vertical  forces  )  Q3 

Weight  of  all  struts  due)=2Xixi«x  ^ 
vertical  forces  j  18       (?3 

=  0.000208W  11 \/ie„  pounds,        (517) 

since,  from  (473),  for  lower  parabola, 

%y  =  *±  j  (a„  -  4)  +  (4«  -  16)  +  (6»  -  36)  ...  fc  -  i\  termsl 

Similarly,  for  the  suspenders,  take  71,  =  6,000  pounds  =  the 
allowed  inch  strain  in  tension. 


Cross 
due 


section    of    suspender!  =  ^  =  ^  gquare  inches_  (sig) 

le  vertical  forces  )  ^ 

Weight  of  all  suspenders  duel  _2  x  j_  x  «.  x  I2S 
vertical  forces  J  18       TL 

=  0.000185)  n  -\ — )AsK  pounds,     (519) 
V         n) 

since,  for  the  upper  parabola, 

%y  =  ^1  («  -  1)  +  (3«  -  9)  +  (5«  -  25)  .  .  .  -  termsl 
n2  (  2  ) 

=  W» + A 
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2d,  We  shall  assume,  that,  of  the  wind  pressure,  125  pounds 
act  upon  each  running-foot  of  the  two  top  chords  and  of  the  two 
bottom  chords,  tending  to  rotate  each  girder  about  its  1  longitu- 
dinal axis.  We  may  note,  that,  in  general,  these  forces  act- 
ing upon  one  chord  will  be  nearly  balanced  by  the  forces  acting 
upon  the  other;  but  in  certain  cases  a  gale  may  strike  one 
chord  and  not  the  other. 

Acting,  then/  in  lines  normal  to  the  plane  of  each  girder,  at 

2/  / 

each  panel  point  or  apex,  is  the  pressure  of  62.5  X  —  =  125- 

n  n 

pounds,  with  the  lever  arm,  y,  causing  a  moment,  at  the  wide 

end  of  the  strut  or  suspender,  of  125-  y  foot-pounds.     We  take 

n 

no  account  here  of  the  fact  that  each  end  segment  of  the  top 

chord  is  only  about  one-half  the  length  of  any  other. 

Let  these  struts  and  suspenders,  acting  also  as  lateral  braces 
to  the  chords  where  there  is  no  lateral  head  system,  have  a 
breadth  of  effective  base  equal  to  -^y.  The.  broad  end  of  the 
suspender  is  to  be  attached  to  the  top  chord  and  head  lateral 
strut  whenever  it  would  obstruct  unduly  the  roadway  below. 
Otherwise,  and  in  all  cases  where  head  laterals  are  wanting,  the 
suspender  has  its  broad  end  securely  bolted  to  the  transverse 
I-beam  in  the  floor  system. 

Then,  if  S2  =  cross-section  of  the  two  members  or  flanges 
of  each  strut  or  suspender,  we  have,  at  the  broad  end  of  each, 
this  equality  of  moments, 

™S~y  =  &S*  X  jfsyB„ 
n 

2K00I        75   /  .     ,  „       . 

5,  =       p     =  -±=-  -  square  inches,  (520) 

2         nB1         1 70  n   H  u     ; 

if  Bz  —  £(5,333  -f-  6,000)  =  5,667  pounds  =  allowed  inch  strain 
in  bending. 
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It  will  be  noticed  that  the  cross-section,  S2t  is  uniform 
throughout  the  member  if  the  two  flanges  meet  at  one  end,  as 
we  shall  assume  they  do,  and  shall  illustrate  in  specifications. 

We  have,  then, 

Weight  of  verticals  required  to  resist  bending-moment  due  wind,  in 
pounds, 

=  2  X  T8  X  r^  n  X    Y2%y  =  °-98o3922^i  -  ^Jhl,  (521) 

since  now 


%y  =  i-[(»  —  1)  4-  2(«  —  2)  +  3(»  —  3)  .  .  .  (a  —  1)  terms] 
n2 


H"-:> 


From  (517),  (519),  and  (521),  we  find 

Weight  of  all  vertical  supports,  in  pounds, 

=  h  j  a,  (o.ooo3935r8»  -  aoo°f2963)  +  0.9803922(1  -  ±)/ J    (522) 


(0.001 138Z/  +  1.5174Z+  0.000000735/'+  o.oooo2466/2+  0.95447/  +  0.0031) 
(0.001188Z/+2.3765Z+ 0.00000067  3/3+o.oooor7i6/2+  0.99024/  +  0.0081) 
(0.001206Z/  +3.21 54Z  +  0.000000632/ 3+  o.ooooi3o6/2+  1.00373/ +  0.0152) 
(0.001214Z/  +4.0464Z  +  0.000000604/ 3+  0:00001052/*+  1.01035/ +  0.0244) 
(0.001218Z/  +4.8733Z+  0.000000584/ 3+  o.ooooo88o/2+  1.01470/  +  0.0358) 
(o.ooi22iZ/+5.698oZ+o.oooooo57o/3+ 0.000007  56/2+  1.01758/+ 0.0494) 
(o.oor223Z/ +6.521  iZ+o.oooooo559/3+o.ooooo662/2+  1.01988/ +  0.0650) 
(0.001224Z/  +7.3434Z+  o.oooooo55o/3+  0.00000589/°+  1.02172/  +  0.0828) 
(o.ooi225Z/+8.i65oZ  +  o.oooooo54o/3+o.ooooo53i/2+  1.02342/ +  0.1028) 
(o.ooi225Z/+S.986iZ+o.oooooo537/3+o.ooooo483/2+  1.02487/ +  0.1249) 
(o.ooi226Z/+9.8o69Z+o.oooooo53i/3+o.ooooo443/2+  1. 02626/  +  0.1491) 
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since,  for  s„  in  (522),  we  have 


et  =  0.78037  Z/  4-  1040. 5Z  4-  0.016908/2  +  22.5441/  4-  0.002 52i^/2  +  5.843,4  4- 10.69-, 
e6  =  0.52025Z/  4-  1040. 5Z  4-  0.007515/2  4-  15.0290/  4-  0.001474/W2  4-  6.030/6  4- 17.69-, 
£S  —  0.39019Z/4-  1040.5Z  4-  o.oo4227/24- 11.2720/ 4- o.ooio22,4/2  4- 6.184/2 +  24.58-, 
cI0  =  0.3121 5Z/  4- 1040. 5Z  +  0.002705/2  4-  9.0176/  4-  0.000777/4/2  4-  6.268/4  4-  31.43-, 
el2  =  0.26013Z/  4-  1040.5Z  4-  0.001879/2  4-  7.5147/  4-  o.ooo624i/2  4-  6.322/$  4-  38.26-, 
eu  —  0.22297 LI  4-  1040.5Z  4-  0.001380/2  4-  6.4412/  4-  0.000520/W2  4.  6.359/2  4-  45.08-, 
£I6  =  0.19509Z/  4-  1040. 5Z  4-  0.001057/2  4-  5.6360/  4-  0.000446/5/2  +  6^387/$  4-  51.90-, 
cI8  —  0.17342Z/  4-  1040. 5Z  4-  0.000835/2  4-  5.0098/  4-  0.000389/2/2  4-  6.407/$  4-  58.71^, 
«M  =  0.15608Z/  4-  1040. 5Z  4-  0.000676/2  4-  4.5088/  4-  0.000346/W2  4-  6.424^  4-  65.53-, 
£22  —  0.14189Z/  4-  1040. 5Z  4-  0.000559/2  4-  4.09S9/  +  0.00031 1/2/2  4-  6.437/4  4-  72.34-i, 
eu  =  0.13006Z/  4-  1040.5Z  4-  0.000470/2  4-    3.7574/  4-  0.000282/5/2  4-  6.448,4  4-  79.15-, 


which,  as  above  defined,  is  the  weight  upheld  vertically  by  each 
support. 

It  will  be  observed,  that,  in  all  terms  involving  h*  in  the 
expression  for  weight  of  vertical  supports,  equation  (522),  h*  has 
been  replaced  by  \hl.  This  substitution  is  simply  for  conven- 
ience, and,  being  made  in  these  small  terms  only,  does  not 
practically  affect  the  accuracy  of  our  resulting  equations,  while 
we  are  hereby  relieved  of  higher  powers  of  h  than  the  second, 
in  the  value  of  W. 

164.  As  additional  security  against  deflection,  out  of  the 
plane  of  the  girder,  by  the  top  chord,  we  shall  insert  a  system 
of  head  lateral  bracing  between  the  two  top  chords  where  the 
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height  is  sufficient.     For  this  purpose,  the  two  top  chords  are 

the  flanges   of   a  great   longitudinal  strut   or  column,  whose 

tendency  to  deflect  laterally  must  be  overcome  by  this  head 

web  system  of  diagonals  and  struts. 

Suppose  the  moment  at  the  centre  of  this  system  be  that 

due  to  \  lVt  acting  upon  each  panel  length,  or  to  ^  W,  acting 

upon  the  windward   side   at   each  joint   of   the  windward  top 

chord ;   that  is,  by  (480),  where  now  we  must  put  \n  for  ;/,  and 

h 
\ii  for  r,  and  2,500-  pounds  for  Wlt  we  have 

11 

Moment  at  centre  =  M  =  -f^WJn  =  78.125^/; 
and  the  longitudinal  horizontal  strain, 

H  =  —  =  78.125—  pounds  at  centre, 

which  in  each  flange  may  be  considered  to  decrease  uniformly 
to  the  ends,  as  is  practically  the  case  with  that  part  of  the 
strain  due  to  bending-moment  in  a  pillar. 
Therefore,  for  each  double  panel  length, 

UI  =  H  x  f  =  312-5— ; 

requiring  each  diagonal  tie  to  resist 

3"-5  ^_    oundg 

cos  a  cos  (f>2        nqk  "  ' 

and  to  have  a  cross-section 

312.5^/  0.020?>\hl 

o  =  3 =  v  square  inches,      (S23) 

15000  cos  a  cos  p2«^,        nql  cos  <f>2    H  '       w  J/ 
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since '  cos  a  may,  for  these  central  panels  receiving  the  head 
system,  be  put  =  i  without  practical  error. 


Length  of  each  head  diagonal  = 


2/ 


n  cos  (p.. 


practically. 


Weight  of  2[  -  —  3  )  wrought- iron  head  diagonals,  in  pounds, 


In         \        t;         12x2/,  0.0208AA/ 
V-3jXi8X   '  ^         ~       ~ 


i —     ^     — n 1 

!  cos  <p2        i8«  cos  <p2 


=  0.007716 X 


=  0.007716(72 


-  6)f^ 


COS2  <£2 


+  8IA)  (524) 


=  h 


since 


0 

1.25 

2.50 

3-75 
5.00 
6.25 
7-5° 

8-75 
10.00 

11.25 


qx  =  18  feet,     and 


+  hi* 


COS2  <f)2 


0.000241 1 
0.0003086 
0.0003215 
0.0003149 
0.0003014 
0.0002857 
0.0002701 
0.0002551 
0.000241 1 


=  I  + 


/i8rc 


11 
4 


10 
12 

14 
16 
18 
20 

22 
24 


=  1  4-  tan2</>2. 


If  we  multiply  5  in  (523)  by  2  X  10,000  cos  fa  tan  fa,  we 
have,  by  our  specifications,  the  end  pressure  brought  by  each 
pair  of  diagonals  upon  the  end  of  each  head  strut ;  and,  calling 
the  inch  strain  in  compression  on  these  struts  2,500  pounds, 
wo  have  the  cross-section  of  each  head  strut,  in  square  inches, 
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S  = 


312.5  X  2  X  ioooo^/tan<£2 
15000  X  2500/z^ 


=  iM 


(525) 


h  being  in  feet,  and  tan  $2  =  -%j. 


Weight  of  ( 2  J  head  struts,  in  pounds, 

=  (~  ~  2)  x  4  x  I2  x  l8  x  -  =  5*(-  -  2")     (S 

\2  /  l8  12  \2  / 


26) 


=    A 


0 

4 

5 

6 

10 

8 

IS 

10 

20 

12 

25 

14 

30 

16 

35 

18 

40 

20 

45 

22 

50 

24 

/*  in  feet. 

Since  we  have  already  provided,  in  the  floor  system,  for  the 
whole  bending-force  of  the  wind,  and  are  now  simply  stiffening 
the  head  system  laterally  as  a  column,  or  to  meet  adjustment 
strains,  and  strains  due  to  imperfections  in  workmanship,  it 
will  manifestly  suffice  if  we  call  the  additional  chord  strain  in 
each  segment  of  top  chord  within  the  head  system  equal  to 


AH  =  312.5 —  =  17.36-S — ■■  pounds. 
nql  11 


And,  as  6,400  pounds  is  the  allowed  inch  strain  in  top  chords, 
we  have 
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Cross-section  to  be  4dded  to  each  segment  of  top  chord  due  to  strain 
on  head  diagonals,  square  inches, 

hi 


S  =  0.00271267- 


(S27) 


Weight  of  added  iron  in  (-  —  3  J  of  the  central  double  panels,  for  top 
chords,  in  pounds, 


•     <  "Jpfc  =  0.036x689(^-3^  (sag) 


=  hi2 


- 

4 

0 

6 

0.0005651 

8 

0.0007234 

10 

0.0007535 

12 

0.0007381 

14 

0.0607064 

16 

0.0006698 

18 

0.0006329 

20 

0.0005978 

22 

0.0005651 

24 

165.  To  find  the  Necessary  Amount  of  Material  for  the 
Triangular  Web  System  of  Latticed  Struts  or  Columns. 

Let  /'  =  length  of  strut. 

d  =  effective  width  of  strut. 

A  =  area  of  both  flanges  in  section  normal  to  axis  of 

strut,  in  square  inches. 
At  =  area  of  diagonals  in  the  same  section  normal  to 
axis  of  strut,  and  not  to  its  own  axis,  in  square 
inches. 
6  =  450  =  inclination  of  diagonal  to  axis  of  strut. 

Bs  =  allowed  inch  strain,  both  in  flanges  and  diagonals, 
in  the  present  case. 
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Then,  moment  at  centre, 

M  =  \AdBv 


M 


Longitudinal  flange  strain  at  centre  =  H  =  —  =  \AB„ 


Now,  since  H  decreases  uniformly  from  the  centre  to  the 

ends,  at  least  practically, 

AH  =  ^B  =  If*, 

which  is  the  longitudinal  component  of  diagonal  strain. 
And 

AH  -r-  cos  8  =  L  =  strain  on  diagonal ; 

/'  cos  0 


AL 


Ad 


2Ad 


I' cos2  6 


A,  _  id 


(529) 
(53°) 


=  ^if/' 
=  ^if/' 


=  A-  if  /'  -f-  d  =  40, 


A  if 


d  =  20, 

d  =  30, 


5°- 


Since  about  one-half  of  each  diagonal  bar  is  cut  away  to 
receive  its  end  pin,  we  have  for  use, 


A1  _  ^d 


(53i) 
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=   -        if  /'  -h  d  =  20, 
5 

•=  _1    if/'-fr-  <f  =  30, 

7-5 

=  -1     ft?  +  d  =  40, 
10 

=  JLif/'.j-  ^  =  5o, 
12.5 

=  —    if  /'  -5-  <f  =  60, 

which  is  the  ratio  of  the  section  of  the  diagonal  bar  to  that  of 
the  two  flanges,  the  section  being  normal  to  axis  of  the  strut 
in  both  cases. 

This  ratio  must  be  doubled  for  square  struts  latticed  against 
deflection  both  ways,  and  it  becomes 


At  _  &d 
~A  ~   I" 

-  J-     if/'-;-  d  =   20, 
2-5 

=   _J_    if  /'  -J-    d    =    30, 

3-75 

=  3       if  /'  -=-  d  -  40, 
S 

_  _1_  if  /'  -*-  d  =  50, 
6.25 

_  _L     if  /'  -}-  a?  =  60. 

7-5 


(S32) 


By  reviewing  our  compression  members,  which  are  to  be 
latticed  in  at  least  one  direction,  we  find  the  girder  diagonals 


462  MECHANICS  OF  THE   GIRDER. 

having  the  ratio  of  length  to  radius  of  gyration  =  100,  giving 
ratio  of  length  to  diameter  =  about  40 :  so  that,  by  (531),  the 
weight  found  in  (491)  should  be  augmented  by  one-tenth  of 
itself.  Also,  the  vertical  supports  have  a  mean  ratio  of  length 
to  width  =  2  X  10  =  20:  so  that,  by  (531),  that  part  of  their 
weight  due  to  bending-moment,  (521),  should  be  augmented  by 
one-fifth  ;  or,  which  is  approximately  the  same  thing,  the  weight 
given  in  (522)  is  to  be  increased  by  one-tenth  of  itself.  Simi- 
larly, we  shall  augment  the  weight  of  the  lateral  head  struts, 
(526),  by  one-tenth  of  itself,  on  account  of  bracing. 

In  general,  the  longitudinal  wind  chords,  being  attached  to 
the  floor  joists,  to  the  transverse  I-beams,  and  to  the  girder 
diagonals,  will  need  diagonal  bracing  only  when  very  long. 

The  top  and  bottom  chords,  however,  though  not  having 
diagonal  bracing  in  themselves,  yet  will  need  to  have  their 
weight,  (484),  (485),  augmented  by  about,  one-tenth  of  itself,  on 
account  of  the  enlarged  ends  of  I-bars,  the  re-enforcement  of 
plates  and  rivets  at  joints,  and  the  nuts  and  pins. 

166.  Weight  of  the  Bridge.  —  Increasing,  therefore,  by 
one-tenth  of  itself,  the  weight  of  girders,  of  vertical  supports, 
and  of  lateral  head,  struts,  and  collecting  all  the  weights  which  > 
will  then  have  been  found  in  pounds,  and  expressed  in  terms  of 
W,  L,  I,  and  h,  for  each  value  of  n,  the  number  of  panels,  and 
putting  each  sum  =  2000^  W  =  total  weight  of  bridge,  in 
pounds  also,  since  W,  the  panel  weight  of  bridge,  and  L,  the 
panel  weight  of  uniform  discontinuous  live  load,  are  in  tons,  we 
find  the  following  values  of  W  for  the  different  values  of  n, 
remembering  that  h  and  /  are  in  feet : 
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• 

In  all  these  cases,  the  value  of  h  which  renders  W  a  mini- 
mum has  been  found  by  the  simple  method  of  article  140,  equa- 
tions (469)  and  (470).  The  limiting  spans  just  given  have  been 
determined  by  putting  the  denominator  of  (543)  equal  to  zero, 
and  substituting  the  assigned  values  of  h.  It  will  be  seen  that 
these  limiting  spans  are  independent  of  the  live  load,  nL,  and 
therefore  represent  the  limit  to  the  length  of  each  girder 
imposed  by  its  own  weight.  The  effect  of  live  load  on  the 
limiting  span  will  be  considered  below. 

167.  Having  found  Waxid/i,  it  is  easy  to  compute  the  weights 
of  all  parts  of  the  bridge  from  the  expressions  for  weights  in 
terms  of  W,  h,  L,  and  /.  The  computation  affords  a  perfect 
verification  of  the  accuracy  of  the  work.  We  give  below  a  table 
showing  the  number  of  panels  and  the  height,  which  simultane- 
ously render  the  total  bridge  weight,  nW,  a  minimum  for  various 
spans  ranging  from  50  to  1,000  feet,  and  have  thus  probably  ex- 
tended the  table  far  beyond  any  economical  use  of  this  girder. 

Of  course,  we  find  great  heights  ;  but  it  should  be  remem- 
bered that  one-half  of  this  central  height,  h,  is  below  the  plane 
of  the  floor  system,  where  the  points  of  support  are  situated. 
Also  the  width,  18  feet,  becomes  too  small  for  the  highest 
girders  ;  but  it  has  been  retained  in  this  set  of  examples,  to  pre- 
serve uniformity  in  data. 

To  illustrate  the  change  in  central  height  and  bridge  weight, 
as  the  number  of  panels  varies  for  the  same  span,  we  have  given 
the  solutions  corresponding  to  three  values  of  11,  including  that 
one  which  renders  n  W  least.  Also  bridge  weights  and  central 
heights  are  given  for  2,000,  3,000,  and  4,000  pounds  of  live  load 
to  the  running-foot;  the  weights  being  minima  values.  The  30th. 
line  of  this  table  exhibits  the  effect  of  a  small  live  load  upon  the 
length  of  the  limiting  span,  as  resulting  from  the  substitution  of 
\\V  for  L  in  the  equations  for  weight.  Of  course,  we  do  not  mean 
that  the  live  load  is  small  near  the  limit  when  W  is  infinite. 

The  reader  cannot  fail  to  notice  how  prolific  in  useful  and  in- 
teresting results  these  general  equations  for  bridge  weight  are. 
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168.  Among  the  inferences  which  may  be  legitimately- 
drawn  from  the  table  of  article  167  in  regard  to  bridges  having 
two  lenticular  Brunei  girders  of  single  system  of  the  same 
width  but  of  varying  span,  height,  and  uniform  live  load,  are 
the  following ;  viz.  (see  Fig.  116), — 

1st,  The  best  number  of  panels  varies  approximately  as  the 
cube  root  of  the  span, 

n  oc  /■<  nearly.  (544) 

2d,  The  best  central  height  for  a  uniform  live  load  of  2,000 
pounds  per  linear  foot  is  about  —  X  span, 

h=—l  nearly;  (545) 

4.2 

and  for  different  loads  the  best  height  for  same  span  and  same 
number  of  panels  varies  very  nearly  as  the  sixth  root  of  the 
live  load, 

h  oc  («Z)s  nearly.  (546) 

3d,  For  spans  less  than  500  feet,  the  least  bridge  weight 
varies  approximately  with  the  product  of  the  best  central 
height  of  girder  multiplied  by  the  span  (that  is,  with  the  geo- 
metrical area  of  the  girder,  since  the  parabolic  area  is  propor- 
tional to  this  product) ; 

/  <  500,     nW  oc  lh  nearly.  (547) 

4th,  For  the  same  span  and  same  number  of  panels,  and 
best  central  height  of  girder,  the  least  bridge  weight  varies 
approximately  with  the  square  root  of  the  uniform  live  load ; 

n  W  oc  (nL)  *  nearly.  (548) 

Or,  by  reason  of  (546),  the  least  bridge  weight  for  same  span 
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and  best  central  height  of  girder  varies  nearly  as  the  cube  of 
this  best  central  height ; 

nW  oc  (nLp  oc  h*  nearly.  (549) 

5  th,  For  each  span  of  500  feet  and  over,  a  large  increase  of 
live  load,  and  consequently  of  best  height,  causes  a  diminution 
in  the  number  of  panels  corresponding  to  minimum  bridge 
weight. 

6th,  Small  deviations  from  the  best  height  and  best  number 
of  panels,  or  from  either  of  them,  do  not  greatly  affect  the 
bridge  weight;  but  large  deviations  either  way,  in  this  respect, 
cause  a  great  increase  in  bridge  weight,  as  shown  in  sixth  line 
of  table,  h  =  -^l,  thus  rendering  the  girders  only  about  one-half 
as  high  as  minimum  bridge  weight  requires. 

7th,   The  limiting  span  increases  slowly  with  the  number 

of  panels,  till  a  maximum  value  depending  upon  — — -  and  -  is 

L  h 

reached.  . 

8tb,  We  cannot,  for  a  given  span,  assign  the  best  height 
and  the  best  number  of  panels  till  we  know  the  live  load  which 
is  to  be  imposed. 

169.  Example.  —  Take  span  /  =  200  feet,  number  of  panels 
n  =  14,  central  height  of  double  parabola  h  =  42.585  feet, 
uniform  live  load  nL  =  200  tons  =  400,000  pounds,  width  of 
2|~inch  oak  floor  q  =  16  feet,  length  of  transverse  I  floor 
beams  ^  =  18  feet.  (See  Fig.  16.)  Loads  applied  at  all 
apices  equally  by  means  of  struts  and  suspenders  which  sustain 
the  floor  system  in  the  plane  of  the  axes  of  girders. 

Assume  that  all  cross-sections  of  members  may  be  strictly 
adjusted  to  the  developed  strains. 

Weight  of  live  load 400000  pounds, 

"Weight  of  floor,  article  167     .     .     .     .       34667  pounds. 

Total  load  on  longitudinal  I-beams  .     .     434667  pounds. 
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Load  on  1  panel  length  of  each  longitudinal  I-beam  spaced  3.2  feet 

3.2       434667 
=  yg  X  =  6209.53  pounds. 

By  (502), 

„  .  r  ,  r,  A20      ,    200     ,  „,    20o\ 

Cross-section  of  beam  =  S  =  0.000151  d X  . —  +  2000  X  — 

\  3  14  14/ 

=  4.65714  square  inches. 

In  order  to  satisfy  the  condition  in  (501),  we  must  have, 

article  62, 

/  =  &{bdi  -  *,#)  =  —Sd,  (550) 

io» 

5  =  bd  -  b&  =  4-6S7I4;  (551) 

from  which  equations  we  find 
0=(fr  -  bb*)d*  -  3b*Sd2  +  UbS*  +  lJ-SbAd  -  S*.      (552) 

Take  b  =  4.00  inches  =  breadth  of  flange. 
b  —  bt  =  0.26  inch  =  thickness  of  web. 
Then,  from  (552)  and  (551), 

d  =     9.080  inches  =  depth  of  beam, 
d  —  d1  =     0.614  inches  =  depth  of  two  flanges, 
I  =  60.466  =  moment  of  inertia, 

1  =  I  x  111  x      6209.53     _  60466  =  66S; 
d       8         n         2  X  10000         9.08 

by  reason  of  (502)  and  (52)  ;  the  load  being  uniformly  distrib- 
uted on  each  panel  length  of  beam,  and  these  beams  not.  being 
regarded  continuous  over  the  transverse  beams. 

Weight  of  these  6  longitudinal  I-beams,  by  (503),  equals 

Jx  =  6  X   i68-  X  12  X  200  x  4-657x4  =  18628  pounds, 

as  given  in  preceding  table. 
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It  will  be  noticed  that  these  beams  are  deep  and  compara- 
tively thin ;  but,  considering  their  area  of  cross-section,  it  will 
also  be  noticed  that  their  moment  of  inertia  is  great  as  com- 
pared with  ordinary  beams  of  equal  area  of  section. 

Supported  by  the  transverse  I-beams,  we  have 

Live  load  =  400000  pounds, 

Floor  =     34667  pounds, 

Longitudinal  I-beams  =     18628  pounds. 

Total  for  14  panels       =  453295  poundsi 
Load  on  1  beam  =    32378  pounds. 

From  (504),  we  have 

1  _  12x18x32378  _  _ 

d  ~    8  x  2  -x  10000    _  43-7I03  -  "> 

by  (505) ; 

.*.     ^  =  21.855  square  inches  for  vertical  load. 

But,  in  order  to  resist  the  assumed  wind  pressure,  Wt  = 

h 
2,500-  =  7,604  pounds  per  panel,  we  must  add  to  the  cross- 
11 

section  due  vertical  load  the  areas  found  from  (511),  where  now 

Qz  =  ■ °^°. ■   =  7509  pounds  per  square  inch ; 

1  +  0.93312  x  0.07 

2  x  7604 

•••     ^i  =  —3 tt-1 — (*32>  I22>  Il2>  iq2>  92>  82>  f)> 

3  x  14  x  7509v  °  '       '       '       '  y  '       '  ' ' 

=  8.149  square  inches,  1st  and  13th  beams; 

=  6.944  square  inches,  2d   and  12th  beams; 

=  5.835  square  inches,  3d   and  nth  beams; 

=  4.822  square  inches,  4th  and  10th  beams; 

=  3.906  square  inches,  5th  and    9th  beams; 

=  3.086  square  inches,  6th  and    8th  beams ; 

=  2.363  square  inches,  7th  beam. 
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Total  Sections. 

■S  +  Sx  =  30.0.04  square  inches,  1st  and  13th  beams; 
28.799  square  inches^  2d  and  12th  beams ; 
27.690  square  inches,  3d  and  nth  beams; 
26.677  square  inches,  4th  and  10th  beams ; 
25.761  square  inches,  5th  and  9th  beams; 
24.941  square  inches,  6th  and  8th  beams; 
24.218  square  inches,  7th  beam. 

351.962  =  %S  =  sum  of  all  sections. 
To  satisfy  the  condition,  (505),  we  must  now  have 

/  =  ■&{&&  -  dA2)  =  zSd  =  2d(bd  -  bA);     (553) 
whence,  eliminating  dlt  we  find 

O  =  b(P  -  <VK3  -  3^Sd2  +  (3&S2  +  24t*S)d  -  S*,     (554) 

from  which  d  may  be  found  for  each  value  of  total  section  now 

called  5 ; 

,       3d  -  S 

""•-IT- 

Taking  b  =    5.5  inches  =  width  of  flange, 
b  —  bj  =    0.7  inch      =  thickness  of  web, 
bt  =    4.8  inches  =  difference, 
S  =  30.0  square  inches  =  cross-section, 
we  find,  by  (554)  and  (553), 

d  =  13.441  inches  =  depth  of  beam, 
dl  =     9.152  inches  =  depth  of  web, 
d  —  dT  =    4.289  inches  =  depth  of  both  flanges, 
1  (y  _  <£)  =     2.144  inches  =  depth  of  one  flange, 

I  =  806,     -,  =  6o- 
d 

Similarly  may  the  proportions  of  the  other  transverse  beams 
be  found. 
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Or,  if  we  choose  to  assume  the  thickness  of  web  and  of 

flanges,  thus : 

b  -  61  =  a  (say),  )       ,       . 

d  -  d,=  c  (say),  (      ybbi>; 

then  we  find,  from  (553), 

o  =  ^  _  |As  +  \d2  +  { (ia  +  ^s  +  nd  _  as    (5s6) 

from  which  d  is   easily  found  either  by  trial  or  by  Horner's 
Method. 

Taking  a  =  0.7,  c  =  4,  5  =  30,  we  find,  by  (556), 

d  =  13.2,        .•.    d1  =  9.2. 

But  *  =  ^  +  a  -  — ,  by  (553)  and  (555). 
c  c 

=  5.889; 

.-.     b,  =  5.189, 

1  ~  792'     d=  6°' 
Or  again,  by  assigning  values  to  d  and  aTt  in  (553),  we  find 

'-^5^  +  f  <««> 

Using  two  1 2-inch  beams  for  each  panel  point,  we  have 

d  =  12,     «f,  =  10,     (/  —  d1  =  2, 

<5  =  5.3416  <^  =  4.9098         b  —  bt  =  0.4318  inch. 

=  5.1272  =  4.7127  =  0.4145  inch. 

=  4.9296  =  4.531 1  =  0.3985  inch. 

=  4'749°  =  4-3652  =  0.3838  inch. 

=  4.5864  =  4.2156  =  0.3708  inch. 

=  4.4404  =  4.0814  =  0.3590  inch. 

=  4.31 16  =  3.9629  =  0.3487  inch. 
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Whatever  be  the  form  of  beam  section  chosen,  we  have 
Weight  of  13  X  2  transverse  I-beams 

=  12  x  18  X  t%%S  =  60  x  351.962  =  2 1 1 1 8  pounds, 
as  per  table. 

Strains  on  the   horizontal   diagonals   are   given   by  (508), 
where  now  W,  =  7,604,  and  sin  <£t  =  0.78329; 


2»  x   15000  sin  (j); 


=  0.023114. 


0.0231 14  X  14  X  13  =  4.206  square  inches  =  section  of  1st  diagonal, 

0.023114  X  13  X  12  =  3.605  square  inches  =  section  of  2d  diagonal, 

0.023114  X  12  x  it  =  3-°5i  square  inches  =  section  of  3d  diagonal, 

0.0231 14  X  11  X  10  =  2.543  square  inches  =  section  of  4th  diagonal, 

0.0231 14  X  10  X  9  =  2.080  square  inches  =  section  of  5th  diagonal, 

0.0231 14  X  9  X  8=  1.664  square  inches  =  section  of  6th  diagonal, 

0.0231 14  X  8  X  7  =  1.295  square  inches  =  section  of  7th  diagonal. 


18.444  X  4  =  S5  =  73.776  square  inches. 

12  x  4-  X  - 
18       si 

5652  pounds, 


Weight  of  28  horizontal  diagonals  =  12  X  -**-  X  - — -  X  73-776 

18       sincp, 


as  given  in  the  table. 

The  cross-section  of  each  panel  length  of  a  wind  chord  is 
shown  in  (514),  thus  : 

JLL  = 7604  x  200 =  0-47I478. 

2nq1Q        2   X   14   X   18  X  6400 

0.471478  X  13  =     6.129  square  inches,  1st  panel; 

0.471478  X  24  =  1 1.3 1 6  square  inches,  2d   panel; 

0.471478  X  33  =  15.559  square  inches,  3d   panel; 

0.471478  x  40  =  18.859  square  inches,  4th  panel ; 

0.471478  x  45  =  21.217  square  inches,  5th  panel; 

0.471478  X  48  =  22.631  square  inches,  6th  panel ; 

0.471478  X  49  =  23.103  square  inches,  7th  panel. 

Total,  1 18.814  square  inches  for  one-half  of  1  girder. 
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.:    Weight  of  both  wind  chords  =  4  X  -£-  X  I2  X  20°  X  1 18.814 
6  18  14  * 

=  22631  pounds, 

as  by  (515). 

We  now  have,  upon  all  vertical  supports  and  abutments, 

Live  load 400000  pounds, 

Floor 34667  pounds, 

Longitudinal  I-beams     .  18628  pounds, 

Horizontal  diagonals  .     .  5652  pounds, 

Wind  chords     ....  22631  pounds. 

■£%  x  481578  pounds  =  1 7199  pounds, 

H X  weight  of  transverse  I-beams  =  pounds  =       812  pounds. 

26  26 


Load  on  each  vertical,  article  163,  =  s„  =18011  pounds. 

Therefore,  by  (516), 

S  —  '^aVs1  —  3-3771  square  inches  =  cross-section  of  a  strut, 

due  vertical  forces  ;  and,  by  (518), 

S1  =  Wirtr  =  3-ooi8  square  inches  =  cross-section  of  a  suspender, 

due  vertical  forces. 
From  (520), 

75        200 
o2=  — — -  x  —  =  6.3025  square  inches  =  cross-section  of  each  vertical, 

due  bending-moment  of  assumed  wind  force  ; 

.•.     61  +  S2  =  9.6796  square  inches  for  each  strut, 

S,  +  S2  =  9-3043  square  inches  for  each  suspender. 
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From  (473),  we  have  length  of  verticals, 

Suspenders. 
y  =  0.43404  x  13  =      5.6425  feet. 
0.43404  X  24  = 
0.43404  X  33  =     i4-3233  feet. 
0.43404  X  40  = 
0.43404  X  45  =     I9-5318  feet- 
0.43404  x  48  = 
0.43404  x  49  =     21.2680  feet. 
Sum  required  =  200.5268  feet. 


Struts. 
10.4170  feet. 
17.3616  feet. 
20.8340  feet. 


194.4504  feet,  for 
Longest  strut,  20.834  feet  =  250  inches; 


r  =  1 
2 

3 

4 

5 
6 

7 
all. 


therefore 

Required  radius  of  gyration  =  ff-JJ-  =  2-|  inches. 

Each  vertical  may  be  made  of  4  channels,  6  inches  wide, 
each  having  an  area  of 

2.4199  square  inches  for  struts, 
2.3261  square  inches  for  suspenders, 

latticed  in  pairs,  and  two  pairs  in  one  brace. 

Weight  of  all  vertical  struts 

=  T6g  X  12  x  194.4504  x  9.679  =    6273  pounds, 
Weight  of  all  vertical  suspenders 

=  -jSj  X  12  X  200.5268  X  9.304  =    6218  pounds. 

Total,  1 2  49 1  pounds. 

Add  one-tenth  for  lattice  braces,  1249  pounds. 

13740  pounds, 
which  accords  with  (522). 

Equation  (523)  gives  the  cross-section  of  each  head  diagonal 

thus : 

s  =  0.0208^  X  42-585  X  200  =  Q  g3l  square  inch> 
14   X    18   X   0.84609 

which  requires  a  round  rod  1.056  inches  in  diameter  if  the  ends 
are  enlarged  for  cutting  threads  of  screws. 
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Weight  of  the  8  head  diagonals,  by  (524),  is 

„         5     .  12  x  2  x  200  n  1 

8  x  -2-  X X  0.831  =  749  pounds.  . 

18        14  x  0.84609 

Cross-section  of  each  head  strut,  by  (525),  is 

^2-  X  42.585  =  3.549  square  inches. 
Add  one-tenth  for  latticing,  0.355  square  inch. 

3.904  square  inches. 

Weight  of  5  head  struts,  by  (526)  =  25  X  42.585  =  1065  pounds. 
Add  one-tenth  for  braces  =  106  pounds. 

Total,  1 1 71  pounds. 

Since  for  these  head  struts  we  have  assumed 

•-.                   '      8000  . 

Q  —  2500  = —  pounds  per  square  men, 

20000     ■ 

qt        12   X    18 
.*.     x  =  210  =  — 


P  P 

•'•     P  =  fx§  =  I-°3  inches  =  radius  of  gyration. 

We  may  therefore  use,  for  each  head  strut,  2  4-inch  channels 
latticed  so  that  the  web  shall  be  4  inches  apart. 

The  increment  of  section  of  each  top  chord  due  to  diagonal 
strain  in  head  system  is  given  by  (527),  thus  : 

42.585  x  200 
S  =  0.00271267  X  =  1.65  square  inches. 

The  total  weight  thus  added  along  the  4  panel  lengths  of 
head  system  is 

2  x  4  X  i  X  I2  x  2  X  2°°  x  I-6s  =  I2S7  pounds, 
18  14 

as  by  (528). 
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The  strain  in  the  top  chords  is  given  by  equations  (476), 
(481),  and  (482),  where  now 

W  +  L  =  7.72265  +  14.28571  =  22.00836  tons. 

For  the  segments  of  each  top  chord,  the  total  strains  due 

n{  W  +  L)  are 

Pz  =  101.15  tons, 

P*  =    96-55  tons> 
P%  =     93.10  tons, 

-P4  =    9X-5S  tons- 
Dividing  these  strains  by  the  allowed  inch  strain,  Q  =  3.2 
tons,  we  get  cross-sections, 

5,  =  31-6075  square  inches  +  j  for  head 

.S2  =  30.1704  square  inches        ) 

Si  =  29.0937  square  inches  +  1.65  square  inches, 

.S4  =  28.6078  square  inches  +  1-65  square  inches. 

Now,  the  longest  unsupported  segment  of  top  chord  is 


2/ 


=  29.405  feet  =  352.86  inches, 


n  cos  «2 
.-.     3.5286  inches  =  radius  of  gyration. 

Therefore  the  top  chord  may  be  made  up  of  2  9-inch  chan- 
nels and  a  plate,  or  2  plates  14  inches  wide,  and  having  such 
thickness  as  is  required  to  complete  the  area  of  section. 

Weight  of  top  chords  due  load 

=  11  x  -5-  X  H^2_^-  =  44741  pounds, 
10        18  n     cos  a 

1257  pounds,  due  head  system. 

Total,  45998  pounds. 
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Similarly,  for  the  segments  of  each  bottom  chord,  the  total 
strains  due  n(W  -\-  L)  are,  from  equations   (477),  (481),  and 

(483). 

Ui  =  100.128  tons, 

Ui  =     99-5 13  tons, 

Uz  =    92-l33  tons, 

&4  =     9!-374  tons. 

These  strains  divided  by  5,  the  allowed  inch  strain  in  ten- 
sion, give  the  cross-sections  of  the  successive  segments  of 
bottom  chord  in  each  girder, 

$!  =  20.0256  square  inches, 
S2  =  18.9025  square  inches, 
>S*=  18.4265  square  inches, 


S4  =  18.2748  square  inches, 


from  which  the  links  can  easily  be  made  up  according  to  speci- 
fied forms  of  body  and  head. 

No  change  is  here  made  on  account  of  longitudinal  compo- 
nent of  lateral  diagonal  strain,  since  in  the  present  case  there  is 
no  lateral  system  between  bottom  chords,  by  reason  of  gravity. 

Weight  of  all  bottom  chords  increased  by  -^ 

=  —  X  -5-  X  ^2  —  =  28695  pounds. 
10       18         «      cos/3  yD  r 

The  equations  (490),  (491),  and  (478)  give  cross-sections  of 
alternate  girder  diagonals,  thus  : 

5,  =  5.1 15  square  inches, 

S2  =  7.212  square  inches, 

S}  =  8.664  square  inches, 

54  =  8.881  square  inches, 

55  =  7.750  square  inches, 

56  =  5.132  square  inches, 
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for  each  of  the  two  girders,  the  alternate  set  being  the  same 
inverted ;  and  the  weight  of  all  is,  calling  Qt  =  |,  and  multi- 
plying by  1.8  X  -jiy,  as  specified, 

x  j_  x  3  X  i-8  x  11  x  12  x  2oos   .S1    _  29?s_^_ 
18  8  x  10  14         cos#         7     cos  0 

=  23184  pounds. 

Now,  since  the  longest  unsupported  length  of  any  girder 
diagonal  is 

=  22.253  feet  =  267  inches, 


2       n  cos  64 


we  have  radius  of  gyration  =  2.67  inches  ;  and  therefore  2 
8-inch  channels  latticed  8  inches  between  webs  will  suffice 
for  the  longest  diagonals.     ' 

We  have  thus  determined  the  size  and  weight  of  all  parts  of 
this  bridge,  and  find  the  total  216,233  pounds,  as  by  table. 


Strain  Sheet. 

Strains,  Tons;   Cross-Sections,  Square  Inches. 

For  each  of  Two  Girders. 

"  \60.4        A9.8 

\  36.2           /19.G 

23.  A           22.6/ 

\  ^es — -J 

ai.zl         18.9/  ™ 

1S.6\            11.3  /  |m6.C<^ 

r 

Z/g              A 

r            \ 

1          18.3          \ 

7«' 

"A 

6 — aS3 

" 

'"                    91.374 

Fig. 

Il8. 

Span,  200  feet;  central  height,  42.585  feet  (best) ;  uniform  live  load,  1  ton  =  2,000  pounds  per  linear 
foot,  applied  at  all  apices  by  vertical  members. 

Regarding  the  greatest  strains  upon  the  chord  pins  as  acting 
in  "  quadruple  shear,"  and  allowing  6,000  pounds  as  the  inch 
strain  in  shearing,  these,  pins  will  require  a  diameter  of  3| 
inches. 


4§4 
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It  remains  to  compute  the  deflection  of  this  girder  under 
the  allowed  chord  strain  of 

A  =  i(3-2  +  5)  =  4-i  tons  per  square  inch. 

For  this  purpose,  use  equations  (318)  and  (319)  combined 
thus : 

D  =  -1^1.3862950  -  2.302585!;  (a  +  *)log(«  +  x) 

+  (a  -  x)\og(a  -  x)  -  2a\oga]\,     (559) 

where  a  =  \l  =  100  feet  =  half-span,  and  x  is  measured  from 
the   centre.     Also   k1  =  h  =  42.585    feet,   and  we   will   call 
E  =  24,000,000  pounds  =  12,000  tons  per  square  inch. 
We  have  then,  from  (559), 


ion  Z>j 

=  1.3347  inches  for  x  = 

0,  centre; 

A 

=  1. 3150  inches  for  x  = 

100 , 
T' 

A 

=  1.2549  inches  for  x  = 

200 , 
1~' 

A 

=  1.1521  inches  for  x  = 

3°°. 

7 

A 

=  1.0006  inches  for  x  = 

400 . 

A 

=  0.791 1  inch 

for  x  = 

s°°. 

7  ' 

A 

=  0.4954  inch 

for  x  = 

600 , 

A 

=  0           inch 

for  x  = 

1 ,  ends. 

7 

The  proper  camber  may  be  given  to  the  girders  by  equation 
(366),  thus : 

3-2  +  s 


12000 


X  length  of  one  parabolic  chord. 
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This  length  is  given  by  equation  (140) ;  viz., 
S  =  £(200*  +  4  x  42-5852)* 

+  0.287823  x  J^log V200  =  sos.s  feet, 


2 

.2    X     12 


X  205.5  =  I-685  inches 


12000 
=  length  to  be  added  to  top  chord. 

Or,  each  segment  should  be  lengthened  by 

1.685 

— - —  =  0.241  =  \  inch  nearly. 

Section  3. 
The  Brunei  Girder  of  Double  System. 

170.  We  now  take  the  girder  shown  in  Fig.  22  ;  but  we  will 
apply  the  dead  and  live  loads  at  all  apices  by  means  of  verticals 
whose  upper  half  will  act  in  tension,  and  lower  half  in  com- 
pression. These  verticals  must  also  resist  bending-moment 
due  wind.  Each  girder  has  two  equal  parabolic  chords,  and  the 
floor  system  is  in  the  plane  of  girders'  axes  ;  each  panel  length 
of  chord  is  straight,  and  the  number  of  panels  may  be  odd  or 
even ;  each  system  will  be  assumed  to  do  one-half  of  the  work. 

The  height  between  the  two  parabolic  arcs  at  the  centre 
being  h,  the  height  at  any  apex  is  given  by  (474).  Equation 
(473)  gives  y. 

tan«r    =  -  tan/%.  =  K— f—^-  =  w(»  -  r  -  r_,),        (560) 

=  1 +^2(« -*•-*•_ ,)2,  (56i) 


cos2  a,,       cos2/?r  n2l 
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tan0    =  —  tan0  =  (>  +  yr  +  i)j 

=  fjl>0  ~  r)  +  *"+'(«  -  '"+.)]>       (S62) 

^=^7>=1+  £W"  ~  r)  +  r^n  ~  r+l)^-  (563) 

cos  <p        cos  0  n  t7 

171.  Moments  at  all  apices  due  total  dead  and  live  uniform 
loads  are  given  by  (65), 

Mr=  W  +  Ll(n  -r)r; 
and  the  horizontal  component  of  chord  strain  is 

"-  =  %  =  {W  +  L)ik>  (s64) 

that  is,  this  component  is  uniform  throughout  the  girder  under 
uniform  load. 

.  Strain  in  top  chords 

Strain  in  bottom  chords 

Cross-section  of  top  chords        =  P  -=-  Q,     Q  =  3.7647; 
Cross-section  of  bottom  chords  =  U  -=-  T,     T  =  5.0000. 

Volume  of  a  segment,  of  top  chord  is,  therefore, 

*2     2     =  f  (  W  +  L)  -pr, —  cubic  inches.  (565) 

n  Q  cos2  a  Qh  cos2  a 

Weight  of  top  chords,  in  pounds, 
2  Qh 


= 

p  = 

cos- a 

= 

u  = 

H 

COSyfi' 

2  x  i8Qh        \         3/\        nj 
=  — —  ■!  0.1 106  j  7  m/2  -f-  o.i4757(  n U2  1 
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_  W  +  L 


Similarly,  we  have 
reight  of  bottom  chords, 

2T/1 


h 


W  +  L 


0.442709/* 

+  0-55338/42 

n 
4 

°-553386/2 

+  0.70833/42 

5 

0.664063/* 

+  0.86082/$* 

6 

o.77474o/2 

4-  1.01190.$* 

7 

0.88.5418/* 

+  1.16211,$* 

8 

0.996095/2 

+  1.31172/$* 

9 

1. 106772/* 

+  1.46093,$* 

10 

1.217449/* 

4-  1.60984/$* 

ir 

1. 328126/* 

+  l-75853^2 

12 

1.438804/* 

+  1.90705/$* 

J3 

i-54948i/* 

+  2.05542A2 

14 

1.660158/* 

4-  2.20370/2* 

IS 

1.770835/* 

+  2.35i88/$2 

16 

1.881512/* 

+  2.50000/$* 

17 

1.992 190/* 

+  2.64804/$* 

18 

2.102867/* 

+  2.79610^* 

19 

2.213544/* 

4-  2.94400^* 

20 

2.324221/2 

+  3.09192^* 

21 

2.434898/* 

4-  3.23981/$* 

22 

2.545576/* 

4-  3.38767/$* 

23 

2.656253/* 

+  3-53554^ 

24 

n  pounds, 

,=  (^  +  Z)/*(          4# 
12A         \~       3/* 

{«- 

"-;>'} 

o-333333/2 

4-  0.41667^* 

n 
4 

0.416667/* 

+  0.53333/4* 

5 

0.500000/* 

4-  0.64815/$* 

6 

o.s83333/2 

4-  0.76191/2* 

7 

0.666667/* 

4-  0.87500,$* 

8 

0.750000/2 

4-  0.98765/2* 

9 

0.833333/* 

+  1.10000A* 

10 

(567) 
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_  W+  L 
h 

O.916667/2    +    I.2I2I2^2 

n 
11 

i.oooooo/2  4-  1.32407A2 

12 

i-°83333/2  +  i-4359°^2 

13 

1.166667/2  +  1.54762/fc 

14 

1.250000/2  +  1.65926^ 

!5 

1-333333^  +  i-77°83^2 

16 

1.416667/2  +  1.88235/42 

17 

1.500000/2  +  i-99383^2 

18 

I-583333/2  +  2.10526^ 

19 

1.666667/2  +  2.21667/&2 

20 

1.750000/2  +  2.32804^ 

21 

1-^33333/2  +  2-43939^2 

22 

1.916667/2  +  2.55072A2 

23 

2.000000/2  +  2.66204A2 

24 

172.  For  the  advancing  uniform  live  load  of  \L  at  each 
upper  and  lower  apex,  or  of  L  at  each  vertical  section  through 
apices,  we  have  at  foremost  end,  by  (64)  and  (474), 


M  2722 


■r(r  +  i)(n  —  r) 


4/1 


r(n  —  r) 


-  %Sr  +  I)j  (568) 


and  at  one  interval  before  the  foremost  end  of  live  load,  by  (68) 
and  (474), 

r-  1) 


Therefore 


Mr+j.  _ 


— r(r  +  1) (n 


LI 


&(r+  i)(» 


r  —  1) 


Z/ 


AZr  =  (Z^)r  +  I-(^)r=-^ 


8/j 


(569) 


(57°) 


which  is  the  horizontal  component  of  strain  on  both  diagonals 
of  a  panel,  on  the  present  assumption  that  the  two  diagonals  do 
equal  work,  and  that  the  whole  load  is  on  one  girder. 


CALCULATION  OF  THE    WEIGHT  OF  BRIDGES. 


489 


Hence,  for  each  of  two  girders,  we  shall  have 


Cross-section  of  a  girder  diagonal  =  3_ 


8/%<2iCos0' 


(57i) 


according  to  our  specifications  for  members  alternately  in  com- 
pression and  tension.     Putting  m  =  -fa,  QI  =  f,  we  find 


4  X   I2W/  X  o-45z/g  seC2  Q 
2>nkQs 


Weight  of  girder  diagonals,  pounds, 

=  <>**ip&L  -  •  +  **L*  -  s  -  32  +  63  _  sb\)  (S72) 

A  (         n       15/  2\  «        «2       »3/' 

=  l{°-28l2s(I  -  J)/2  +  o.o7s(a»»  "  5  -  ?  +  §  -  g)  * } 


Z 


0.140625/2  +  1.72266A2 
0.168750/2  4-  3.09600/22 
0.187500/2  +  4.77083A2 
0.200892/2  +  6.74344A2 
0.210937/2  +  9.01318A2 
0.218750/2  +  11.58025A2 
0.225000/2  +  14.44500A2 
0.230113/2  +  17.60781/z2 
0.234375/2  4-  21.06901A2 
0.23  7980/2  +  24.82886A2 
0.241071/2  4-  28.88759A2 
o.f437So/2  4-  33-24S33A2 
0.246093/2  +  37.90228A2 
0.248161/2  +  42.85854A2 
0.250600/2  +  48.11420A2 
0.25 1644/2  +  53.66934^ 
0.253125/2  +  59-524°3A2 
0.254463^  +  65.67833/z2 
0.255682/2  +  72.13228A2 
0.256803/2  +  78.88592^ 
0.257812/2  +  85.93179A2 


n 
4 

5 
6 

7 
8 

9 
10 

11 
12 
13 
14 

iS 
16 

17 
18 

19 
20 
21 
22 

23 
24 
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All  girder  diagonals  must  be  so  constructed  as  to  transmit 
stresses  of  tension  or  compression. 

173.  Collecting  the  weights  now  found  for  top  and  bottom 
chords  and  girder  diagonals,  we  find 


Weight  of  girders  due  to  loads,  pounds, 

L 


W 

h 


0.776042/2  +  0.9  7005  A2     4 

0.970053/2  4  1.24166A2 
1.164063/2  +  1.50897/^ 

i-3S8o73/a  +  i.7738i^ 
1.55208s/2  +  2.03711/^ 
1.746095/2  +  2.29937/i2 
1.940105/2  +  2.56093^ 
2.134116/2  4  2.82196^ 
2.3281 26/2  4-  3.08260^ 
2.522137/2  +  3.34295A2 
2.716148/2  +  3.60304^ 
2.910158/2  +  3.86296^ 
3.104168/2  4-  4.12271^ 
3.298179/2  4  4.38235A2 
3.492190/2  4  4.64187A2 
3.686200/2  4  4.90136A2 
3.88021 i/2  4  5.16067/z2 
4.074221/2  4  5.41996/^ 
4.268231/2  4  5.67920^ 
4462243/2  4-  5.93839^ 
4.656253/2  4  6.19758^ 

This  weight  of  girders  is  to  be  increased  by  one-tenth  of  itself, 
as  explained  in  article  165.  Also,  it  will  be  augmented  to  meet 
the  strain  brought  upon  the  top  chords  by  the  head  system. 

174.  Make  the  floor  of  2^-inch  oak  planks,  52  pounds  per 
cubic  foot,  and  of  the  width  of  q  feet.     Then,  if  q  =  16  feet, 

2.5  520 

Weight  of  floor  =  —  X  52^/  = /  pounds.     (573) 

12  3 


0.916667/2  +    2.69271A2 


I.I38803/2 

4-    4-33766^2 

S 

^■35I563/2 

4    6.27980A2 

6 

I-5S896S/2 

4    8.51725A2 

7 

1.763022/2 

4  11.05029A2 

8 

1. 96484s/2 

4  13.87962^ 

9 

2.16510s/2 

4  17.00593/S2 

10 

2.364229/2 

4  20.429  7  7  A2 

11 

2.562501/2 

4  24.isi6i^2 

12 

2.7661 1 7/2 

4-  28.17181^ 

13 

2.957219/2 

4  32.49063^ 

14 

3.153908/2 

4  37.10829A2 

15 

3.350261/2 

4  42.02499^ 

16 

3.546340/2 

4-  47.24089^ 

17 

3.742 190/2 

4  52.75607^ 

18 

3-937844^ 

4  58.57070/z2 

19 

4-I33336/2 

4  64.68470A2 

20 

4.328684/2 

4  71.09829A2 

21 

4-5239i3/2 
4.719046/2 

4  77.81148A2 

22 

4  84.8243 1  A2 

23 

4.91406s/2 

4  92.12937A2 

24 
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175.  Longitudinal  I  Floor  Beanis  ;  Conditions  and 
Weights  given  in  Article  157.  — We  may  further  explain  the 
assumption  in  (501)  thus  :  Taking  an  analytical  table  of  ordi- 
nary wrought-iron  I-beams,  we  may  easily  see,  that,  for  depths 
of  8  inches  and  upwards,  we  have  approximately 


—  =  0.1c, 
d*  5' 


(574) 


r  being  the  radius  of  gyration,  and  d  the  depth  of  beam.    Now, 
by  equation  (184), 


r2 


S' 


2/ 


hence  if  we  take,  as  we  manifestly  may,  d  —  -  -,  and  eliminate 

r,  we  shall  find 

—  =  o.isSd  =  S, 

d  ion 


as  in  (501),  where  the  same  notation  is  used,  d  being  in  inches, 
and  /  in  feet. 

We  obtain,  from  (503), 

Weight  of  6  wrought-iron  longitudinal  I-beams,  in  pounds, 

=  6LI  +  1°-^-  =  /,  (575) 


n 

n 

=  6Z/  +  /2 

0.1300000 

4 

=  6LI  +  I* 

0.0346667 

15 

0.1040000 

5 

0.0325000 

16 

0.0866667 

6 

0.0305882 

17 

0.0742857 

7 

0.0288889 

18 

0.0650000 

8 

0.0273632 

19 

0.0577778 

9 

0.0260000 

20 

0.0520000 

10 

0.0247619 

21 

0.0472727 

11 

0.0236364 

22 

0.0433333 

12 

0.0226087 

23 

0.0400000 

!3 

0.0216667 

24 

0.0371429 

14 
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176.  Also,  let  the  transverse  I-beams  be  conditioned  as  in 
article  (158) ;  then  (507)  yields,  taking  5  from  (506), 

Weight  of  (n  —  1)  transverse  I-beams  due  load,  pounds, 

=  (n  —  1)  X  ^s  X  12  X   18^-    (576) 


5.2650  +  P 

5.6160 

5.8500 

6.0171 

6.1425 

6.2400 

6.3180 

6.3817 

6-435° 
6.4800 
6.5186 
6.5520 
6.5812 
6.6071 
6.6300 
6.6505 
6.6690 
6.6857 
6.7009 
6.7148 
6.7275 


0.003949  +  LI 

0.003369 

0.002925 

0.002579 

0.002303 

0.002080 

0.001895  • 

0.001740 

0.001609 

0.001495 

0.001397 

0.001304 

0.001234 

0.001166 

0.001105 

0.001050 

O.OOIOOO 

0.000955 

0.000914 
0.000876 
0.000841 


0.18225  +  L 

243 

0.19440 

324 

0.20250 

405 

0.20828 

486 

0.21262 

567 

0.21600 

648 

0.21870 

729 

0.22091 

810 

0.22275 

891 

0.22431 

972 

0.22564 

1053 

0.22680 

1 134 

0.22781 

1215 

0.22871 

1296 

0.22950 

1377 

0.23021 

1458 

0.23085 

1539 

0.23143 

1620 

0.23195 

1 701 

0.23244 

1782 

0.23287 

1863 

n 
4 

5 
6 


9 

10 
11 
12 
13 
14 

IS 
16 

17 
18 

19 
20 
21 

22 

23 
24 


177.  Equation  (512)  becomes,  when  n  is  odd, 


Weight  of  iron  to  be  added  to  transverse  I-beams  on  account  of  wind, 
in  pounds, 


=   \^   +    0.972j)(7«    -    12   +   I)        (577) 
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n 

116.65 

5 

=  h 

256.62 

7 

451.01 

9 

699.85 

11 

1003. 1 1 

13 

25.000  A — 

39-285 

53-7°3 
68.182 
82.692 


178.  When  11  is  odd,  we  use 


97.222 

in. 765 
126.315 
140.873 
155-435 


1360.80 

1772.93 
2239.49 
2760.48 
3335-91 


n 
15 

17 
19 
21 

23 


«  —  I 


—  1)  =  2U 


2 

7Z  -f- 


terms  in  summing  (509), 
l\L  _  !L=^  for  the  two 


") 


adding  4  X  i(«: 

diagonals  of  the  middle  panel,  and  find,  as  in  (509), 

Weight  of  horizontal  diagonals,  in  pounds, 

n(n  —  1)  +  (n  —  i)(n 


sin2^  2nTt 


^("-sX'  +  i^) 


2) 

+  («  —  z)(«  —  3) 

+  («  -  3)0  -  4) 

-  terms  +  $(»2  —  1) 


(578) 


=  A 


28.000  +  ^/2 
40.000 

51-852 
63.636 

75-385 

87. in 

98.823 
110.526 
122.222 
I33-9I3 


0.0034568 
0.0025195 
0.0019758 
0.0016232 
0.0013767 
0.0011949 
0.0010554 
0.0009450 
0.0008554 
0.0007813 


n 
5 
7 
9 
11 

13 
15 
17 
19 

21 

23 
we  use 


n  —  1 


179.    In  summing  (5 1 5)  for  odd  values  of 

terms  of  the  series,  and  add  \{n*  —  1)  for  middle  panel,  then 
multiply  the  sum  by  4,  since  the  two  wind  chords  are  to  be 
alike. 
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Weight  of  wind  chords,  in  pounds, 


=  4  X 


n         2nq1  Q 


i  +  2(n  —  2)  +  2,{n  —  3) 

«  —  1  .            ,    nz  —  1 
.  . terms  -| 


=  0.006028164I  2  + 


n2 


(579) 


=  hi* 


0.0150463 
0.0143414 
0.0138920 
0.0135871 
0.0133679 
0.0132030 
0.0130747 
0.0129721 
0.0128882 
0.0128183 


5 

7 

9 

11 

J3 

iS 
17 

19 
21 

23 


180.  We  shall  now  have,  at  the  centre  of  each  vertical,  the 
load,  e„,  as  defined  in  article  163.     Therefore 


Cross-section  of  lower  half  of  vertical  due  s„,  in  square  inches, 

"  <23       10667' 
Weight  of  all  lower  halves  of  vertical  due  e„,  in  pounds, 


=  2  x 


18       10667 


X   \2%y  =  0.000208-I 


i(n-^Aen. 


Cross-section  of  upper  half  of  vertical  due  c«,  in  square  inches, 


(580) 


(580 


(S82) 


Weight  of  all  upper  halves  of  verticals  due  e„,  in  pounds, 


=  2  X 


I200O 


X  12SJC  =  0.000185 


s(n-  -W. 


(583) 
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As  in  the  second  part  of  article  163,  so  here,  suiting  the 
expression  to  the  changed  length  of  chord  segments,  we  have, 
from  the  assumed  wind  pressure,  the  moment 

62'5iy  =  ^  X  &yB"    Bl  =  5667- 
Therefore 

Cross-section  of  any  vertical  due  bending-moment,  in  square  inches, 

Weight  of  verticals  required  to  resist  bending-moment  due  wind,  in 
pounds, 

=  4  X  \  X  7$T  *  12%y  =  °-9^Z9^U  -  -\hl.       (585) 
18       ton  \         n2/ 

Adding  together  the  three  expressions,  (581),  (583),  and 
(585),  the  sum  is 

Weight  of  all  verticals,  pounds, 

=  h  J  0.000393518^  —-\„  +  0.9803922(1  —  -M/l    (586) 


-h 


0.001 152Z/  4-  1.5425Z  4-  0.000000744/3  -f  0.00002495/2  4-  0.95631/  4-  0.0032 
0.00H79Z/  4-  1.9654Z  4-  0.000000699/3  -(-  0.00002002/2  -f  0.97747/  4-  0.0055 
0.001 194Z/  4-  2.388  5Z  4-  0.000000677/3  4-  0.00001725/2  4.  0.99043/  4-  0.0081 
0.001203Z/  +  2.8077Z  -|-  0.000000650/ 3-f  o.ooooi49o/2-(-o.9982i/-f-o.oii5 
0.001209Z/  4-  3.2245Z  4-  0.000000633/3  4-  0.00001310/2  4- 1.00383/  -f-  0.0152 
0.001213Z/4-  3.6396Z  4-  0.0000006 1 6/ 3  -f-  0.00001168/2  4-  1.00770/  +  0.0197 
0.001216Z/  4-  4.0536Z  4-  0.000000606/3  4-  0.00001054/2  4- 1.01060/  4-  0.0245 
0.001218Z/  4-  4.4668Z  4-  0.000000593/3  4-  0.00000960/2  4- 1.01289/  4-  0.030.0 
0.001220Z/  4-  4.8793Z  4-  0.000000585/3  4-  0.00000881/2  4- 1.01475/  4-  0.0359 
0.00T221Z/  4-  5.2914Z  4-  0.000000577/3  4-  0.00000814/2  4- 1.01637/  4-  0.0425 
0.001222Z/  4-  5.7031Z  4. 0.000000570/3  4-  0.00000756/2  4- 1.01767/  4-  0.0494 
0.001223Z/  4-  6.1145Z  4-  0.000000564/3  4-  0.00000706/2  -)- 1.01885/  4-  0.0571 
0.001224Z/  4-  6.5257Z  4-  0.000000559/3  4-  0.00000663/2  4- 1.01992/  4-  0.0651 
0.001224Z/  4-  6.9367Z  4-  0.000000555/3  4-  0.00000623/2  4- 1.02090/  4-  0.0739 


» 
4 
5 
6 

7 
8 

9 

10 

11 

12 
13 
14 
IS 
16 

17 
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=  h 


0.001225Z/  4-  7.3474Z  4-  0.000000549/3  4-  0.00000590/2  4-  1.0217S/  4-  0.0829 
0.001225Z/  4-  7.581  iZ  4-  0.000000546/3  4-  0.00000553/2  4- 1.02263/  +  0.0928 
0.001225Z/  4-  8.1686Z  4-  0.000000543/3  4-»o.ooooo53i/2  4- 1.02342/  4. 0.1029 
0.001226Z/4-8.5797Z  4- 0.000000539/ 3  4-  0.00000505/2  4- 1.02418/ 4- 0.1 138 
0.001226Z/  4-  8.9894Z  4-  0.000000537/3  4-  0.0000048  3/2  4- 1.02491/  4. 0.1250 
0.001226Z/  4-  9.3997Z  4-  0.000000533/3  4-  0.00000462/2  4- 1.02560/  4-  0.1370 
0.001226Z/  4-  9.8092Z  4-  0.000000532/3  4-  0.00000443/2  +  1-02627/  +  0.1492 


n 

18 

19 

20 
21 
22 
23 

24 

since  for  the  even  values  of  n  we  have  em  given  in  article  163, 

and  for  the  odd  values 

es   =  0.62430Z/  4- 1040. 5Z  4-  0.010821/2  4- 18.0353/  +  o.ooi850/£/24-  5.925^  4- 14. 58-. 

t>  =  0.44593Z/4-  iO40-5Z4-o.00552i/24- 12.8823/ 4- o.ooi204^/24- 6.131,4  4-  21.38-. 

f9   =  0.34683Z/  4- 1040. 5Z  4-  0.003340/2  4- 10.0196/  4-  o.ooo88i/i/24-  6.237,$  4-  28.19-, 

Elt  =  0.28378Z/  4- 1040. 5Z  4-  0.002236/2  4-  8.1978/  4-  o.ooo6gi/&/24-  6.302/5  4-  34.99-1 

£13  =  0.24012Z/  4-  1040.5Z  4-  0.001600/2  4-   6.9366/  4-  o.ooo567/$/24-  6.345,6  4-  41.80-, 

h 

eIS  =  0.20810Z/  4-  1040.5Z  4-  0.001202/2  4-  6.01 17/  4-  0.000480^/ 2 4-  6.^76/1 4-  48.60-. 

e„  —  0.18362Z/  4- 1040. 5Z  4-  0.000935/2  4-  5.3045/  4-  o.ooo4i6/W24-  6.399,4  4-  55.40-1 

fI9  =  0.16429Z/ 4- 1040. 5Z  4-  o.ooo742/2  4.  4.7461/  4-  0.000366.4/ 2  4-  6.417/5  4-  62.21-, 

eZi  =  0.14864Z/  4- 1040. 5Z  4-  0.000613/2  4-  4.2940/  4-  o.ooo327^/24-  6.432,4  4-  69.01  A 

t23  =  0.13571Z/4-  io4o.5Z4-o.ooo5ii/24-   3.9205/4-o.ooo295/4/24- 6.444/6  4- 75.82--, 
=  the  load  applied  at  centre  of  each  support. 

Here,  as  in  article  163,  we  have  put  \l  for  h  in  the  last  three 
terms  of  the  value  of  e„  ;  a  substitution  introducing  no  practical 
error  in  the  small  resulting  terms,  but  enabling  us  to  keep  our 
final  equation  down  to  the  second  degree  with  respect  to  h. 

181.  For  the  head  lateral  system,  we  proceed  as  in  article 
164,  now  having  a  pair  of  diagonals  and  a  strut  for  each  panel 
so  far  as  the  head  system  extends,  say  to  «  —  6  of  the  central 
panels  when  head  room  is  sufficient. 
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Hence,  by  (480),  the  moment  at  ( J    panel  point  is, 


h 

since  Wz  =  2,500-, 

n 


,,       iWitf        n  —  i\n 

M  =  * — 7[  «  —  )— 

2tl    \  2      / 


-  1  _  H^/«2 


32        n 
=  78.125^  ~  *>%/  («  odd); 


»' 


AAth 

and  at  the  ( - )    panel  point, 

M  =  i^.// B  _  *\*  = 

2#      \  2/2 


WJn 


32 
=  78.125A/  («  even); 

H  =  —  =    78.125 —  (»  odd), 


hi 

V: 

.,  _«2  —  1  hi 


=    78.125—  (rceven); 


AH  =  JIX-  =  156.25^^-i  S.  (»  odd), 

=  156.25-^-  (weven); 

requiring  each  diagonal  tie  to  resist 

J56-25      x  -  X  ^^-X  pounds  («  odd), 
cos  a  cos  0!        qr  rfi 

or 

T56-25      x  M.  pounds  (»  even), 
cos  a  cos  0j       m^i 

and  to  have  a  cross-section 

_     i56.25^/(^2  -  1) 
—  15000  cos  a  cos  <p1riiqI 

0.0104^  ~  i)*/  .nches  (s8?) 

n3qlcos<j)I  ^ 
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or 


0.0104^/ 
S  =  t-  square  inches  (n  even) ;  (588) 

tit) j  CUo  G)  1 


(.calling,  as  before,  cos  a  =  1. 
jLength  of  each  head  diagonal  = 


n  cos  a  cos  ^,       n  cos  <£r 


practically. 


Weight  of  2  («  —  6)  wrought-iron  head  diagonals,  in  pounds, 

5  12/  o.oi04^(«2  —  \)hl 


=  .2(«  —  6)   X  jg  X 


7Z  COS  0X  «3^!  cos  0, 


o  o(n2  —  i)(n  —  6)  T  „ 

=  0:00385  8^ '\, ~hl  > 

n4  cos2  (/>! 


=  o.oo3858(«2  -  1)  («  -  6)(^J  +  2M^  (»  odd),      (589) 

\  »4  «2  / 

—  +  3  24/%  J  («even),    (590) 


=  h 


n 

n 

-     +hl2 

- 

» 
4 

=  i 

1 1. 1999  -\-hl2 

0.00015363 

IS 

- 

- 

5 

12.5000 

0.00015070 

16 

- 

O 

6 

13.7023 

0.00014634 

17 

1.2245 

O.OOOO77I3 

7 

15.0000 

0.00014289 

18 

2.5000 

O.OOOI2O56 

8 

16.2049 

0.00013855 

19 

3-7°37 

O.OOOI4II3 

9 

17.5000 

0.00013503 

20 

5.0000 

O.OOOI5432 

10 

18.7074 

0.00013093 

21 

6.1983 

O.OOO158H 

11 

20.0000 

0.00012754 

22 

7.5000 

O.OOO16075 

12 

21.2092 

0.00012375 

23 

8.6982 

O.OOOI5885 

13 

22.5000 

0.00012056 

24 

10.0000 

O.OOOI5747 

14 

n     —  iRfpi 

*<-    rrnA                   J 

-  T  J 

_  /i8«y  _ 

r  _I_  fan2/l. 

'*. 
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Multiplying  the  cross-section,  (587),  (588),  of  head  diagonal 
by  2  X  10,000  cos  <£,  tan  <£„  we  find,  after  dividing  by  2,500 
pounds  inch  strain, 

0.0104^  X  2  X  ioooo(tz2  —  i)k/ta.n<f>1 


I    W  —   I 


2500«3^, 

h  square  inches  (n  odd),  (S91) 

12       n* 

0.0104^  x  2  x  \oooohl  tan^>j 
2500/2^ 

=  -^h  square  inches  (n  even),  (592) 

=  cross-section  of  head  strut. 


Weight  of  (n  —  5)  head  struts,  in  pounds, 

=  (,-5)   x^X  12  X  i8^1=-iiA, 


_  A»  -  5)Q2 
s  «2 


*), 


=  A(*  -  5)-  x  12  x  18, 


=  A 


=  5  0  -  5)^ 

n 

- 

4 

0 

5 

5.0000 

6 

9-7959 

7 

15.0000 

8 

I9-753I 

9 

25.0000 

10 

29.7521 

n 

35.0000 

12 

39-7633 

13 

45.0000 

14 

=  A 


**  —  1 J  n 

,   (593) 

n*        12 

(n  odd), 

(594) 

(n  even), 

n 

49-7777 

15 

55.0000 

16 

59-7924 

17 

65.0000 

18 

69.8061 

19 

75.0000 

20 

79.8186 

21 

85.0000 

22 

89.8299 

23 

95.0000 

24. 
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Calling  the  compression  along  each  segment  of  top  chord 
due  head  diagonals  equal  to 

»  tt  r      n*  —  i  hi  -c    .hi 

All  =  156.25 or      156.25 — 

«3       ?x  nqt 

according  as  n  is  odd   or  even,  and  taking  the  allowed  inch 
strain  in  compression,  as  above,  viz., 

8000 
Q  =,  —  =  7529  pounds  =  3.764  tons, 

.      1  +— 

40000 

we  have 

Cross-section  of  iron  to  be  added  to  segments  of  top  chord  in  head 
system,  square  inches, 


156.25     n*  —  1     hi 
7529  n3         18 


(n  odd), 


=  S  =  0.00115295— —±hl,  (595) 


156.25   hi 
7529    i8« 


(n  even), 


=  0.00115295—.  (596) 

n 

Weight  of  added  iron  in  (n  —  6)  panels  for  top  chords,  pounds, 

=  9(«_6)  xi  X^S,  (597) 

18         n 

(n  —  6)  (n2  —  1)  , , 
=  0.0076863 v ^ -hi*  (»  odd), 

=  o.oo76863^-^-^/z  («  even), 
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n 

n 

=  hi* 

- 

4 

=  hi* 

0.00030609 

15 

- 

5 

0.00030024 

16 

0 

6 

0.00029155 

17 

0.00015366 

7 

0.00028468 

18 

0.00024020 

8 

0.00027603 

19 

0.000281 16 

9 

0.00026902 

20 

0.0003074s 

10 

0.00026085 

21 

0.00031427 

11 

0.00025409 

22 

0.00032026 

12 

0.00024654 

23 

0.00031648 

13 

0.00024020 

24 

0.00031373 

14 

182.  As  explained  in  article  165,  we-shall  here  augment,  by 
one-tenth  of  itself,  each  of  the  following  expressions  just  found; 
viz.,  — 

The  girders  proper, 

The  vertical  supports,  and 

The  lateral  head  struts. 

Then,  adding  together  all  the  parts  of  the  complete  bridge, 
and  putting  the  sum  =  2,000??  W,  the  weight  of  any  bridge  in 
pounds,  we  derive  the  following  values  of  W,  in  terms  of  L,  I, 
and  h,  for  the  different  values  of  n. 

Then,  by  assigning  values  to  L  and  /,  differentiating,  and 

putting  — —  =  o,  we  get   W  a  minimum,  and  h  best,  as  in 

dh 
article  140,  equations  (469)  and  (470). 
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183.  Among  the  deductions  to  be  drawn  from  this  table,  for 
the  Brunei  double-bow  bridge  of  double  web  system,  are  the 
following :  — 

1st,  For  a  given  uniform  live  load, 

n  oc  /*  nearly ;  (620) 

and  generally 

n  oc  (~jf  x  Z1  nearly.  (621) 

2d,  For  spans  less  than  400  feet, 

^  =  4^(f)"neajly-  (622) 

For  spans  of  400  feet  and  upwards, 

h  =  —  (y)°  nearly.  (623) 

3d,  For  different  spans  with  same  live  load  per  running-foot, 
W  oc  lh  nearly ;  (624) 

and  for  the  same  span  under  different  uniform  live  loads, 

nW  oc  I — J  nearly.  (62S) 

Many  other  conclusions  may  be  drawn  from  this  table,  and 
weights  of  intermediate  spans  may  be  derived  by  interpolation ; 
but  the  equations  (598)  to  (619),  inclusive,  cover  the  whole 
case. 

184.  Example.  —  We  now  proceed  to  find  the  strain  sheet 
for  the  200-feet  span  of  the  table  in  article  182  in  a  manner 
similar  to  that  employed  in  article  169. 
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We  now  have 

/  =  200         feet,  q  =  16  feet; 

h  =     40.788  feet,  q1  =  18, feet. 
n  =     13. 

nL  =  200         tons,  L  =  15^  tons; 

nW  =  103.288  tons,  W  =     7.945  tons; 

W  +  L  =  23.330  tons. 

Weight  of  floor,  by  article  174,  ^|^  x  200  =    34667  pounds; 
Total  live  load,  nL,  =  400000  pounds. 

Total  load  on  longitudinal  I-beams  =  434667  pounds. 

Load  on  each  panel  length  of  every  longitudinal  I-beam  spaced  3.2  feet 

3.2       434667 
=  — -r  x  =  6687  pounds. 

Then,  by  (502), 

Cross-section  of  beam 

434667 
=  o  =  0.00015  *    =  5-0154  square  inches. 

Take  b  =  4  inches  =  breadth  of  flange. 
b  —  bI  =  0.26  inch  =  thickness  of  web. 
Then,  from  (552),  (551),  and  (550), 

d  =     9.774  inches  =  depth  of  beam, 
d  —  d,  =     0.661  inch      =  depth  of  two  flanges, 

/=  75.416  =  moment  of  inertia  of  section, 

which  is  larger  than  /  for  the  sections  given  by  ordinary  beams 
of  the  same  area  of  section. 
By  (503), 

Weight  of  longitudinal  I-beams,  6  in  number, 

=  6  X  -fs  X   12  X   200  X  5.01538  =  20062  pounds. 
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Upon  the  transverse  I-beams  we  have 

Live  load,  400000  pounds, 

Floor,  34667  pounds, 

Longitudinal  I-beams,    20062  pounds. 

Total  for  13  panels,       454729  pounds. 
Load  on  1  beam,  34979  pounds. 

From  (504), 

/   12  X  18  x  34979       ,    „ 
d  =  8  x  2  x  10000  =  47'2216  =  2^' 

by  (505)  ; 

.•.     S  =  23.6108  square  inches  for  vertical  load, 
and  for  the  wind  pressure, 

40.788 
W1  =  2500  x  ■  =  7844  pounds  per  panel, 

Q2  = —  =  7542.5  pounds  per  square  inch, 

1  +  0.93312  x  sYtt 

O  2    X    7844 

5  =  3  X  I3  X  7542.5 ("a»  Il2>  Io2'  92,  8%  f)  by  (511); 
=  7.6798  square  inches,  1st  and  12th  beams; 
=  6.4532  square  inches,  2d  and  nth  beams  ; 
—  S-3332  square  inches,  3d  and  10th  beams  ; 
=  4.3199  square  inches,  4th  and  9th  beams ; 
=  3.4T32  square  inches,  5th  and  8th  beams; 
=  2.6133  square  inches,  6th  and    7th  beams. 

The  total  cross-sections  for  each  half-span  are 

»S  =  31.2906  square  inches, 
=  30.0640  square  inches, 
=  28.9440  square  inches, 
=  27.9307  square  inches, 
=  27.0240  square  inches, 
=  26.2241  square  inches. 
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Satisfying  the  condition  (505),  we  may  assign  values  to  d 
and  dt,  and  use  (557)  and  (558)  in  finding  the  thickness  of  each 
transverse  beam. 

Put  2  light  12-inch  beams  at  each  panel  point,  the  section 
of  each  being  JS.     Then  we  have 

d  =  12  inches  =  depth  of  beam, 
d  —  dz  =     2  inches  =  depth  of  2  flanges ; 

and  (558)  becomes,  for  breadth  of  flanges, 

b  =  /g4  -  12  +  j_\  x  iS  =  0#I78o  5  =  inches> 

\  2    X    22  12/  M 

=  5-3523  inches, 
=  5.1529  inches, 
=  4.9725  inches, 
=  4.81 1 1  inches, 
=  4.6687  inches; 
and  (557)  gives 

*'  =  io4x~2  X  22  x  ^  =  °-l6363^  =  5-i2°3  inches, 

=  4.9083  inches, 
=  4-7363  inches, 
=  4.5705  inches, 
=  4.4221  inches, 
=  4.2912  inches. 
Thickness  of  web  =  0.4504  inch  =  b  —  bu 

=  0.4440  inch, 

=  0.4166  inch, 

=  0.4020  inch, 

=  0.3890  inch, 

=  0.3775  inch. 

The  weight  of  these  24  transverse  I-beams  is 
12  X  18  X  -ig%S  =  20577  pounds, 
since  S5  (=  sum  of  all  the  cross-sections)  is  342-9S48  square 
inches. 
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Cross-sections  of  horizontal  diagonals  are  found  by  dividing . 
the  strains  in  (508)  by  15,000,  where  we  now  have 

W,  =  7844,     *—  =  0.52293, 

15000 

sinc^!  =  0.76017, 

0.52293 

5  =  — ■? — (\x  X  12,  12  x  11, 

2  x  13  X  o.76oi7v  J  '  ' 

11  x  10,  10  x  9,  9  X  8,  8  X  7,  7  X  6) 

=  0.026458  X  156  =  4.1274  square  inches, 

=  0.026458  x  132  =  3.4925  square  inches, 

=  0.026458  X  no  =  2.9104  square  inches, 

=  0.026458  X  90  =  2.3812  square  inches, 

=  0.026458  X  72  =  1.9050  square  inches, 

=  0.026458  X  56  =  1.4816  square  inches, 

=  0.026458  x  42  =  1.1 1 12  square  inches, 

for  the  respective  panels. 

.■.     ~%S  =  67.4150  square  inches, 

and  weight  of  26  horizontal  diagonals  is 

I2.X,1     x  i  x  67.415  =  5321  pounds. 
sin<pr  18 

The  cross-section  of  each  panel  length  of  each  wind  chord 

is  given  by  (514),  thus, 

c  7844  x  200         ,     w 

•S  =  LJ12 7. ; (1   X    12,  2   X   II, 

2   X   13   X   18  X   6400 

3  X  10,  4  x  9,  5  X  8,  6  X  7,  7  X  6) 

=  0.52377  x  12  =       6.2852  square  inches, 

=  0.52377  x  22  =  11.5229  square  inches, 

=  0.52377  x  30  =  15.7131  square  inches, 

=  0.52377  x  36  =  18.8557  square  inches, 

=  °-S2377  X  40  =  20.9508  square  inches, 

=  0.52377  x  42  =  21.9983  square  inches, 

=  0.52377  x  42  =  21.9983  square  inches. 

2»S  =  106.3253  square  inches. 
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These  sections  can  easily  be  made  up  of  channels  and 
plates,  or  of  beams  and  plates,  with  the  required  radius  of 
gyration  given  in  article  162. 

In  summing,  these  sections  for  the  weight  formula,  all  are  to 
be  taken  four  times,  except  the  last,  which  is  taken  twice  only. 

12  x  200  x  106. 32=13       5  , 

Weight  of  wind  chords  = X  ^g  =  21810  pounds. 

Supported  by  verticals,  we  have 

Live  load,  400000  pounds, 

Floor,  34667  pounds, 

Longitudinal  I-beams,  20062  pounds, 
Horizontal  diagonals,  5321  pounds, 
Wind  chords,  2 18 10  pounds. 

481860  -=-  26  =  18533 
Transverse  I-beams,       20577  -s-  24  =      857 

Weight  on  each  vertical  =  in  =  19390 

Therefore  we  have  the  cross-sections,  by  (580), 


by  (582), 


10390 
£  =       /,     =  1.8 1 776  square  inches; 

10390 
S,=  =  1 .61 5  83  square  inches; 

1        i2opo  j   o    1 


for  the  lower  and  upper  halves  respectively  of  the  verticals  due 
load;  and,  for  the  bending-moment  due  wind,  (584)  gives 

£.       15  x  200  _  3-3Q36y  square  inches, 
68  X   13 
Section  of  compressed  half  =  5.21 143  square  inches, 
Section  of  extended      half  =  5.00950  square  inches. 

And,    since   the   upper   and   lower   halves   of   the   girder   are 
symmetrical,    and   the   sum   of    the   lengths   of    the   verticals 

=  2j/=  y{n-j)  hy  <S2I)' =  * x  4°788  x  ^' we  have 
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Weight  of  lower  halves 

=  2  x  5-  X  5.21 143  X  —  X  40.788  X  —  =    6103  pounds, 

Weight  of  upper  halves 

=  2  x  -^  X  5.0095     X  —  X  40.788  X- —  =    5866  pounds. 

Total  weight  =  11969  X  — 

10 

=  13 165  pounds, 
after  adding  fa  for  braces,  etc. 

The  sections  may  be  made  up  of  2  channels,  the  one  ver- 
tical, the  other  inclined  at  an  angle  whose  tangent  is  fa. 

According  to  the  principles  of  article  165,  the  bars  in  the 
bracing  of  these  supports  should  have  a  cross-section  of  about 
I  inch ;  that  is,  about  fa  of  (S  -f-  S2). 

Equation  (587)  gives  the  cross-section  of  each  head  diagonal 

thus : 

c       0.06215  x  168  x  40.788  x  200  ,  .    , 

o  =   — — J 2 — '- =  0.55156  square  inch. 

6  x  133  X  18  x  0.64972  J3D 

From  (589)  comes  the  weight  of  14  head  diagonals  in  the 
seven  central  panels  equal  to 

c  12  20O 

14  X  i  X  -   X  X  0.5556  =  614  pounds. 

18       13       0.64972 

Cross-section  of  head  struts,  by  (591), 

168  x  40.788  „  .    , 

= — —    =  3.3789  square  inches, 

12   X    169 

requiring  2  light  4-inch  channels  latticed  not  less  than  4  inches 
apart. 

Weight  of  8  head  struts,  l 

-  X  8  X  -^  X  12  X  18  X  3-3789  =  1784  pounds, 
1  o  1 8 

after  adding  fa  for  bracing. 
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Increment  of  section  of  top  chord  due  to  head  diagonal 
strain  is  given  by  ($95),  thus : 


156.25  x  168  x  40.788  x  200 
7529  x  133  x  \i 


S  = — neon  v       3  ^  Tg =  0.7192  square  inch, 


the  strain  being  =  0.7192  X  £$f§  =  2.707  tons. 

Weight  added  to  top  chords 

■*  t        12  x  200  ,  , 

=  2  x  7  X  J-  X  X  0.7192  =  516  pounds. 

18  13 

For  each  of  two  girders,  the  horizontal  component  of  chord 
strain  is,  by  (564), 

T  T  "2     ^C     200 

H=  -  X  23.330  X       6  *  =  92-947  tons; 

2  o    X   40.700 

and  the  chord  strains  are 

02.947  92-947 

P  =  -ESF  =U=  Tol/T  =  99-317  tons,  1st  panel; 

=  97.415  tons,  2d  panel; 
=  95.830  tons,  3d  panel; 
=  94.580  tons,  4th  panel; 
=  93.672  tons,  5th  panel; 
=  93.130  tons,  6th  panel; 
=  92.947  tons,  7th  panel. 
Cross-section  of  top  chord  due  load 

=  26.381  square  inches,  1st  panel; 


3-7647 

=  25.876  square  inches,  2d   panel ; 

=  25.455  square  inches,  3d   panel; 

=  25.123  square  inches,  4th  panel; 

=  24.882  square  inches,  5th  panel; 

=  24.738  square  inches,  6th  panel ; 

=  24.689  square  inches,  7th  panel. 

Augment  4th,  5th,  6th,  7th,  8th,  9th,  10th,  by  0.7192. 


520 


MECHANICS  OF  THE   GIRDER. 


Cross-section  of  bottom  chord  =  —  =  19.863  square  inches,  1st  panel; 

=  19.483  square  inches,  2d  panel; 
=  19.166  square  inches,  3d  panel; 
=  18.916  square  inches,  4th  panel ; 
=  18.734  square  inches,  5th  panel ; 
=  18.626  square  inches,  6th  panel ; 
=  18.589  square  inches,  7th  panel. 

The  top  chord  may  be  composed  of  2  9-inch  channels  and  1 
plate ;  the  bottom  chord,  of  3  bars  and  2  bars  in  alternate 
panels. 

From  (561),  we  find 

2  sec2  a  =  27.4329  ; 
and  (566)  gives,  adding  ^, 

Weight  of  top  chords  =  U  x  2  x  J-  X  "-66s  X    20°' 
10       2       18       3.7647       40.788 

=  38206  pounds. 
From  (567), 

3-7647 


X  27.4329 


Weight  of  bottom  chords  = 


X  38206  =  28767  pounds. 


From  (571),  the  strain  on  a  girder  diagonal  is  called 


x  15  r\  x  200  x  1.8 


2  x  8  x  40.788 
=  3.1023  tons,    2d   panel 
=  4.0600  tons, 
=  4.8790  tons, 
=  5.4861  tons, 
=  5-8564  tons, 
=  5.9807  tons, 
=  5-8564  tons, 
=  5.4861  tons, 
=  4.8790  tons,  10th  panel, 
=  4.0603  tons,  nth  panel 
=  3-1023  tons,  1 2th  panel 


3d  panel. 
4th  panel. 

5  th  panel. 

6  th  panel. 
7th  panel. 
8th  panel. 
9th  panel. 


X  sec#  =  2.i2i66sec0, 


Section  =  \Z 


=  1. 1 6  square  inches. 
=  1.52  square  inches. 
=  1.83  square  inches. 
=  2.06  square  inches. 
=  2.20  square  inches. 
—  2.24  square  inches. 
=  2.20  square  inches. 
=  2.06  square  inches. 
=  1.83  square  inches. 
=  1.52  square  inches. 
=  1. 1 6  square  inches. 
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These  sections,  being  in  alternate  tension  and  compression, 
may  be  made  up  of  4  angle  irons,  1^  X  ij,  latticed  at  such  a 
distance  apart  that  the  unsupported  length  may  be  not  more 
than  one_hundred  times  the  radius  of  gyration  of  the  section. 

The  weight  of  these  girder  diagonals  is,  from  (572),  equal  to 

4  X  12  X  5  X  0.45  X  2QQ3  x  3  x  Ssec20  ><  11=  326.4i3Ssec»0  x  ^ 
8  X  132  X  18  X  40.788  X  8  10  10 

=  21088  pounds, 

since  2sec20  =  58.7324  by  (563),  and  we  increase  by  one-tenth 
for  latticing  and  attachments.  , 


Strains  and  Cross-Sections. 

Tons.  Square  Inches. 


>.707 


„in,  +2.707    +2.707 


For  each  of  two  girders.  Span,  200  feet.  Central  height,  40.788  feet.  Uniform  live  load,  1  ton  =  2,000 
pounds  per  linear  foot,  applied  at  centres  of  verticals;  the  verticals  in  this  case  acting  merely  as 
struts  in  the  lower  half,  and  as  suspenders  in  the  upper  half.  The  diagonals,  only  one-half  of 
them  being  shown  in  the  figure,  are  alternately  in  tension  and  compression;  the  greatest  strains 
being  the  same  on  each  of  the  two  diagonals  of  a  panel.     Bridge  weight  =  103.288  tons. 

The  deflection  due  to  full  load  is  found  for  any  point  by 
equation  (559),  having  now 

Bx  =  4-380  tons  per  square  inch, 

E  =  12000         tons  per  square  inch, 

kt  =  h    =  40.788  feet, 

a  =  \l  =  100         feet, 

and  x  being  measured  from  centre  of  span  ; 
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,-.     Deflection  Z>,  =  1.490  inches  for  x  =        o,  centre; 

D2  =  1.483  inches  for  x  =  100  -=-  13 ; 
Dl  =  1.432  inches  for  x  —  300  -=-  13  ; 
Z>4  =  1.327  inches  for  x  =  500  -=-  13  ; 
Ds  —  1. 162  inches  for  x  =  700  -h  13; 
D6  =  0.815  inch     for  x  =    900  -7-  13 ; 

D7  =  0.583  inch     for  x  =  1100  -=-  13  ; 

Z>8  =  o  inch  for  x  =  1300  -5-  13,  ends. 

Equation  (366)  yields  the  excess  of  length  required  in  top 
chord  to  give  the  proper  camber, 

3.76  4-  5 
X  =     12000     x  2°5-34  X  12  =  1.8  inches, 

since  length  of  polygonal  top  chord  is  equal  to 

200  ,,  _,  200    ,  ,,  .    . 
X  5seca  =  —  x  13.3466  =  205.34  feet; 

T  8 

.•.     Mean  excess  per  panel  =  —  =  0.138  inch, 

13 

or  a  little  more  than  ^  inch. 
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CHAPTER    XI. 

bridges   of  class   ii.  best  number  of  panels  and   best 

height  determined   for  a  given   span   under  a  given 

uniform  live  load. least  bridge  weight  and  limiting 

span  found. 

Section  i. 

The  Parabolic  Bowstring  Girder  of  Double  Triangular  System  {Fig.  35) , 
with  the  Extreme  Diagonals  omitted,  and  a  Vertical  Suspender  at 
Extreme  Panel  Point. 

185.  Let  /  —  span,  in  feet. 

h  =  height  of  girder  at  centre,  in  feet. 
11  =  number  of  panels. 

L  =  panel  weight  of  uniform  live  load,  in  tons. 
W  =  panel  weight  of  bridge,  in  tons. 
The  height  of  girder  at  any  point,  x,  is  given  by  (472)>  and 
at  all  vertices  by  (473),  if  we  make  r  =  1  for  the  first  point, 
and  put  2J1  for  h  throughout,  thus  : 

=  ^Lr{n  -  r),  (626) 


3>r 

>+I   =^<>+  i)(«  -r-  i), 

Ay      =  >  +  I  -  yr  <=  ^(«  -  ar  -  1),  (627) 


tan«    =Ay+*-  =  ^(n-2r-i),  (628) 


sec2a  =  1  +  tan2«  =  1  +  — r(«  —  ir  -  i)2 


(629) 
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tan  Or  =  —  tan  (j}r  _  4  = 


->-*--  =  -4-r(«  -  0»      (63°) 


sec2  9  =  1  +  tan2 


=  1  +  -7^1  (n  —  r) 
n2/2 


(630 


a,  6,  and  j>  are  defined  in  article  49. 

The  live  load  and  a  large  part  of  the  dead  load  are  applied 
at  the  panel  points  of  the  bottom  chdrd,  and  are  transmitted 
by  the  diagonals  to  the  parabolic  arch,  which  is  equilibrated  by 
the  uniform  load,  leaving  only  a  tensile  strain  on  the  diagonals 
from  full  uniform  load.  We  shall  assume  that  the  two  diag- 
onals which  support  any  panel  weight  of  uniform  dead  load 
carry  each  one-half  of  the  same. 

186.  Moments  at  all  panel  points  due  n(  W  +  L),  the  total 
load,  are,  from  equation  (65), 


mt  =  K±£K» 


r)r; 


and  the  horizontal  component  of  chord  strain  under  same  load 
is  equal  to 

y  II 

as  in  (564),  and  is  uniform  throughout  for  maximum. 

H 


Greatest  strains  in  top  chord 
Greatest  strains  in  bottom  chord 


P  = 

cos  a 

U  =  H 


Take 


Cross-section  of  top  chord,  5  =  P  -5-  Q 

Cross-section  of  bottom  chord,  S,  =  U  -4-  T 

=  3-7647  tons 


1  + 


5°2 
40000 


T  = 


tons 


(632) 
(633) 

(634) 


as  the  allowed  inch  strains  on  top  and  bottom  chords  respec- 
tively. 
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12/ 

Length  of  segment  of  top  chord  =  inches, 

n  cos  a 


Volume  of  segment  of  top  chord 

\2lH 


=  %(W+L) 


n  Q  cos2  a. 

«       ,  ,    16k2/         i\ 

2  sec2  a  =  n  +  In 

3/2  V         n) 


Qh  cos2  a 


cubic  inches, 


(635) 


by  summing  (629)  for  values  of  r  from  o  to  n  —  1,  inclusive. 

Therefore,  calling  weight  of  a  cubic  inch  of  wrought-iron,  as 
in  all  cases,  ^  pound,  we  find 


Weight  of  top  chords,  in  pounds, 


=  1  X  ^(^  +  Z)^2sec2«, 

Hk]  3/2V         n)\ 


(636) 


12    X     3.7647/i  I 

W  +  Z|o.no677i«/2  +  0.59028^  -  -Vz2l 


W  +  L 


0.88541 7/2  +    4-64844^2 


0.996095/2  + 
1. 1 06  7  7  2/2  + 
1.217449/2  + 
1.328126/2  + 
1.438804/2  + 
1.S49481/2  + 
1.660158/2  + 

i-77o835/2  + 
1.881S12/2  + 
1.992 190/2  + 
2.102867/2  + 
2.213544/2  '+ 


5.24688^ 
5. 843  7  2  A2 
6.43936A2 

7.O34I  2/22 
7.62820A2 

8.22168/22 
8.81480^ 

9.4075  2/*2 
IO.OOOOO^2 

10.592 1 6/12 
1 1. 1 8440^ 
II.77600A2 


9 

10 

II 

12 
J3 

14 

15 
16 

17 
18 

19 

20 
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ordSj  in  pounds,  =  -5-  X  — 

Io          o 

Th 

(637) 

W  4-  2 

,  v,  Pn 

=    - 

X  — 

A 

12 

W  +  L 
h 

0.666667/2 

n 
8 

0.750000/2 

9 

°-833333^2 

10 

0.916667/2 

11 

1 .000000/2 

12 

i-°83333/a 

13 

1. 1 66667/* 

14 

1.250000/2 

J5 

!-333333^ 

16 

1.416667/2 

17 

1.500000/2 

18 

i-S83333^2 

*9 

1. 666667/* 

20 

187.  The  Girder  Diagonals.  —  Separating  the  double  sys- 
tem into  the  single  web  systems  of  Fig.  35a  and  Fig.  27,  let  us 
consider  first  that  of  Fig.  35a,  and  find  the  difference,  AH,  of 
horizontal  strains  at  the  foremost  end  of  the  advancing  uniform 
discontinuous  load,  nL,  and  for  the  same  instant  at  the  next 
two  forward  panel  points  of  the  double  system. 

Putting  L  for  W  in  equation  (60),  and  taking  r2  =  —J,  we 
find  the  moment  at  any  point,  x,  at  or  before  the  foremost  end, 
to  be 


M*  =  ~,(r  +  |)2(/  -  x), 

2/ 


(638) 


where  c  =  length  of  whole  interval  in  the  single  system  = 


2/ 


in  the  double  system,  r  -\-  \  =  number  of  panel  points  of  bot- 
tom chord  loaded,  x  =  distance  from  left  end  to  the  point 
where  moment  is  taken. 
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From  (472),  putting  2h  for  h, 


y  -  fev-  *)• 


(639) 


Therefore  the  simultaneous  horizontal  strains  due  live  load 
at  the  three  consecutive  panel  points,  of  which  the  foremost 
end  of  live  load  is  at  the  rear  one,  are 

M*  =  Uc^  (r  +  j)» 
y         Zh  x 

rr  (if  4.  iy 
=  —  -i —     ^'    if  x  =  re,  foremost  end  ; 
oh         r 


H 


(640) 


=  —  (r  +  £)     if  x  =  (r  +  %)c,  next  panel  point; 
oh 

TJ  (r  4-  *V 
=  —  i — J—ZJ-  if  x  —  (r  +  i)c,  next  panel  point; 
oh     r  +  1 


where  r  takes  the  successive  values  \,  f,  f ,  i,  .  . 


—  1 


Then  we  find  the  greatest  differences,  that  is,  the  greatest 
horizontal  component  of  diagonal  strain  due  live  load,  thus : 


\th 


^H  ~  8h\    r+i  V+*>l  i6hr+i. 


(641) 


for  the  first  single  system  ;  r  taking  the  successive  values  J,  f, 

2>   2'  " 

Similarly,  for  the  second  single  system,  we  get  greatest 
horizontal  component  of  diagonal  strain  due  live  load, 

LI  r  +  1 


where  r  becomes  1,  2,  3,  4,  etc. , 


i6hr  +  i 
i6/j  r  +  J 


.,    (642) 
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Now,  if  we  consider  the  horizontal  components  of  the 
two  diagonals  in  the  same  panel  of  the  double  system,  Fig. 
35,  with  its  extreme  tie  made  vertical,  we  see  that  ArH  of 
(641)  and  A^H  of  (642)  belong  to  the  odd  panels,  and  A^H 
of  (641)  and  A.H  of  (642)  belong  to  the  even  panels.  Also, 
for  the  odd  panels,  r  of  (641)  is  less  by  £  than  r  of  (642) ;  and, 
for  the  even  panels,  r  of  (641)  is  greater  by  J  than  r  of  (642). 

Therefore,  reducing  so  that  r  belongs  to  the  second  system, 
we  find 


Compression,  AxZf  =  — 
Tension,  A±H  =  — 


LI       r 
xdhr  +  \ 

LI  r  +  1 
i6hr  +  \ 


odd  panels,      (643) 


Tension,  Ajy  =  -H  r-+J  1 

^  16A  r  +  \ 

Compression,  AtJI  = 


even  panels,     (644) 


16A  r  +  £  ) 
which  expressions  are  identical ;  and  the  sum  of  either  pair  is 

A,H  +  AJy  =  -  —  2(r  +  &  =  -^L,       (645) 
*  16A     r  +  \  8ti        K  45J 

as  already  given  by  (570)  for  the  total  horizontal  component 
of  diagonal  strain  due  live  load  in  any  panel. 

Since  these  diagonals  are  to  be  alternately  in  tension  and 
compression,  the  load  travelling  either  way,  and  our .  specifica- 
tions would  multiply  the  compressive  strains  by  1.8,  we  shall, 
for  convenience,  take 

AH  =  -— 

8h 

due  live  load  for  each  diagonal  in  a  panel,  instead  of  multiply- 
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ing  by  1.8,  and  shall  treat  all  diagonals  as  in  compression  under 
the  inch  strain, 

Q  =  i =  -  tons. 

!  +    I0°2        3 
20000 

This  procedure  varies  a  little  from  the  specifications,  but  on 
the  safe  side,  since 

2r  +  1  >  i.8r. 

Moreover,  since  the  dead  load,  with  the  exception  of  the  top 
chords  and  head  system  and  wind  braces,  is  suspended  at  all 
times  on  two  diagonals  which  transmit  it  to  the  equilibrated  top 
chord,  and  since  the  tensile  section  will,  for  practical  spans, 
not  be  greater  than  the  compressive  section  due  to  live  load 
as  above  augmented,  and  to  be  provided  for  in  compression,  we 
may,  as  appears  below,  leave  the  tensile  strain  which  will  come 
upon  the  diagonals  acting  as  suspenders,  almost  entirely  to  the 
material  put  into  them  to  resist  maximum  compression. 

It  is  to  be  observed,  that,  when  the  live  load  is  fully  on  the 
bridge,  there  is  no  compression  on  the  girder  diagonals,  but 
each  one  acts  simply  as  a  suspender  to  transmit  f  ( W2  +  L)  to 
the  equilibrated  top  chord  ;  W2  being  that  part  of  the  dead  load 
at  any  lower  apex.  Now,  from  the  results  tabulated  in  Chap.  X., 
we  may  doubtless,  in  the  present  case,  for.  spans  not  over  600 
feet,  consider  Wx  as  ranging  from  $Wto$W,  while  W  ranges 
from  \L  to  2Z  approximately.  Therefore  \{W2  +  L)  ranges 
from  i|Z  to  \L  nearly,  in  spans  from  100  feet  to  600  feet. 

Taking  the  greater,  \L,  as  the  vertical  component  of  ten- 
sion on  each  girder  diagonal,  we  have 

1        Tl  *> 

IL  cot  $  =  -L  X  =-  X 


24     '    h        r(n  —  r) 
as  the  horizontal  component  of  tension  on  diagonals  acting  as 
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suspenders ;   the'  greatest  value  of  which  is  found  when  r  =  i, 
or  r  =  n  —  I.     That  is, 

(Ai7)max  =  —  .  —  .  for  tension. 

24      h      n  —  i 


But 


AJ7  = for  compression. 


Dividing  Ai/max  and  AH  by  5  and  by  f,  the  allowed  inch 
strains  in  tons  respectively  for  tension  and  compression,  and 
multiplying  by  sec  6,  we  find  these  resulting  cross-sections  for 
comparisons 

St  =  —  X  -^-v  X  —2—  nearly 


17       h  cos  5 

S  =  X  x  -^- 
64        A  cos  5 


(646) 


Now,  iSywill  be  greater  than  5  only  when  r=i,  or  r  =  n-~  1; 
that  is,  the  girder  diagonals  which  meet  at  the  first  and  second 
and  at  the  (n  —  2)th  and  («  —  i)th  lower  apices,  will  need  addi- 
tional section  under  full  load  to  the  extent  of  the  difference 
between  St  and  5.  And  this  we  shall  supply  in  the  vertical 
braces  at  these  points. 

/.     Cross-section  of  a  girder  diagonal  =  S  =  — 2 ■     (647) 

64/z  cos  a 

Weight  of  2(»  —  2)  girder  diagonals,  in  pounds, 

=  2X  —  X-^-X-S-X  ^Ssec2^,  (648) 

n  18       04        A 

i6?z/2 

5Z/2  (  ,    i6>W«5  .    ,    50  \) 

=  -i- —  In  —  2  -\ 1 «2  +  3^«  —   1  )  I 

i6«/%  (  «2/2\30  30  /) 

_  ZjS(«-a)/»       /»«  _  5        59  _  _5  \  ,J 
~"  A|        i6«         "*"  \6        n  "•"  6«2      «V     I 
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°-23437S'r2  +  10.18555A* 

n 
8 

0.243056/2  +  13.05899/i2 

9 

0.250000/2  +  16.26000A2 

10 

0. 25^682/2  +  19.78964^2 

11 

0.26041 7/2  +  23.64873A2 

12 

0. 264423/2  +  27.83796A2 

13 

0.267857/2  +  32.35788A2 

14 

0.270833/2  +  37.20889A2 

iS 

0.273437/2  +  42.39136A2 

16 

o-275735/2  +  47-9°556^2 

17 

0.277778/2  +  ss^s1?2^2 

18 

0.279605/2  +  59.93002A2 

19 

0.281250/2  +  66.44062A2 

20 

Adding  together  (636),  (637),  and  (648),  we  find 
Weight  of  girders  due  to  loads,  pounds, 


L 

h 


1.786459/2  +  14-83399^ 


i.989i5i/2  + 
2.190105/2  + 
2.38979s/2  + 
2.588543/2  + 
2.786560/2  + 
2.984005/2  + 
3.180991/2  + 
3.377605/2  + 

3-573914^  + 
3.76996s/2 + 
3.965805/2  + 
4.161461/2  + 


18.30587A2 
22.10372^2 
26.22900^2 
30.68285A2 
35.46616^2 
40.5  7956^ 
46.02369^ 
51.79888A2 
57.90556^ 
64.34388^ 
71^11442^ 
78.21662A2 


+  ? 


1.552084/24-    4.64844^ 


1.746095/2  + 
1.940105/2  4- 
2.134116/2  + 

2-328l26/2  + 
2.522I37/2  + 

2.716148/24- 
2-9ioi58/2  + 
3.104168/2  + 
3.298179/2  4- 
3.492 190/2  + 
3.686200/2  4- 
3.88o2ii/2  + 


5.24688^ 
5. 843  7  2  Aa 

6-43936^2 

7.03412^ 

7.62820A2 

8.22168A2 

8.81480^ 

9.40752^ 

io.ooooo^:2 

10.59216^2 

1 1. 1 8440^2 

1 1. 7  7600^ 


9 
10 

11 
12 

13 

14 

*5 
16 

17 
l8 

!9 

20 


To  be  augmented  by  one-tenth. 
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188.  Floor  to  be  the  same  as  in  article  174. 

Weight  of  floor  =  ^f^/  pounds.  (649) 

189.  Take  longitudinal  I  floor  beams,  as  in  articles  157,  175, 
equation  (575). 

190.  The  transverse  I-beams  supporting  live  load,  floor,  and 
longitudinal  beams  are  here  conditioned  as  in  article  158,  and 
their  cross-section  due  vertical  forces  is  given  by  equation  (506). 
Their  weight  due  same  forces  is  given  by  (576). 

The  cross-sections  of  transverse  I-beams  due  to  wind  are 
expressed  in  (511). 

The  weight  of  iron  to  be  added  to  the  transverse  I-beams 
on  account  of  wind,  is  given  by  (512)  and  (577)  for  n  even  and 
n  odd. 

The  whole  effect  of  wind  pressure  is  to  be  transferred  to 
the  horizontal  system,  in  the  plane  of  the  bottom  chords,  by 
means  of  vertical  braces  connecting  each  transverse  beam  with 
both  top  chords. 

It  may  be  observed,  that  in  this  and  all  like  cases  a  shear- 
ing-stress is  generated  throughout  the  transverse  beam  by  the 
wind  pressure  transmitted  through  these  vertical  braces ;  but 
there  will  be  sufficient  reserve  material  in  the  web  of  the  beam 
to  resist  this  shearing-stress,  as  becomes  evident  on  reflection. 

191.  If  we  divide  equation  (508)  by  15,000,  we  have  the 
cross-section  of  any  horizontal  diagonal  in  the  floor  system. 
And  equations  (509)  and  (578)  give  us  the  weight  of  the  hori- 
zontal diagonals,  in  pounds,  for  the  even  and  odd  values  of  n. 

192.  For  wind  chords,  let  us  use  the  bottom  chords  of  the 
girders,  augmenting  their  cross-sections  by  the  quantity  in 
(513)  divided  by  the  tensile  inch  strain,  10,000  pounds. 

Although  this  augment  will  only  resist  tension,  while  the 
compressive  chord  strain  due  to  wind  will  sometimes  be  greater 
than  the  tensile  chord  strain  due  to  dead  load,  yet,  as  the 
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excess  of  compression  is  not  great,  it  may  be  left  safely  to  the 
outside  longitudinal  I-beams,  which,  it  will  be  remembered,  are 
otherwise  only  half  loaded. 

We  may  compare  the  chord  strains  due  dead  load  and  due 
wind  by  means  of  Fig.  112,  thus  : 

For  W,  N  =  ™  ■ 
znh 

For  Wlt  N  =  ^. 
2nqt 

These  co-efficients  of  strain  will  be  equal  when 

*  =  ~W  '  (650) 

and  this  might  be  made  a  condition  determining  the  width,  qir 
of  the  bridge,  so  that  no  compressive  strain  would  prevail  in  a 
bottom  chord.  But  we  shall  not  now  change  the  uniform  value 
of  q^  =  18,  assumed  at  first. 

Therefore  the  increase  of  section  of  each  bottom  chord  due 
to  wind,  as  derived  from  (5 1 3),  is,  in  square  inches, 


S=      w 


2000072^ 


-\  (n  -  J)>  2(«  -  2)>  3(n  ~  3)»etc-[-    (65r) 
.1  J 


The  weight  of  this  wind  augment  to  bottom  chords  is  found 
by  putting  10,000,  instead  of  6,400,  for  Q  in  equations  (515) 
and  (579),  thus : 


Weight  of  bottom  chords  due  to  wind,  pounds, 

=  0.00385802496^2  +  I  -  ^J/iP  («  even) 

=  0.00385802496(2  +  J?  _  1  -  |j/*/*     («  odd) 


(652) 
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=  hi2 

0.0090422 

n  =     8 

=  hi2 

0.0084499   ** 

=  is 

0.0088909 

9 

0.0084093 

16 

0.0087963 

10 

0.0083678 

17 

0.0086957 

11 

0.0083352 

18 

0.0086272 

12 

0.0083021 

19 

0.0085555 

13 

0.0082755 

20 

0.0085034 

14 

193.    Assuming  that  a  wind  pressure  per  panel  of    125- 

n 

pounds  (/  being  in  feet)  acts  in  a  direction  normal  to  the  plane 

of  girder  at  each  apex  in  each  top  chord,  we  have  the  moment 

of  each  brace  due  wind  equal  to 


125-  x  y  =  \S  X  ^B,y 
n 


(653) 


ii  S  =  cross-section  of  flanges  of  a  brace,  2?,  =  inch  strain 
allowed  for  bending-moment  =  ^-(5,333  -4-  6000)  =  ■Li^-2-^,  and 
if  the  length  of  brace  is  to  its  width  at  broadest  end  *n  the 
ratio  of  10  to  1,  as  in  article  163,  where  the  flanges  of  each 
brace  meet  at  one  end,  and  diagonal  lattice  work  forms  the 
web.     From  (653), 

Cross-section  of  a  brace  due  wind,  in  square  inches, 
_  <-.  _  2500/  _  15/ 


»BX         34« 


(654) 


Increase  this  section  by  50  per  cent  for  the  first  and  second 
braces,  to  take  a  part  of  load,  as  explained  in  article  1 87.  See 
value  of  2/. 

Weight  of  vertical  braces,  pounds, 


5         15/ 


18 


1.9607844 


(.  +  S-§>' 


(«55> 
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-  hi 

2.366729 

n  —     8 

=  hi 

2.091502    r 

=  *5 

2.291617 

9 

2.076631 

16 

2.235294 

10 

2.064152 

17 

2.192072 

11 

2-053578 

18 

2.158224 

12 

2.044544 

!9 

2.131248 

13 

2.036764 

20 

2.109415 

14 

since  we  now  have  the  special  value 

2     _  4i I  {n  -  1)  +  2(>  -  2)  +  3O  -  3)  +  .  .  .  (n  -  1)  terms) 
y  ~~   ?22{  +  («  —  1)  +  2(«  —  2)  for  suspenders  ) 


|/; 


/      .   17       3°\ 


194.  The  Head  Lateral  System.  —  Cross-section  of  head 
diagonals  is  given  by  equations  (587),  (588).  Weight  of  head 
diagonals  found  in  (589)  and  (590). 

Cisoss-section  of  head  strut  expressed  in  (591)  and  (592). 

Weight  of  head  struts  is  given  by  (593)  and  (594). 

Cross-section  of  iron  to  be  added  to  segments  of  top  chord 
shown  in  (595),  (596). 

Weight  of  added  iron  in  (n  —  6)  panels  of  top  chords  is  to 
be  found  in  equation  (597). 

195.  We  may  now  collect  the  weights  of  all  the  parts  of  the 
bridge,  and,  after  augmenting  by  one-tenth  of  itself  the  weight 
of  the  girders,  the  vertical  braces,  and  the  head  struts,  as 
explained  in  article  165,  we  may  equate  the  weight  so  found  to 
200CW  W,  and  so  determine  W  in  terms  of  L,  I,  and  h,  for  differ- 
ent values  of  n;  and  from  ?  =  owe  find  h  rendering  W  a 

an 


minimum. 
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196.  A  few  simple  relations  may  be  stated  here,  as  resulting 
from  our  investigation  of  this  bridge  having  two  parabolic  bow- 
string girders  with  double  triangular  web. 

1st,  For  a  given  uniform  live  load, 


n  oc  /*  nearly, 
W  k  Ih  nearly. 
2d,  For  different  live  loads, 

hW  oc  nL  nearly. 


(669) 
(670) 

(671) 


197.    Example.  —  Specifications  for  the  bridge  of  200  feet 
span,  as  tabulated  in  article  194.     We  have  found 


/  =  200         feet,     n 
h  =    39.726  feet, 
q  =     16         feet, 
gT  =     18         feet. 


13,  L  =  15.38460  tons; 

W  =     8.16590  tons; 

\{W  +  L)  =  11.77525  tons; 


Maximum  horizontal  component  of  chord  strain,  each  of  2  girders, 
M       11.77525  x  13  X  200 

~y  = 


=  H 


8  X  39.726 
by  equation  (564).     Therefore,  by  (632), 
Strains  in  top  chord  due  loads 


=  96-333  tons, 


=  P  = 


H 
cos  a 


=  119.464  tons, 

=  110.330  tons, 

=  107.231  tons, 

=  102.605  tons, 

=  99.170  tons, 

=  97.050  tons, 

—  U               =  96-333  tons> 

for  each  half-span  of  each  girder. 


Sections  =  31-739  square  inches; 

=  29.312  square  inches; 
=  28.489  square  inches ; 
=  27.260  square  inches; 
=  26.347  square  inches  ; 
=  25.783  square  inches; 
=  25.593  square  inches; 
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Additional  cross-section  of   n  —  6  central  panels  of   top 
chords  to  resist  lateral  displacement,  by  (595),  is 

5  =  0.70049  square  inch. 

Corresponding  chord  strain  =  0.70049  x  3.764  =  2.637  tons. 

.•.    Total  top  chord  strains  =  119.464  tons,  1st  and  13th  panels 

=  110.330  tons,  2d  and  12th  panels 
=  107.231  tons,  3d  and  nth  panels 
=  105.242  tons,  4th  and  10th  panels 
=  101.807  tons,  5th  and  9th  panels 
=  99.687  tons,  6th  and  8th  panels 
=     98.970  tons,  7th  panel. 

From  (651),  the  varying  sections   of  a  bottom  chord  due 
wind  are 

2500  x  39.7265  x  200 


5  = 


(12,  2  x  n,  3  X  10,  etc.) 
.•.     Strains  =  19.590  tons; 

=  35-9!5  tons; 
=  48.970  tons ; 

=  58-765 tons; 

=  65.295  tons; 

=  68.565  tons; 

Add  96.333  tons, 


20000  X  132  X  li 
=  3.918  square  inches, 
=  7.183  square  inches, 
=  9.794  square  inches, 
=  n.753  square  inches, 
—  I3-°59  square  inches, 
=  13.713  square  inches, 
Add  19.267  square  inches, 

for  total  sections  and  for  total  strains. 
Putting  \L  for  L  in  (647),  we  have 

The  cross-section  of  any  girder  diagonal 

=      3  x  40000  sec  6      =  l8lS3Sec0. 
64  x  13  x  39.7265 

ist  System.  2nd  System. 

2d  panel  =  2.250  square  inches  =  3.041  square  inches, 
3d  panel  =  3.791  square  inches  =  3.041  square  inches, 
4th  panel  =  3.791  square  inches  =  4.387  square  inches, 
5th  panel  =  4.795  square  inches  =  4.387  square  inches, 
6th  panel  =  4.795  square  inches  =  5  001  square  inches, 
7th  panel  =  5.001  square  inches  =  5.001  square  inches. 
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The  actual  strains  on  these  girder  diagonals  given  in  the 
diagram  below,  Fig.  1 20,  where  compressive  strains  are  marked 
negative,  have  been  derived  from  equations  (641)  and  (642), 
using  the  proper  value  of  r,  and  dividing  by  the  proper  value  of 
cos  6. 

The  floor  and  the  longitudinal  I-beams  will  be  the  same 
here  as  in  article  184 ;  viz.,  — 
Floor  of  2|-inch  oak. 
I-beams,  depth  d  =    9.7740  inches. 
d  —  dt  =    0.6610  inch./ 
dj  =    9. 1 1 30  inches. 
.S  =    S-OIS4  square  inches, 
/  =  75.4160. 
Also,  the  cross-section  of  the  transverse  I-beams  due  load 
will  be,  as  in  article  184, 

S  =  23.6108  square  inches. 

But,  for  the  wind  pressure, 

2500 
Wl  =  ——  X  39-726S  =  7639-7  pounds; 

2    X    76'?Q.7 

(5ll),  S     = l_^_L /  2  2       IQ2  2      g2       ?2\ 

w    '  3  x  13  X  7542.5  ^      '       '       ' y '     '  '  >      , 

=  7.480  square  inches,  .'.  Total  =  31.091  square  inches; 

=  6.285  square  inches,  =  29.896  square  inches; 

=  5.194  square  inches,  =  28.805  square  inches; 

=  4.207  square  inches,  =  27.818  square  inches; 

=  3.324  square  inches,  =  26.935  square  inches; 

=  2.545  square  inches,  =  26.156  square  inches; 

for  each  half-span. 

Take  depth  of  beam  d  =  12  inches. 
d  —  d ,  =    2  inches. 
d,  =  10  inches. 
Use  2  I-beams  at  each  joint. 
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Then,  by  (558)  and  (557), 

Flange,  b       —  0.178035  =  5.5351  inches; 

=  5.3224  inches : 
=  5.1282  inches 
=  4.9525  inches 
=  4-7953  inches: 
=  4.6566  inches  : 
bj  =  0.163635  =  5.0874  inches; 
=  4.8919  inches ; 
=  4.7134  inches : 
=  4.5519  inches  : 
=  4.4074  inches : 
=  4.2799  inches; 

Web,  b  —  b1  =  0.014405  =  0.4477  inch; 
=  0.4305  inch ; 
=  0.4148  inch; 
=  0.4006  inch ; 
=  0.3879  inch; 
=  0.3767  inch. 

From  (508),  the  cross-section  of  each  horizontal  diagonal  in 
floor  system  is  found,  thus  : 

sin^!  =  0.76017, 
7639-7 


5  = 


-(13  x  12,  12  x  11,  11  X  10,  etc.), 


15000  x  2  x  13  X  sin^j 
=  4.020  square  inches,  1st  and  13th  panels 
=  3.402  square  inches,  2d  and  12th  panels  : 
=  2.835  square  inches,  3d  and  nth  panels; 
=  2.319  square  inches,  4th  and  10th  panels ; 
=  1.855  square  inches,  5th  and    9th  panels 
=  1.443  square  inches,  6th  and    8th  panels; 
=  1.082  square  inches,  7th  panel. 
Cross-section  of  head  diagonals  is,  from  (587), 

0.0625  X  168  X  39-7265  .    , 

c : 2 — oy      ,J  =  0.54115  square  inch, 

0  _   6  X  133  X  18  X  COS0,  ot     0    -1 

since  cos  fa  =  0.64972. 
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.     Cross-section  of  each  head  strut  is  given  by  (591), 

168  x  39-7265  . 

.S  =  7 =  3.201  square  inches. 

12  x  169  o    y      1 

15  X  200 

Section  of  a  brace,  by  (654),  =  5  = =  6.7873  square  inches. 

34  x  13 

Add  50  per  cent,  3-3936  square  inches. 

For  2  end  braces,  10.1809  square  inches. 

Results. 

Use,  in  each  top  chord,  2  10-inch  channels,  21  square 
inches;  1  15-inch  plate  by  0.76  to  0.36  inch;  1  15  X  18  X  \ 
inch  plate  in  every  3  feet,  riveted  to  the  bottom  flanges.  Make 
bottom  chords  of  flat  bars. 

1st  panel,  4  bars,  6  X  o.966ijich; 
2d  panel,  5  bars,  6  X  0.882  inch ; 
3d  panel,  6  bars,  6  X  0.807  incn  '> 
4th  panel,  5  bars,  6  X  1.034  inches; 
5th  panel,  6  bars,  6  X  0.898  inch; 
6th  panel,  5  bars,  6  X  1.100  inches; 
7th  panel,  6  bars,  6  X  0.916  inch; 

and  proportion  eyes  as  already  specified. 

In  girder  diagonals,  use  4  angle  irons  2-|  X  2|  inches,  lat- 
ticed both  ways  by  diagonal  strips  of  wrought-iron  i|X|  inch, 
and  placed  so  far  apart  that  the  ratio  of  length  to  radius  of 
gyration  shall  be  100,  as  already  provided.     This  will  require, 

for  a  strut  of  40  feet  length,  a  diameter  of  about — —     X  2 

=  9.6  inches,  since  by  this  arrangement  of  the  material  the 
radius  of  gyration  is  nearly  one-half  of  the  diameter. 

In  this  case,  where  two  struts  intersect  in  a  panel,  the 
smaller  one  may  pass  within  the  flanges  of  the  larger  one  at 
the  intersection,  involving  thereby  a  little  riveting  in  place, 
and  perhaps  a  little  irregularity  of  the  lattice  work.     The  pin 
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bearings  at  the  ends  of  these  diagonals  are  to  be  formed  of 
wrought-irbn  plates  affording  a  bearing-surface  equal  to 


.S  = 


P 


=  2t  X  d, 


(672) 


2d 


where  t  =  — -  =  thickness  of  plate,  in  inches ;   P,  =  whole 


pressure  on  strut,  in  pounds ;  d  =■  diameter  of  pin,  in  inches ;  as 
by  general  specifications. 

It  is  here  assumed,  as  in  previous  examples,  that  all  cross- 
sections  can  be  made  exactly  as  the  calculations  require  ;  hence 
we  need  only  notice  further  the  head  struts  and  side  braces. 

For  head  struts,  use  2  light  4-inch  channels  latticed,  giving 
the  required  section  3.291.  For  wind  braces,  use  2  7-inch 
channels  latticed  with  a  slope  of  1  to  10;  and,  if  a  clear  road- 
way of  more  than  10  (  =  18  —  4  —  4)  feet  is  required,  these 
braces  must  have  their  broad  end  at  the  top,  or  else  they  must 
have  a  bearing  at  the  bottom  beyond  the  ends  of  the  transverse 
I-beams.  Hence  this  mode  of  bracing  high  girders  on  narrow 
bridges  is  objectionable,  and  we  shall  henceforth  either  use  a 
different  style  of  brace,  or  provide  it  a  head  bearing,  or  increase 
the  space  between  girders. 

Parabolic  Bow.  —  Two  Girders. 


115.920    132.245   145.305     155..10      181..63     164.895    164.895      32..93       82.33 

Fig.  120. 


29..06       26..45         23..1.8 


Span,  200  feet.  Central  height,  39.726  feet  (best).  Maxima  strains  in  each  girder.  Cross-sections  in 
square  inches.  Live  load,  1  ton  to  the  running-foot.  Bridge  weight,  106.137  tons  (minimum). 
Section  of  bottom  chord  pins  for  shearing  =  3-3  to  3  inches.  Section  of  bottom  chord  pins  for 
bending  =  5*2  to  4  inches.  Diameter  of  bottom  chord  pins  =  38  to  3  inches.  Diameter  of  top 
chord  pins  =  34  inches.    By  equations  (169),  (46),  and  (52). 
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3.7646  +  S 
The  deflection  is  derived  from  (559),  putting  BI  = 

=  4.3823  tons,  E  =  12,000  tons,  k,  =  h  =  39.7265  feet,  a  =  ^l 
=  100  feet,  and  measuring  x  from  centre  of  span. 

Deflection  D1  =  1.529  inches  for  x  =  o  at  centre ; 

Z>2  =  1.522  inches  for  x  =  100  -=-  13  ■ 

D3  =  1.469  inches  for  x  =  300  -=-  13  ; 

Z>4  =  1. 361  inches  for  x  =  500  -=-  13  ; 

Ds  =  1. 192  inches  for  x  =  700  ~-  13  ; 

Z>6  =  0.836  inch     for  x  =  900  -=-  13  ; 

Z>7  =  0.598  inch     for  x  =  1100  -+■  13  ; 

Z>8  =  o         inch     for  x  =  100  at  end. 

Length  of  top  chord  = x  2  sec  a  =  219.297  feet. 

13 
Contraction  due  strain,  by  (336), 

3.7646  +  5 
=  A  =  — F2000 —       219.297  x  12  =  1.922  inches. 

1.922 
Mean  excess  per  panel  = =  0.1478  =  ^  inch  nearly. 


Section  2. 
The  Post  Truss  with  Parabolic  Top  Chord  {Fig.  36). 

198.  Let  our  previous  notation  be  continued  as  far  as  appli- 
cable ;  viz.,  — 

/  =  span,  in  feet. 

h  =  height  of  girder  at  centre,  in  feet. 

n  =  number  of  panels,  counting  on  the  bottom  chord,  and 
odd. 

L  =  panel  weight  of  uniform  live  load,  in  tons,  given. 
W  =  panel  weight  of  bridge,  in  tons,  to  be  determined. 

Symmetry  here  requires  an  odd  number  of  panels  for  the 
bottom  chord,  and  an  even  number  for  the  top  chord.     As  the 


BRIDGES   OF  CLASS  II. 


547 


live  load  will  here  be  applied  to  the  bottom  chord,  we  shall  take 
n  odd,  and  ranging  from  9  to  21,  inclusive.  Each  upper  apex 
is  in  the  middle  of  a  panel's  length.  There  is  but  a  single  sys- 
tem of  counter  diagonals,  while  there  are  two  systems  of  mains. 
We  shall  here  assume  the  difference  of  level  between  the 
centre  and  end  of  the  top  chord  to  be  one-tenth  of  the  whole 
central  height,  h ;  and  consequently  the  height  at  the  end  of  a 
top  chord  is  -&§h.  This,  of  course,  is  wholly  arbitrary,  except, 
possibly,  in  some  cases  where  the  head  room  at  the  ends  would 
be  too  little.  The  top  chord  is  to  be  polygonal  (that  is,  straight 
from  joint  to  joint),  and  we  will  take  it  parabolic  in  this  case. 


Putting  2  X  TV?  f°r  &>  and -^  for  /,  and  —  for  x, 


in 


(472),  we  have  the  height  of  any  upper  apex, 


=  /do. 


9  + 


o.\r{n 


±1\  - 


(n  —  i)2 


!- 


ih  (say) ;     (673) 


r  to  be  counted  on  top  chord  from  o  to ,  inclusive  (that 

is,  to  the  centre). 

Values  of  s  in  (673). 


n  = 

9 

u 

13 

15 

17 

19 

21 

r  =  0 

0.90000 

0.900 

0.900000 

0.900000 

0.900000 

0.900000 

0.900 

1 

0-94375 

0.936 

0.930556 

0.926531 

0.923439 

0.920988 

Q-9T9 

2 

0.97500 

0.964 

0.955556 

0.948980 

0-94375° 

0.939506 

0.936 

3 

0-99375 

0.984 

0.975000 

0.967347 

0.960938 

0-955556 

0.951 

4 

1. 00000 

0.996 

0.988889 

0.981633 

0.975000 

O.969136 

0.964 

5 

1. 000 

0.997222 

0.991837 

0.985938 

0.980247 

0-975 

6 

1. 000000 

0.997959 

0-993750 

0.988889 

0.984 

7 

i.oooocf 

0.998437 

O.995062 

0.991 

8 

1. 000000 

O.99S765 

0.996 

9 

1. 000000 

0.999 

10 

1. 000 
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Since  the  top  chord  for  every  panel  length  slopes  uniformly, 
we  have  manifestly  the  height  of  girder,  if  measured  in  the 
vertical  through  any  lower  apex,  equal  to  the  mean  of  the  two 
heights  at  the  adjacent  upper  apices  just  found. 

If,  then,  we  put  r  +  i  for  r  in  (673),  and  add  the  resulting 
equation  to  (673),  we  have,  after  dividing  by  2, 

(  o.Arfn  —  r  —  2)  +  0.2(72  —  2) ) 

y  =  h\o.9  +  -li {n  _;  ;r    K J. }  =  Slh,  (674) 


which  is  the  height  through  any  lower  apex ;  r  taking  the  values 
n  —  1 


o,  1,  2,  3, . 


-,  counted  on  upper  apices. 


Values  of  sx  in  (674). 


«  = 

9 

11 

13 

15 

17 

19 

21 

r  =  0 

0.921875 

0.918 

O.915278 

o.9i3265» 

0.911718 

0.910494 

0.9095 

1 

Q-959375 

0.950 

O.943056 

o-937755 

0-933595 

0.930247 

0.9275 

2 

0-984375 

0.974 

O.965278 

0.958163 

o-952344 

0-947531 

0-9435 

3 

0.996875 

0.990 

O.981944 

0.974490 

0.967969 

0.962346 

o-9575 

4 

0.998 

0-993055 

0.986735 

0.980469 

0.974691 

0.9695 

S 

O.99861 1 

0.994898 

0.989844 

0.984568 

0.9795 

6 

0.998980 

0.996094 

0.99I975 

0.9875 

7 

0.999218 

0.996913 

o-9935 

8 

0.999382 

o-9975 

9 
v 

0.9995 

Calling  a  the  slope  of  any  segment  of  the  top  chord,  we 
have 

tana  =  Ajp  -5-  -m=      °4  n      Xn  -  2(r  +  1)], 
nw    {n  —  i)2/ 

since  by  =  j/r  +  1  —  yr  =      °^    [n  —  2(r  +  1)]. 

(n  —  \f 
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sec2a  =  * +  {T-%An  - 2(r  +  i)]2>  (67s) 

/  ,    A2 

=   I   +  Jfi, 

where  r  is  to  be  counted  o,  i,  2,  3,  etc.,  and 
o.i6n2 


s,  = 


(n  —  1)* 


[n  —  2  (r  +  i)]2. 


Values  of  s2  in  (675). 


«  = 

9 

11 

13 

IS 

17 

19 

21 

r  =  0 

0.155039 

0.156816 

O.157785 

0.158372 

O.158752 

0.159014 

0.1 59201 

1 

0.079102 

0.094864 

0.105625 

0.113390 

O.II924I 

.0.123799 

O.I27449 

2 

0.028477 

0.048400 

O.063896 

0.075906 

O.085374 

0.092987 

O.O99225 

3 

0.003164 

0.017424 

O.032600 

0.045918 

0.057151 

O.066577 

O.O74529 

4 

0.001936 

0.011736 

0.023428 

CO34573 

O.044568 

0-053361 

5 

0.001304 

0.008434 

0.017639 

0.026961 

O.O3572I 

6 

0.000937 

0.006350 

0-013755 

O.O21609 

7 

O.OO0706 

O.004952 

O.OIIO25 

8 

O.OO0550 

O.OO3969 

9 

O.OOO44I 

199.  Moments  due  a  Total  Dead  Load  of  Uniform 
Panel  Weight,  W  -\-  L.  —  Although  the  total  load  is  here 
uniform,  the  separate  or  single  systems  are  in  no  case  uni- 
formly loaded  throughout  the  girder's  length  ;  and  we  may  find, 
by  equations  (40)  and  (43),  the  effect  of  each  single  weight, 
W  4-  L,  at  all"  required  points  in  each  single  system,  or  we 
may  sum  the  values  of  a'  in  these  two  equations  for  the  several 
cases,  as  follows  :  — 

1st,  When  n  ~~  I  is  an  integer ;  that  is,  when  11  =  9,  13,  17, 
4 
21,  etc. 
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First  System.  —  Nine  Panels. 


1  2,34  5  67  8  9 

Fig.  121. 

Let  r  denote  the  number  of   intervals,  each  =  2.c  =  — , 

n 

between  any  weight  in  the  right  half-span  and  the  left  end  of 

the  girder. 

Then,  when  x  j  a',  equation  (43)  applies,  giving 

M  =  ^±^a'(I  -  x). 

Beginning  at  the  left  weight,  and  summing  the  values  of  «', 
we  have 

S«'=  2cUi  +2  +  3  +  ...^ni.\ 

=  c\M*  +  3)(-  "  D  +  (r+  ^{r-  =^)}  i 
...    ^=^±^j»  +  r(r+  !)}(/_«),  (6?6) 

which  is  the  moment  due  all  the  weights  on  the  length,  2cr, 
measured  from  the  left  end,  at  any  point  not  distant  less  than 
2cr  from  the  left  end  of  girder. 

_»  —  3 

For  the  moments  due  the  weights  on  the  remaining  part, 
/  —  2cr,  we  sum  equation  (40),  where  now  M  =  - — ~ — (/  —  a')x, 
and  x  \  a'. 
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Beginning  at  the  point  2c(r  4-  i),  we  thus  sum  : 

%a!  =  2*[(r  +  i)  +  (r  +  2)  +  (r  +  3)  +  .  .  .  r,J 

=  ^(r,  +  r  +  i)(rt  —  r), 
Sa'°  =  r,  —  r  =  number  of  terms ; 

.-.    M  =  W  +  Z[n(r1  -r)  -  (rz+r  +  i)(rz  -  r)]jf 
n 

=  ^  +  Z(«  -  ar  -  a)(»  -  ar)*,  (677) 

472 

,  «  —  2 

since  here  r,  = -. 

2 

Adding  (676)  to  (677)  gives 

+  J(«  —  ar  —  a)(«  —  2r)*l,      (678) 

which  is  the  moment  due  all  weights  in  the  first  system,  at  any 

point  in  the  second  half-span,  when is  an  integer ;   and 

4 
for  the  panel  points  in  this  system,  second  half -span,  r  becomes 

«  +  1      n  +  5      n  +  9       t 
4  4  4 

and 

27'/ 

x  =  —  =  2cr. 
n 

Therefore,  putting  this  value  of  x  in  (678), 

=  (W  +  LV(„  +  i)(n-  ar),  (679) 

4« 

which  is  the  moment  due  all  the  first  system  weights  at  loaded 
points  in  the  second  half-span. 
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If,  in  (678),  x  =  2(r  -f-  f)-,  it  becomes 

n 

M  =  (lV  +  L)?Mn  _2r_  4)r  +  ^  _    ^    ( 
on 

which  is  the  moment  due  all  weights  at  the  unloaded  panel 
points  in  second  half-span,  first  system. 


Similarly  we  proceed  with  the  second  system  when 


n  —  1 


is  an  integer. 


Second  System.  —  Nine  Panels. 


1  234567  8  9 

Fig.  122. 


Beginning  at  the  left  weight,  and  summing  the  values  of  a? 
in  (43),  there  results 


% 


^«H:  +  i  +  i  +  -^ 


(= 


n  +■  3       n  +  7       n  +  11 
M-r-+-1-+-r-   +...r 


-^M^X-^ 


■)} 


/)/    =  i?lil^(/_  -e)Sa' 


/ 

JT  +  z 


{»■(»•+ 1) -^-^Jc/-*), 


(681) 


which  is  the  moment  due  all  the  weights  on  the  length,  zrc, 
measured  from  the  left  end  of  the  girder,  at  any  point  not  dis- 
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In  —  3)/ 
tant  less  than  from  the  left  end ;  r  being  not  less  than 

tfi \\ 

,  and  increasing  by  unity  for  the  loaded  points  in  second 

half-span. 

For  the  remainder,  /  —  2cr,  we  use  (40),  and  find  equation 

(677),  which,  since  now  rt  = ,  becomes 

M  =  W  +  L(n  -  zr  -  iyx,        .         (682) 
i,n 

where  x  cannot  be  greater  than  2c(r  +  1),  and  r  not  less  than 

n  —  1 

4 
Adding  (681)  to  (682),  the  result  is,  if,  as  usual,  we  call  the 

sum  M  instead  of  2M, 

+  i(n  -  2r  -  i)2xl,      (683) 

which  is  the  moment  due  all  weights  ,in  the  second  system,  at 

any  point  in  the  second  half -span,  when  ■    ""?     is  an  integer ; 

the  limits  of  x  being  2rc  and  2(r  +  i)c,  and  the  limits  of  r, 

«J=Li  and  fL=L±. 
4  2 

If,  in  (683),  we  put  x  —  — ,  we  have,  for  the  loaded  points 

in  second  half-span,  second  system, 

M  =  {W  +L)\(n  -  2r)(2r  -  1)  +  1]  ;     (684) 


554 


MECHANICS  OF  THE   GIRDER. 


and,  if  x  =  2(r  -4-  |)-,  (683)  becomes 


(W  +  Z)/(   /« 


jrg_r_  ij  +  i(«  _  i)J, 


(685) 


which  is  the  moment  at  all  upper  or  unloaded  apices  in  second 
half-span,  second  system,  the  sign  of  the  last  moment  to  be 
changed  from  —  to  +. 

7Z      I       T 

2d,  When  — ^ —  is  an  integer;  that  is,  n  =  11,  15,  19,  etc. 
4 

First  System.  —  Eleven  Panels. 


Proceeding,  as  above,  to  sum  a'  in  equations  (40)  and  (43), 
in  the  present  case  we  write 

M  =  W  +  Z(/-  x)%a' 

(W  +  L)  {  n) 

=  n         (/~*){'-fr+0.-?},       (686) 


since 


'"{( 


1    1        f  3  +  •  •  •  — t3  ) 


(" 


+  3       «  +  7       «  +  11 
H-4-  +  -4-+-4-   +-..r 


where  x  7  #'. 


)} 
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Again,  when  x  \  a'," 

M  =  W  +  Z2(/a/0  -  a')x 

W  4-  L 
=  — — (»".  —  r)(n  —  r,  —  r  —  i)x,      (687) 

since 

2#'°  =  r,  —  r  =  number  of  terms, 
and 

%a'  =  2f[(r  +  1)  +  (r  +'2)  +  (r  +  3)  +  .  . .  rj 

=  -(r,  —  r)(r,  +  r  +  1). 

Add  (687)  to  (686),  and  put  rt  =  fLH-l ; 

2 

+  \{n  —  2r)(»  —  2r  —  2)*!,      (688) 
which  is  the  moment  due  all  weights  in  the  first  system,  at  any 

It        I  ■      T 

point  in  the  second  half-span,  when  — — —  is  an  integer;   r 

4 

n  —  1  n  +  3  72  +  7 

being  , ,  — - — ,  etc.,  and  x  lying  between  2rc  and 

4  4  4 

2(r  +  i)c. 

If  x  =  2rc,  equation  (688)  becomes 

M  =  {W+nL)\2r  -!)(«-  2r),  (689) 

which  is  the  moment  due  all  the  first  system  weights  at  loaded 
points  in  the  second  half-span. 
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If,  in  (688),  x  =  2(r  4-  \)c,  we  have' 


M  = 


(W  +  L)l 


{r(l  ~  »"  ~  *)  +  *(»  ~  3)  },       (690) 


which  is  the  moment  due  all  weights  at  the  unloaded  apices  in 
the  second  half-span,  first  system. 

Also,  for  the  second  system,  when  7LjL —  is  an  integer,  we 


write :  ■ 


4 


Second  System.  —  Eleven  Panels. 


T3 ' D ■ ~0 O ■ 0 — 

23  456  7  89         10  11 


Fig.  124. 


From  (43),  we  have 
x  7  a', 


% 


x'  ^',3,5,  n -  \ 


+ 


) 


»  +  5    ,   »  +  9    , 


=<{m+(-^)(-"-^)) 


)} 


=  <i(»  +  0  +  r(r  +  1)], 
...    ^  =  W  +  L[l{n  +  i)+  r{r  +  I}]  (/  _  xy  (fi9i) 

And,  from  (40), 

x  \  a',     (»-,  —  r)  terms ; 
2a'  =  a*[(r  +  1)  +  (r  +  2),+  (r  +  3)  +  . . .  r,], 
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■%a'  +  2a'°  =  [_(r,  +  r  +  i)(r>  -  r)  +  n{r,  -  r)> 
=  ^<r(»  —  2»-  —  i)2 


if  rL  = 


^  =  ^H(*  ~2r-  ^  <692) 


The  sum  of  (691)  and  (692)  is 

M=  W  »  Z^"  +  J  +  4r(r  +  I)3(/,~  *) 

4  +  («  -  2r  -  i)*x\,     (693) 

which  is  the  moment  due  all  weights  in  the  second  system,  at 

any  point  in  the  second  half-span,  when  "    '    *•  is  an  integer ; 

4 
the  limits  of  x  being  2rc  and  2(r  +   \)c,  and  the  limits  of  r 

being  — - —  and 


4  2 

Substituting  2rc  for  x  in  (693),  we  get 

{W  +  L)l 
•^  =  ^ [*  +  1  +  r(2»  -  4»-  -  2)],   (694) 

which  is  the  moment  due  all  weights  at  the  loaded  apices, 

second  half-span,  second  system,  %—L —  being  an  integer. 

4 
And,  if  x  =  2{r  4-  |)c  in  (693),  we  have  finally 

M  =  i _ L  [i(s^  _  7)  +  2,.(«  _  2r  _  4)],      (69S) 

which  is  the  moment  due  all  weights  at  all  upper  or  unloaded 
apices  in  second  half-span,  second  system ;  the  sign  of  the  last 
moment  to  be  changed  from  —  to  4-,  as  in  equation  (685). 

Of  course,  the  total  moments  for  each  and  both  systems 
will  be  equal  at  corresponding  points  in  the  two  half-spans. 
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200.  Weights  of  Top  and  Bottom  Chords  due  a  Total 
Dead  Load  of  Uniform  Panel  Weight,  W  4-  L.  —  Dividing 
(679)  by  (674)  gives 

H  =  h  X  ±  (696) 

which  is  the  horizontal  component  of  strain  in  top  chord  over 
loaded  points  in  first  system  if 

(2r  +  i)(n  —  2?-) 
s,  =  — 


and  ■ is  an  integer. 

4 
Also,  dividing  (684)  by  (674),  calling 

(n  —  2r)(2r  —  1)  +  1 

s.  =    1 

4  472 

we  get 

H^W\LV*\  (697) 

which  is  horizontal  component  of  strain  in  top  chord  over  loaded 
points  in  second  system,  for  this  case.  Then,  adding  the  strains 
due  to  each  panel  length  of  top  chord  from  the  two  systems,  we 
have  total  horizontal  component  of  strain  due  n(W  -j-  L)  in 
each  panel  of  top  chord, 

H  =  {w±IMxs%,  (698) 

8  € 

if  ss  =  the  sum  of  the  proper  values  of  -  and  -• 

Similarly,  in  case  n    '       is  an  integer,  making 
4 

(n  —  2r)(2r  —  1) 
3  4« 
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in  equation  (689),  and 


(n  —  2r)  (2r  +  i)  +  1 


472 


in  (694). 

Computing  in  this  manner,  we  have,  for  each  half-span, 

Values  of  ss  m  (698). 


«  = 

9 

11 

13 

IS 

17 

19 

21 

Panel  Pt. 

1 

0.704320 

0.679863 

0.741537 

0.718544 

0.762139 

0.741653 

0.775200 

2 

0.914764 

1.036126 

1.047237 

1.122328 

1.121732 

1.174723 

1.169531 

3 

1. 120256 

1.204315 

1. 341205 

l-379895 

1.468452 

1.487771 

i.55i3°6 

4 

1. 120256 

1.370786 

1.480524 

1.629998 

1. 690715 

1. 791639 

1.828413 

5 

1.370786 

1.621512 

1.749982 

1.909621 

1.988183 

2.100001 

6 

1.621512 

1.871858 

2.014554 

2.182537 

2.275878 

7 

1.871858 

2.122266 

2.276187 

2-451159 

8 

2.122266 

2.372470 

2-535SI7 

9 

2.372470 

2.622746 

10 

2.622746 

2e5 

.7.719192 

11.323752 

15.707054 

20.688926 

26.423490 

32.775266 

39.864994 

Strain  on  top  chords    =  H  sec  a 
Section  of  top  chords  =  — — — 


Weight  of  top  chords,  in  pounds,  due  (  W  +  Z)  n 

=  -1  X  —  SZTsec2« 
18        nQ 


=  (EF  +  Z)/2 
h 


X  -^Sec  sec"  a 
3«<2 


=  W_±L  x     ™  (/^  +  j.^), 


^  3«(? 

A2 
since,  by  (675),  sec2  a  =  1  +  — s2. 


(699) 


(700) 
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Using  the  proper  values  of  e2  and  s5>  we  find 
Values  of  e2ss  in  (700). 


«  = 

9 

11 

13 

15 

17 

19 

21 

Panel  Pt. 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 

0.109197 
0.072376 
0,031901 
0.003545 

0.106613 
0.098291 
0.058289 
0.023632 
0.002654 

0.1 1 7003 
0.110614 
0.085697 
0.048265 
0.019030 
0.0021 1 4 

0.1 13797 
0.1 27261 
0.104742 
0.074846 
0.040999 
0.015787 
0.001754 

0.1 20991 
O.I33756 
0.125368 
0.096626 
0.066021 
0.035535 
0.013476 
0.001498 

o-"7933 
0.145430 

0.138343 
0,119282 
0.088609 
0.058843 
0.031309 
0.011748 
0.001305 

0.123413 
0.149056 
0.153928 
0.136270 
0.1 1 2058 
0.081 297 
0.052967 
0.027954 
0.010410 
0.001157 

2c3eB 

0.434038 

0.578958 

0.765446 

0.958372 

1. 1 86542 

x. 425604 

1.697020 

Hence,    if    we    take,   as    in    article    186,    equation    (634), 
Q  =  3-7^47  tons,  we  have  finally 


Weight  of  top  chords  due  n(W  4-  Z),  in  pounds, 


W  +  L 
h 


3  X  3-7647« 


(/2Ses  +  #S«a«5)      ,701) 


W  +  L 

h 


0.759412/2  +  0.042701^ 


0.906448/2  + 
1.069  793/'  + 
1.221223/2  + 
1.376226/*  + 
1.527358/2  + 
1.680811/2  + 


0.046602,^ 
0.052134^ 
0.0565  7  i/fc2 
0.061799A2 
0.066434,^ 
0.071551^ 


n  =  9 

11 

13 
15 
17 

19 
21 
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Again,  dividing  (680)  by  (673)  gives 


B  =  iZ+IL<  x  5  (70.) 

h  i 


for  the  bottom  chord  strain  under  an  upper  apex  in  the  first 

n  —  1                                         4r(«!  —  2r  —  4)  +  5«  —  9 
system,  — - —  an  integer,  and  «6  = g^ ■ 

Also,  dividing  (685)  by  (673),  and  putting 


«\2  /  OTZ 


we  have 


(W  +  L)l      e7  .      . 

isr  =        A        x  f  (703) 


as  the  bottom  chord  strain  under  an  upper  apex  in  the  second 

system  ;  n  ~  l  being  an  integer. 
4 
Then,  adding  the  two  strains  thus  found  for  each  panel 

length  of  bottom  chord,  we  find,  for  this  case, 

h 

which  is  the  total  strain  on  bottom  chord  due  n(W  4-  Z). 

Proceed  in  like  manner  in  case  n  +  *  is  an  integer,  making 


4 


r/»  \    ,    « 


in  (690),  and 

r  S»  —  7 

£7  =  «(*  -  »  -  4)  +  — 8^— 

in  (695). 
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Computing    thus, 
middle  panel,  — 


we    find    for    each    half-span,    including 


Values  of  ^8  in  (704). 


n  = 

9 

11 

13 

15 

17 

19 

21 

Panel. 

1 

0.246913 

0.252525 

0.256410 

0.259259 

0.261438 

0.263158 

0.264550 

2 

0.417791 

0.489510 

0 

458860 

0.506825 

0.481072 

0.516987 

0 

494988 

3 

0.807154 

0.812868 

0 

894161 

0.887470 

0.941122 

0.932223 

0 

973214 

4 

0.957264 

1.117273 

X 

155222 

1.249844 

1.264131 

1.330849 

1 

336554 

5 

i.iiiiii 

1.238360 

1 

408483 

1 .471186 

1.578340 

1. 613270 

1 

689301 

6 

1.363636 

1 

509075 

1.687720 

1.770084 

1.888460 

1 

940049 

7 

i 

615385 

1.774622 

1. 960186 

2.058469 

2 

186634 

8 

1.866667 

2.036256 

2.227605 

2 

339043 

9 

2. 1 17647 

2.295612 

2 

491804 

10 

2.368422 

2 

5S3070 

11 

2 

619047 

2e8 

5-969355 

9.184709 

12.979807 

17.540519 

22.702905 

28.621688 

33 

966985 

All  except  the  middle  panel  taken  twice  for  %ss. 
Taking  T  =  5  tons,  the  allowed  inch  strain  in  tension,  as 
in  (634),  we  find,  from  (704), 

Cross-section  of  bottom  chords,  S  =  i — — '—  x  e$.       (705) 


Weight  of  bottom  chords  due  (  W  +  L)  n,  in  pounds, 


W+  L 


h  18        s« 


0.442 1 74/2 


0.5  5664c)/2 
0.665631/2 

°-779579/2 
0.89031c/2 
1.004269/2 
1.078317/2 


(706) 


11 
13 

JS 
17 

19 
21 
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201.  To  find  the  Greatest  Strains  in  the  Girder  Diag- 
onals, and  their  Weights.  —  Equation  (148)  gives  the  strain 
on  the  counter  diagonals  in  this  case  in  terms  of  the  simulta- 
neous moments  in  the  vertical  planes,  A  A  „  BBU  etc.,  Fig.  38. 
These  moments  let  us  compute  for  the  uniform  panel  load,  L 
tons,  advancing  over  the  panel  points  0,  B,  D,  etc.,  of  the 
horizontal  bottom  chord.  The  difference  of  the  horizontal 
strains  due  to  these  moments  at  consecutive  panel  points  will 
be  greatest  when  the  foremost  panel  weight  of  load  is  at  the 
foot  of  a  Y  diagonal  or  counter.  We  use,  therefore,  the  ordi- 
nary formulas  (64)  and  (68),  giving  simultaneous  moments  at  O 
and  B,  B  and  D,  etc. ;  then,  for  the  moment  at  A  A  „  CC„  etc., 
we  take  one-half  the  sum  of  (64)  and  (68,  thus  : 

Mr  +  \  =  — /(r  +  l)(«  -r-\) 

=  Lkg  (say),  (707) 

which  is  the  value  of  M1  in  (148),  and  would  also  be  obtained 
by  putting  r2  =  o,  x  —  (r  +  J)c  =  (r  +  l)-,  and  L  for  W,  in 

(60)  for  the  half-intervals  OA,  BC,  etc.,  Fig.  38. 

Mr  +  I.ia  equation  (68)  takes  the  place  of  M2  in  (148). 

h,  in  (148)  =  AA„  Fig.  38,         =  y  in  (673); 

and 

h2  in  (148)  =  BBlt  Fig.  38,         =  y  in  (674). 

a,  =  \CC,  =  |>+„  (673)- 

With  these  values  of  M„  M2,  hlt  h„  aa  b„  we  compute  I^cos  <£ 
of  (148),  which,  with  sign  changed,  becomes 

Fcosc/)  =  ^fsI0.  (708) 
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Values  of  elo  m  (708). 


n  = 

9 

11 

13 

15 

17 

19 

21 

Panel. 

2 

0.024108 

0.016761 

0.012321 

0.009436 

0.007453 

0.006038 

0.004992 

3 

0.063502 

0.044923 

0.033488 

0.025928 

0.020671 

0.016869 

0.014025 

4 

o-"53i5 

0  082009 

0.061579 

0.048030 

0.038533 

0.031615 

0.026415 

5 

0.180545 

0.127461 

0.095784 

0.074941 

0.060364 

0.049719 

0.041690 

6 

0.182225 

0.136113 

0. 106409 

0.086241 

0.070841 

0.059543 

7 

0.183280 

0-142579 

0.114847 

0.094826 

0-079795 

8 

0.183999 

0.147601 

0.121698 

0.102391 

9 

0.184512 

0.15x622 

°-I27379 

10 

0.184900 

0.154894 

iz 

0.185203 

2e,o 

■  0.766940 

0.906758 

1. 045 1 30 

1. 182644 

1.320448 

1.456256 

1.592654 

Strain  on  counter 


=  Y  =  —  X  £I0sec<£.    (709) 


Lh.. 


Cross-section  of  counter  =  5  =  — —  sec  <f>. 

Th        y 

Weight  of  («  —  1)  counters,  pounds, 

-5_  vr  I2  X  3^  .-  LI 


=  -^  X 

15  2ti 

=  -—  S«I0sec2<£ 
nh 


5^ 


=  -/- 

h\n 


*„  +  &»*  J 


0.085  2 16/2  +    3-°33912^2 

0.082433/2  +  4.386878^ 
0.080395/2  4-  5 .9  734 13A2 
0.078843/2  4-  7-79424o/?2 
o.077673/24-  9-855875^2 
0.076645/2  +  1 2.1402  74A2 
0.075841/2  +  14.665989^ 


n  =  9 

11 
13 

19 
21 


(710) 


(7ii) 
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since  we  take  T  =  5  tons  per  square  inch  in  tension,  and 

sec$  =  1  +  4|>+I2  =  1  +  &?£*•  (712) 

Manifestly  e2  is  to  be  taken  from  (673),  always  beginning 
with  r  =  2. 

Main  Diagonals.  —  To  find  the  strains,  sections,  and  weights 
of  the  main  diagonals  of  the  Post  truss  with  parabolic  top  chord, 
we  proceed  as  follows  :  — 

When  n  ~  '-is  an  integer,  use  equation  (676)  for  the  live 
4 
load,  nL,  making  W  =  o ;  and  for  moment  in  second  half-span, 

first-system  apices, 

At  foremost  end  of  live  load,  put  *  =  ,  giving  M0 ; 


At  point  i£  panels  ahead  of  foremost  end,  put 

x  ■■ 

At  point  2    panels  ahead  of  foremost  end,  put 


x  = ,  giving  M% ; 


x  =  -+—- ,  giving  M1 ; 


these  three  moments  being  simultanepus.     Then 

M„=  —\-+r{r+  i)}(«-  ar) 
n2  (4  ) 

M1  =  —I-  +r(r  +  i)l(»  -  2/  -  2) 

«2  U  J  J 

In  a^similar  manner,  for  the  second  half-span,  second-system 


(713) 
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apices,  we  find,  from  (68 1),  simultaneous  moments  due  live  load, 
11L, 


M0  =  ^-\r{r  +  i)  -  5^il(*  -  3r) 
n*  (  4      ) 

Z/  (                       «  -  i )  / 
^  =  •^|r(''  +  J)' ~\\n  ~  2r  ~ 

Ml  =  ¥-{r{r  +  i)  -  ?—^\(n  -  ar  -  2) 


(7i4) 


Dividing  each  of  these  moments,  (713),  (714),  by  the  height, 
y,  of  truss  at  the  section  where  the  moment  is  taken,  we  find 
the  horizontal  strains  at  the  panel  points  in  second  half-span, 

Ma 
At  loaded  points,      H0  =  —  from  (713),  (714),  (674); 

_J'o 

At  unloaded  points,  ff%  =  —  from  (713),  (714),  (673); 

y% 

At  unloaded  points,  H  =  —  from  (713),  (714),  (674). 

The  difference  of  the  two  simultaneous  horizontal  strains  at 
vertical  sections  through  the  ends  of  a  diagonal  at  and  next 
ahead  of  foremost  end  of  live  uniform  load  is  the  horizontal 
component  of  maximum  strain  on  that  diagonal  due  live  load, 
and  is  tension  on  the  diagonal  whose  foot  is  at  the  foremost 
end,  but  compression  on  the  next. 

LI 
:.     AH  =  Ha  -  Ht  =  —h  X  «„  (tension),  (715) 

LI 
AH  =  Hi  —  Hl  —  — r  X  el2  (compression);     (716) 

eir  and  «I2  being  functions  of  n  and  r  in  (673),  (674),  (713),  (714). 

For  the  moments  due  the  dead  load,  11  W,  at  the  same  points 

where  the  simultaneous  moments  due  live  load  have  been  found, 
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being  an  integer,  we  use  equations  (679)  and  (680),  and 

4 
(679)  with  r  +  1  f or  r,  L  =  o,  thus  :  — 
First  system, 

Ma  =  —  (2r  +  i)(n  -  2r) 
4 11 


Wl\  ,  5^—9) 

■^  =  ^rl2(w  -  2r  -  4)»"  +  — 2 — f 

M,  =   (2r  +  s)(n  —  2T  —  2) 

4« 

Second  system,  use  (684)  and  (685), 

M0  =  —  Un  -  ar)(af  -  1)  +  1) 

4« 

^  =   !*?[(«   -   2/  -   2)(2r  +   1)  +   1] 

4» 


(7i7) 


(7i8) 


Dividing  each  moment  by  the  proper  value  of  y  from  (673) 
and  (674),  we  obtain  horizontal  strains  at  all  required  apices  in 
each  system,  from  the  differences  of  which  consecutive  horizon- 
tal strains  comes  the  horizontal  component  of  maximum  diag- 
onal strain  due  dead  load,  thus  : 

AH  =  H0-  H%   =  -^  X  *I3  (tension),  (719) 

*         4«« 

AH  =  H  -  HI0  =  —,  X  «I4  (compression);    (720) 
*  411/1 

Sl  and  eI4  being  functions  of  n  and  r  in  (673),  (674),  (717).  (7*8). 
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Shearing-strain  defined 67 

Specifications  for  iron  bridges 413 

St.  Louis  Bridge  system 93 

Strains  deducible  from  moments 64 

Strains  determined  from  shearing-forces 75 

Strain  sheet.     Brunei  Girder  of  single  system 483 

Strain  sheet.     Parabolic  Bowstring  Girder 545 

Strain  sheet.    Pratt  Truss  of  single  intersection,  varying  live  load 398 

Strain  sheet.     Pratt  Tritss  of  single  system,  uniform  load 334 

Strains  in  rectangular  beams,  Formula?  for 147 

Table        I.  Ultimate  resistance  of  materials  to  shearing,  in  pounds,  per  square  inch    .  68 

Table       II.  Ultimate  resistance  of  materials  to  tension,  compression,  and  cross-breaking,  149 

Table     III.  Formula?  for  moment  of  inertia  and  square  of  radius  of  gyration  ....  155 

Table      IV.  Values  of  /  and  a  in  the  Gordon  and  Rankine  formula; 302 

Table       V.  Wrought-iron  pillars 3°4 

Table     VI.  Solid  rectangular  pillars  of  wrought-iron 305 
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Table    VII.  Rectangular  tubular  pillars  of  wrought-iron.     Thin 306 

Table  VIII.  Hollow  cylindrical  pillars  of  wrought-iron 307 

Table     IX.  Solid  cylindrical  pillars  of  cast-iron.     Ends  flat 308 

Table      X.  Solid  cylindrical  pillars  of  cast-iron.    Ends  rounded 309 

Table     XI.  Solid  steel  pillars.     Fixed  ends 310 

Table    XII.  Solid  square  pillars  of  pine 311 

Table.     Computation  for  greatest  moments  and  differences 38 

Table.    Computation  for  greatest  moments  and  greatest  simultaneous  differences     ...  40 

Table.     Deflection  of  open-webbed  girders  of  uniform  strength 242 

Table.     Differences  and  maxima  differences  of  moments  (two  locomotives) 56 

Table  giving  moments  at  any  section  of  beam  supported  at  both  ends 26 

Table  giving  moments  of  forces  applied  to  semi-beam.     Length  / 19 

Table  giving  moments  due  live  load  (two  locomotives) r  55 

Table  giving  simultaneous  moments  at  all  panel  points  as  foremost  weight  of  load 

passes  each 43 

Table  giving  simultaneous  moments  due  each  panel  weight  at  panel  point 50 

Table  giving  sum  of  moments  by  (91) 50 

Table.     Horizontal  strains  at  the  joints,  in  tons 402 

Table  showing  best  height  for  least  bridge  weight.     Brunei  Girder  of  double  system     .  508 

Table  showing  least  bridge  weight  for  two  Double  Parabolic  Bow  or  Brunei  Girders     .  467 

Table.     Simultaneous  moments  due,  advancing  uniform  load 32 

Table.     Solution  for  dimensions  and  strains.     Method  of  moments 77 

Table.     Solution  for  dimensions  and  strains.     Method  of  shearing-strains 79 

Table.    Strains  deduced  from  moments  and  shearing-forces 83 

Table.     Strains  found  from  moments  for  dead  and  live  loads 85 

Table.     Weight  of  two  locomotives  uniformly  distributed 57 

Thickness  of  beam 246 

Timber  pillars 298 

Triangle  of  forces,  with  example 3 

Trussed  rib .  115 

Twelve  classes  of  girders 88 

Twin  Fishes 122 

Two  locomotives  as  live  load  on  Pratt  Truss 392 

Two  locomotives,  Discussion  of,  as  moving-load 51 

Typical  form  for  W 360 

U  defined 87 

Uniform  discontinuous  load.     Moment  at  any  weight * 35 

Uniform  discontinuous  load.     Moment  at  foremost  end 33 

Uniform  discontinuous  load.     Moment  at  the  rth  weight 34 

Uniform  discontinuous  load,  Moments  due 27 

Uniform  discontinuous  load,  Point  of  greatest  moment  due 40 

Uniformly  continuous  load,  Maximum  moment  due  at  any  point 48 

Uniformly  continuous  load,  Point  of  greatest  moment  due 48 

Uniformly  distributed  loads,  Formulas  for 19 
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Vi  defined 24 

Vz  defined , 24 

v  defined 87 

^defined 87 

W,  Typical  form  for 36° 

w  defined 24 

Wind  pressure,  Calculations  for 339-351 

x  defined 24 

Y  defined 87 

y  defined 24 

Z  defined 87 

2  defined 87 


